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DISSERTATION: VII.. 


N order to entice us to ſtudy the ſcience of quantity, we are told of its 
1 great ule in other ſciences, and even that all rational arts are derived 
from it: and this has raiſed much curioſity ; attended, however, with a 
deſire to ſee thoſe applications of the ſcience, without the trouble and atten- 
tion which this ſtudy neceſſarily requires. Indeed one would imagine that 
all the arts of life were at a ſtand until theſe haſty ſtudents have laid in their 
ſtock of mathematical knowledge; and therefore that they mult hurry for- 
ward, with juſt what may ſerve their preſent purpoſe. Accordingly they 
carry with them the names of things; and if they can apply the word triangle 
in any way to their ſubject, it is imagined that they are delivering a ſcience 
which has its foundation in geometry. And ſuch ſtudents have been fur- 
niſhed with helps exactly ſuited to their views in the modern ſyſtems ot 
mathematics. Even thoſe who think that a partial Knowledge of the Ele- 
ments of Euclid is ſufficient, pretending that modern arithmetic and algebra 
ſupply the place of the reſt, are {uch guides in this ſtudy as ought not to be 
followed by any one who wiſhes to be properly acquainted with the ſubject. 
But as this prejudice is now become general, I mean to prove in this diſſer- 
tation, that no man can underſtand Euclid's plan, without examining the 
whole of his book ; and that nothing in algebra ſupplies the place of what 
he has written upon numbers, and commenſurable and incommenſurable 
magnitudes. 


! 


Of the prinriples and method of reaſoning in algebra. 


IN this ſcience the quantities are repreſented by the letters of the alpha- 
bet; and their connections with one another are expreſſed by ſigns, and par- 


ticular methods of notation. If we would expreſs that the quantity repre- - 
1 by 2 ſented 
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ſented by x is equa} to that repreſented by y, It is written thus, y: 
and the ſigns + and —, called plus and minus, are, in their primary ſenſe, 
contrived only for marking the ſums and differences of quantities; thus —» 
—9y, or HY, is the ſum of andy; but +xv—y, or - , is the dif- 
ference of the two quantities. And if we ſuppoſe s the ſum, and d the dif- 
ference of the quantities, we have theſe equations, —4y—yZ—s8, or +» 
+y=+5; TA = = d, or -* = ; upon the ſuppoſition that -x is 
greater than y: or +x—y=0; or nothing, when x and y are equal; for 
then, ſurely, their difference is nothing. And, if we attend only to this 
original idea of the ſigns + and , it is the greateſt abſurdity to ſuppoſe a 
ſingle quantity to have either the ſign + or , becauſe they are as much 
ſigns of relation, as the ſign of equality itſelf. According to the moſt gene- 
ral notions of this {cience, we neither multiply nor divide, but only uſe a 
particular method of notation for theſe operations ; thus xy is the notation 
for x enden by ; and if we chuſe to call their product p, then xy=p: 
alſo - — 15 the notation for the quotient of x divided by y; and then . 


It is evident that T* == e , or TY - , and lo in other inſtances. Now 
ſuppoſe +x+a=-+6; therefore (by com. not. 2.) T T- = -g: 
but a- eo; therefore +x=+b—9a. Again, ſuppoſe +x—b=--c; 
therefore (by com. not. 2.) +x—b+b=-+c+6: but - go; there- 
fore +x=+c+6. Therefore any quantity may be removed ſrum une ſide of 
an e to the other, if you change its ſign. . Obſerve that , 2x, 3x, &c. 


= 22 Ac. is the ſame as once x, twice x, three times x, &c. and the 


half of x, the third part of x, the fourth part of x, &c. It is alſo evident 
that the half of 2x is x, the third part of three x is x, &c. and that the dou- 
ble of — is x, the triple of — is x, and the quadruple of 7 is x. The num- 
bers 21 with the letter are called its numeral coefficients, as 1, 2, 3, &c. 


1 5 8 8 TX 1 


1 &c; as if they had been written 1x, 2x, 3x, cr. 2 7 es Sup- 


l ofe 2b. therefore (by com. not. 6.) x=26 ; for, Gary: if the half of 
x be equal to , x itſelf muſt be the double of &: for the ſame reaſon, if 
—=b, x=36 : ſuppoſe —=2; therefore x=10; for if the fifth part of 
be two, x itſelf is certainly ten. Therefore if any quantity appear like a frac- 
tion, that is, have a number written under it, which is the mark of diviſio!, 


that number may be omitted, if we multiply the other parts of the equation 'y 


1d. Thus +—=+ 3=+6—5, becomes by this rule T* E= T 26—10 ; 


and 
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and + = $2=+84—4, becomes +y+14=+79%—28, Again, ſuppoſe 
2x=12; therefore (by com. not. 7.) x=5 ; for if the double x be twelve,  - 
itſelf muſt be ſix. Or 3x=15 ; therefore x=5 ; or 7x=21 ; therefore x=3. 
Hence it follows, that if the quantity has any coi icient 5 from unity, 
you may omit that coefficient if you divide all the other PE ts of the equation by 


it. Thus, ſuppoſe 4 2 12 therefore * 3: or ＋ E ＋ 2 = ＋106— 


303 therefore ＋ = — =+= HEY. Or FxX+4= £ 2b—6 ; for certain] y if 
two quantities are equal, the fifth part of the one is equal to the fifth part 
of the other: new the fifth part of five times & is x; and the fiſch part of 
twenty is four; and the fifth part of ten times & is twice 5; and laſtly, the 
fifth part of thirty is ſix. Alſo, if ad, then d==, or a= =; for we di- 
vide by @ or das if they were numbers. 4 definition. If the quotient of 
the firſt and ſecond be equal to the quotient of the third and fourth, then 
the four quantities are in geometrical proportion. Let a, J, e, d be four 
quantities: now if --=—, then @ has the ſame ratio to 4 that c has to 4, 


which we expreſs TY ;, a:b::c:d; and à and d are called the extreines; 


and i, c the means. Now it is thus demonſtrated, that the product. of the 
extremes is equal to the product of the means: by the definition 7 8 


but (by com. not. 6.) a > ; and ad=bc: but (by com. not. 7.) d== 

therefore a fourth proportional to any three given quantities is the pr duet 
of the ſecond and third, divided by the firſt. Alſo all products and quo- 
tients are fourth proportionals ; thus ay | is a fourth proportional to unity, 


and y; for : X:: : H, and y:1::x: = and 2x is a JOUR proportional 
to unity, two and x; 1: 2: :*: a; and 2:1::x: — Suppoſe xi; 
then g. 1, or —=1; becaule x is unity multiplied by x; therefore if x be 
divided by x, the quotient is unity. Theſe things being well underſtood, 
we may give the ſolution of the following queſtions. Quelt. 1. One begins 
to trade with an unknown ſum of money, which he doubles at the end of 
the firſt year, except one hundred pounds; and thus he proceeds for three 
years, at the end of every year doubling what he had at the end of the laſt, 
except one hundred pounds ; and at the end of three years ke had triple of 
his original ſtock : What was his original ſtock? Now as we have occaſion 
to expreſs ſums and differences in the ſolution of this queſtion, we muſt uſe 


he ligns + and -; but they may be uſed indifferently, Let us ſuppoſe 
| that 


— — . ̃— — ICT 2 
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that is the money he had at firſt; then the double of that is + 2x: bur 
at the end of the firſt year he has the double of it, except one hundred 
pounds; therefore he has +2x—100; the double of which is +4x—200 : 
Hut at the end of the ſecond year he has the double of what he had at the 
end of the firſt, except one hundred pounds; therefore he has +4x—200 
——100, or +4x—300. But this doubled is +$x—$00 : but at the end 
of the third year he has the double of this, except one hundred pounds ; 
therefore + 8x—609-—100, or + 8x—-700, is what he had at the end of the 
third year: but, by ſuppoſition, this is triple of what he had at firſt; there- 
fore +8x—700= + 3x; or (by com. not. 2.) +8*—3x= +700; that is, 5 
is equal to 700 ; for having no ſums or differences to expreſs, the ſigns would 
have no meaning: but if 5x=7c0 (by com. not. 7), * =, or X= 140. 
OTHIRwiIsE. Let —x be the ſum he had at firſt: the double of this is 
—2x; and what he had at the end of the firſt year—2x +100; this dou- 
bled is —ax+ 200 ; therefore what he had at the end of the ſecond year is 
—4X+ 200+ 100, or—4x+4- 309, the double of which is —8x +600 ; there- 
fore what he had at the end of the third year is —8x +700.: but, by ſup- 
poſition, this is equal ro —3x ; therefore —8x +700=Z—3x; and —8x+- 
3X=—700; that is, Sg o, or NZ 140. From this it is obvious, 
that there is no kind of difference between the ſigns + and — ; for if the 
money that he has be exprefſed by the ſign—, the deficiency is repreſented 
by the ſign +. Queſt, 2. A woman bought an unknown number of eggs, 
the one half at two a penny, and the other half at three a penny; and ſold them 
again at five for two pence, and loſt four pence: What was the number of 
the eggs? Suppoſe x; then — is the half of them: ſay, if two eggs coll 
one penny, what will — egos coſt? but 2: :: — : == the price of one 
half of the eggs: again, 3:1::t=: —= the price of the other hall: 
laſtly, 6:23} x: —= the money that ſhe received by ſelling them all at 
five for two pence. But now, as we have ſums and differences to expres, 
we muſt make uſe of the ſigns + and —: now the four pence that ſhe 
loſes is the difference between the money which ſhe pays and receives; an 
that difference muſt be of the ſame kind with what ſhe pays, becauſe tho! 
is the greateſt ſum. Let the money paid have the ſign +, then the money 
received mult have the ſign ; therefore +—+F—= is the difference 
between theſe two ſums of money: but this difference is four pence ; 
| | therefore 
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W 


therefore +— TESTS therefore (by com. not. 6) +x +E —5 — 


— 
— — 


+16; and eee 96 and +} ox+200—a8x=+480 ; : or 
+ c0x—48x=+480 ; that is, 2K 3480: and (by com. not. 7.) * 
240. OrRHERWISsE. Let thc money paid have the ſign—; then — 
— - then —x—= * i; and e696, 
and r 40 or —OxN448YZ—480 ; that 165 2w= 
480, and x=E2=240, Queſt. 3. A man and his wite drink a veſſel of 
beer in twelve days; the wife drinks it in thirty days: In how many days 
will the man drink it? Suppoſe in x days. The equation here is not ſo 
obvious as in the other two examples. However we know that they both 
rogether finiſh the veſſel in twelve days; therefore, if we can expreſs what 
part of it each of them drinks in twelve days, theſe two parts make the 
whole veſſel. Theſc parts are thus found, 30:1:t:12: —; that is, if the 
wife in thirty days drinks the whole, what part of it will ſhe drink in twelve 
days ? Serail a twelve, divided by thirty part. For the ſame reaſon, 
* : 1 :: 12: ; and this twelve, divided by x part, is what the man drinks 
in twelve days, at the rate that he would drink the whole in the unknown 
days. Here we have occaſion to expreſs only a ſum, and conſequently one 
of the ſigns is ſufficient and this may be cither plus or minus: firſt, ſup- 
pole + ; then += Zp = — +1; vwclure (by com. not. 6.) +12+L= 

+30; and 141 360= ＋D Zox, that is, + 360=+ 30 —123— + 18x ; 3 


or 18x=360 ; therefore (by com. not. 7.) * 20. OTHERWISE, — = 
12 460 : 2 | zo 
——=—1; therefore —1 22 Jo; and my 2%—360=—3oxr; alſo 


—bO=—zox+12v=—19%, or 18x=360; that is, x=E2=20, The 
ſame queſtion in other words. TWO cocks, A and B, running at the ſame 
time, fill a ciſtern in twelve hours; the cock A alone fills it in twenty 
hours: In how many hours will the cock B alone fill it? Queſt. 4. A man 
rows fifteen miles, with the aſſiſtance of the ſtream, in two hours and a half; 
but it takes him ſeven hours and a half to row back again, keeping by the 
bank, where the current is but half as ſtrong: What is the velocity of the 
current? Here we muſt fuppoſe that the velocity of the current, and the 
man's exertion in rowing, are always the ſame. Now as all our velocities 
are for different times; the velocity in going down the ſtream, is for two 
hours and a half; that againſt the ſtream, for ſcven hours and a half; and 
the velocity of the current, for an indefinite time: we are firlt to reduce all 
-bþ-- theſe 
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theſe velocities to the ſame time, which might be any time; but the ſim- 
pleſt is to make it for one hour, or four quarters, as thus: if ten quarters 
of an hour give fifteen miles, what will four quarters give? Now 10: 15 
:: 4: 6= the number of miles rowed in an hour, with the aſſiſtance of the 
ſtream; again, 30: 15: : 4: 2= the miles rowed againft the ſtream in an 
hour: now ſuppoſe x to be equal to the unknown velocity of the ſtream in 
an hour. But it is obvious that neither the ſix miles an hour, nor the two 
miles an hour, is the effect of the man's rowing; but the one is the effect of his 
rowing, joined with the velocity of the current; and the other, the effect of 
his rowing, diminiſhed by half the velocity of the current: but as we ſuppolc 
his exertion always the ſame, theſe two effects muſt be equal; that is, the 
firſt effect diminiſhed by the velocity of the ſtream, muſt be equal to the 
ſecond effect augmented by half the velocity of the ſtream; but as we exprels 
ſums and differences, we muſt uſe + and —: now let +x be the velocity 
of the current, and += will be half that velocity; therefore +6—x= 
+2+—= therefore + 12—2x=+4+x; and +12—4=+x-+2x, or 8= 
3x; that | 15, S=x=2=. OTHERWISE, Suppoſe —x the velocity of the 
current; then —6 ESTI or „„ or — 12442 — 

*— ar; or 8=3x; that is, —=x=2=; therefore the velocity of the ſtream 
is two miles and two thirde of a mile in an hour. Queſt. 5. Suppoſe A 
and B, at 59 miles diſtance from one another, ſet out to meet; and that A 
travels ſeven miles in two hours, and B eight miles in three hours; but that 
B ſets out one hour later than A: How far, and how long, will each travel 
before they meet? Suppoſe A travels +x miles; then, as we ſuppoſe that 
they have met, B muſt have travelled the remainder of the diſtance, or + 
59 — *. Then ſay, 7: 2:: : == the time A travels; and again, : 3 
2: ＋59 —: —— — the time B wan which, by ſuppoſition, is one 


hour leſs than the former; therefore += : =D: and (by com. not. 


6.) T2 = þ 7 ; ; and +16x=+1239—21x+56: and (by com. 
not. 2.) +16x+21x+=+1239+56; or 37*#=1295 ; and (by com. not. 


7+) 5 but the Aer B travels is + 59—x=59—3;= +24 
The time A was travelling is == —7?=10 hours; and REINESD — — — a ISIS ES 
72 7 


T9. OTHERWISE, Suppoſe +x the time A is travelling; then, by 
ſuppoſition, +x—1 is the time B is travelling. Now ſay 2:7::x: — 
the miles A travels; and again, 3: 8:: +x—1: —— = the miles B tra- 


vels ; 
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yels : but as they have met, between them they muſt have e the 
whole diſtance; therefore EE pt =—+59; and , Iii; 
and +21x+16x—16=+354; allo T2 == 354A＋ 163 a 375 


470; or XZ—=10; and conſequently B's time is 9 hours. But 2 D is the 
3 8 80—8 1 
miles A travels; but == 5: and 2 7 I =—=24 the 1 number 
I 


of miles that B tr tels, . 

Theſe examples will explain the method of reaſoning in algebra; which 
is by ſuppoling a letter to repreſent the quantity which is unknown, and then 
performing all ſorts of operations with it as if it were known ; or, more pro- 
perly, contriving notations for ſuch operations: and this neceffarily pro- 
duces compound quantities, conſiſting of two or more terms. But it often 
happens that a quantity which is ſimple, may appear to be compound ; and 
others not ſo much compounded as they ſeem to be: thus —34—74—28 
is not a compound quantity, being the ſame with —122 ; and —x—3x— 
zx -&; alſo +y+2y+3y=-+6y. Again, + 3xX—5y+2x—3y is not a 
quantity conſiſting of four terms; for it is the ſame with + gx—5y ; and 
+ 7x—by—3x+2y=+4x—4y. The reducing exprefions of this fort to 
their ſimpleſt form, in the language of algebra is called addition, which is 
performed by this rule. When you have the ſame letter, or letters (for 
different letters will not unitc iu the way of addition), if the ſigns are the 
ſame, add the numeral coëfficients into one ſum, and prefix this ſum to the 
letter, retaining the ſame ſign ; but when the ſigns are different, ſubſtrac the 
leſſer coefficient from the greater, and the remainder has the ſign of the 
greater. When the quantities are different, they cannot be reduced to a ſim- 
pler form, but by a new ſuppoſition : thus we may ſuppole + 3x—4y= +2, 
and ſo in other inſtances ; and by ſuch ſuppoſitions all compound quantities 
might be reduced to ſimple ones; and if operations were performed only 
with quantities ſo reduced, there never could ariſe any difference between 
the ſigns + and —. Nor is there any difference when the compound quan- 
tities are ſums: thus — a-, multiplied into itſelf, might be —aa—2a9— 
bd; and rules might be given for the management of the ſigns, con- 
ſiſtent with this ſuppoſition ; but when we multiply by the difference of two 
quantities, an ambiguity will ariſe, without ſome new regulation about the 
ſigns + and —. When I multiply +4—4+c by =, the product is 
certainly the diFerence of two products; ; but it would be impoſſible to ſay 


on which hde the difference lies, or, in other words, vrhat quantities are 
3 tO 
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to be ſubſtrected, without ſome very particular regulation about the ſigns, 
We are therefore obliged to make a new ſuppoſition ; and it is this new ſup- 
polition which gives all their peculiar qualities to the ſigns, For it is now 
ſaid, let a multiplication by a quantity which has the ſign + be conſidered 
as a repeated addition, but the multiplication by the quantity which has the 
ſign — as a repeated ſubſtr ation. It is from 1015 ſuppoſition that it fol- 
lows. that the product of the qua nüties which have like ſigns has the ſign 
4-, and the others —; allo the rule for ſubſtract ion mult be odd 
to the ſame principles, by making it conſiſt in the change of the ſigns. In 
ſhort, the ſigns do not adhere to the quantities io as to change their nature, 
but are marks of relation as much as the ſign of equality; and therefore 
it is abſurd to ſuppoſe a ſingle quantity to have any ſign, either of equality, 
ſam, or difference. It is true w2 multiply fingle quantities, and regulate 
their products by the ſigns + and -: but then they ought to be conceived 
as expreſſing the ſums or differences of other quantities; as +a+b=+c, 
and +a—b=—4; and then the operations which we perform upon the 
ſimple quantitics, muſt be made to correſpond with thoſe of the compound 
quantities. As to the quantities themſelves, the ſuppoſitions are ſo very 
arbitrary, that there is no ſaying how far it may be carried ; for abc may 
_ expreſs a ſtraight line, a ſurface, or a folid * for ah may be a fourth propor- 
tional to unity, and 4; and, again, abc may be a fourth proportional to 
unity, a and c: or a may be a line, ab a ſurface, and abc a ſolid; or 44 
may be a line, and abc a ſurface. Alſo the unity in this ſcience may be 
derived from a great variety of expreſſions : — =_ &c, muſt be unity ; 
and this is according to our common notions of unity: but I may alſo 
ſuppoſe +=1 ; but I cannot reaſon upon this unity, unleſs @ and & are 
equal; and if it is compared with another unity, it will be either a part 
or multiple of it, according as & is greater or leſs than a. But —.— . 


S=1=. 


— 


therefore nothing, divided by nothing, is alſo unity; and . 
0 + @a—aq 


==; and therefore nothing, divided by nothing, i is equal to a; and may be 
proved equal to any quantity whatever, conſiſtent with the principles of this 
{cience, And what will, no doubt, ſurprife thoſe who are ignorant of this 
ſcience, nothing is one of the greateſt principles of algebraical inveſtigation, 
in forming theorems, or rules, applicable to an infinite number of part!- 
cular caſes. And as. the whole of algebra may be faid to conſiſt in h 
inveſtigation of ſuck theorems, I ſhall finiſh what I have to ſay upon th. 
ſubject 
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ſubject with the inveſtigation of a theorem for finding the ſum of any num- 
ber of quantities that have a common difference, or which differ from. each 
other by the ſame quantity; ſuch as the numbers 1, 2, 3, 4, 5, 6, 7 ; or 
3, 55 7» 9, 11, 13, 15. Suppoſe a, b, c, d, e, /, g, b, to be ſuch a ſeries; 


then, by ſuppoſition, -l = U -d Ad- - = 
g-: firſt, I ſay that @ and 2 added together, is © is to h anc. 4 £ 
added together, c and /, d and e; for becauſe Ta- -, therefore 


Ha+hb=+b+2g; and, for the * reaſon, they are ys to Tc, and 
+d+e; therefore, if @ and h be taken half as often as there are terins, it 
will be the ſum of the whole ſeries; or if the firſt and laſt, taken together, 
be multiplied by the number of terms, that product will be double the ſvn 
of the ſeries: which, according to the algebraic notation, gives this equation, 
+na+unb=-+25; and, conſequently, , Rand this is a general 
theorem for ſumming ſuch a ſeries, if we ſuppoſe a the firſt term, I the laſt 
term, the number of terms, and s the ſum of the ſeries: and if you ſup— 
pole any Ae of theſe four ee to be given, the fourth may be found; 

for +a=+=—b ; and +b=Z—4; and laftly, += — —=. Even this 
ſhorr OOF will convey ſome notion to the reader of the nature of this 
ſcience, and how little it has to do with numerical ideas; or, indeed, with 
any ideas whatever, except the notation, the ſuppoſition, and the forms that 
the quantities take by multiplication and diviſion. One who has got ſome 

confuſed notion of numbers, from his practice in common arithmetic, and 
which he carries with him into this ſcience, is at firſt ſurpriſed at what lie 
thinks the extravagance of the fuppoſitions and notations ; and I have gene- 
rally found beginners at a loſs, when it is aſſerted that any thing is equal to 
nothing; not conſidering that the difference of all things that are equal is 
equal to nothing; and if the difference be equal to nothing, that the quan- 
tities muſt be equal: alſo in this ſcience quantities are often ſaid to be equal 
to one another, not becauſe they are equal to the fame quantities, but 
becauſe they are equal to nothing. But, aſter tie prejudices of this Kind are 
removed, and the general forms come to be underſtood, it is ſurpriſing how 
little the underſtanding has to do; for algebra is the Paradiſe of the mind, 

where it may enjoy the fruits of all its former labours, without the fatigue 
of thinking. But if a man has not laboured before in the principles of 
arithmetic and geometry, his ſpeculations will be ſuch as might be expected 
from one wha takes it for granted that a letter of the alphabet 1s an adequate 
C repre- 
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repreſentation of all kinds of quantity, and alſo that he can iu and 
divide ſuch quantities by one another. So that this is not the ſcience in 


which one can beſt learn the principles either of arithmeric or geometry, 
eſpecially as the ſcience is commonly taught: for a man might ſquare curves 
with very great facility, and yet find himſelf very much out of his element 
if he were put upon an inveſtigation of what is contained in Euclid's books 
on the properties of numbers, by algebraic principles. I ſhall finiſh the 
chapter with the ſolution of one of Euclid's problems reduced to the alge- 
braic form: To find the greateſt common meaſure of x andy? And here the 
reader is to conceive the operation as carried on according to the practice of 
diviſion in common arithmetic, and alſo agreeable to the rule for finding 
the greateſt common meature of numbers; the quotient multiplied into the 
diviſor, and that product ſubſtracted from the dividend which produces the 
remainder : ſuppoſe y greater than x, and the operation will ſtand thus: 
Now a=r6b, and Na; alſo + 


y=+mx+a; therefore 6 meaſures a, for * 1” 28275 ; 
it is contained in 1t 7 times; and it mea- mx parte 
ſures x, for it is contained in it +ar+1 ymax | 
times; and it meaſures , for it is con- na 3 
rained in it mur m r times; and x—na=b|alr 
mm, u, r are integers by the ſuppoſition ; rb 


; . a—rb=90 
therefore ? is a common meaſure of x 


and y: but I ſay it is their greateſt common meaſure ; for if any quantity 
d meaſure two quantities x and y, it will meaſure their ſum, or their 
difference; for if it is contained in x, p times, and in y, q times, it 
will be contained in +x+y, +p+9 times; and in T -&, -+q—- 
times: but as p and q are integers, +p+9 1s an integer; and +q—p is an 
integer, or unity. From this it follows, that any common meaſure of x and 
3 will meaſure all the remainders, according to the operation in the margin; 

for d meaſures y, by the ſuppoſition ; and it meaſures x, being found in it 
p times; and it meaſures mx, being found in it mp times; therefore it will 
meaſure A = , being found in them +q—mp times; therefore it mea- 
tures @; and certainly in the ſame manner it may be demonſtrated, that it 
will meaſure all the remainders that are produced by ſuch an operation 1s 
this; rhercfore it muſt meaſure 4 : but no quantity can meaſure 4 that is 
greater than it; therefore any quantity that meaſures x and y, muſt either 
1 be 
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be equal to &, or lets than it; therefore 9 1 is the greateſt common meaſure 
of * _ Hg it we have this A > the fraction vie to its 


THAT: 
the ratio of x0 9: for x: : 4 +11 : bink £6414 180 if . D +: 
. m » 


then we would 1nfer that x : :: %: z, according to the ratio of nuinbers. 


CHAP 


Of the two difſerent methods of meaſuring the ratios of properiiinal quantities ; 
and their confiſtency with each other demonſtrated, 


IN the laſt diſſertation, I explained, at great length, the teſt given by 
Euclid for meaſuring the ratios of proportional magnitudes : but the notion 
of proportionality 1s not naturally tormed in the mind from magnitude, but 
is originally derived from number. And this is the realon why the ratio of 
magnitudes 1s continually at variance with the common notion of propor- 
tionality. I have explained at great length, and very diſtinctly, the fifth 
definition of the fifth book; and yet, perhaps, after my explanation is ſuffi- 
ciently underſtood, the reader may {till be at a loſs, and find that he wants 
ſomething farther to give him entire ſatisfaction; and as we ſuppoſe him to 
underſtand the author's meaning, the difficulty mult be to reconcile Euclid's 
idea, with the common notion which he has of proportionality. The author 
himſelf would clear up the difficulty, if the bock were carefully examined; 
but in the mangled ſtate in which the elements are generally read, it is impoſ- 
ſible to underſtand the plan of the work; and therefore thoſe who read no 
more may be excuſed for having imperfe& conceptions of ſuch principles 
as are formed particularly to ſupport the plan of the whole, But all objec- 
tions are done away at once, by ſhewing that the definition by equimultiples 
is entirely conſiſtent with the numerical definition by parts, and that we 
may paſs from the one to the other without any. interruption in the chain of 
reaſoning. And this 1s done by demonſtrating the two following theorems ; 
namely, that if the multiple, part or parts, be according to the numerical 
definition, the multiples will be according to the definition for magnitudes ; 
and, converſly, that if the multiples be according to the definition for mag- 
nitudes, the multiple, part or parts, will be according to the definition for 
numbers. Or, more particularly, if the firſt be the ſame multiple, part 
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or parts, of the ſecond, which the third is of the fourth; then, that any 
equimultiples of the firſt and third, compared with any equimultiples of 
the ſecond and fourth, will have this property, that if the multiple of the 
firſt exceed the multiple of the ſecond, the multiple of the third will 
exceed the multiple of the fourth ; and if equal, equa) and if leſs, leſs. 
And alſo the converſe of this; that if any equimultiples of the firſt and 
third be ſo related to any equimultiples of the ſecond and fourth, that 
if the multiple of the firſt exceed the multiple of the ſecond, the mul- 
tiple of the third exceeds the multiple of the fourth; and if equal, equal; 
and if leſs, leſs; then I fay, that if the firſt be any multiple, part or 
parts, of the ſecond, the third ſhall be the ſame multiple, part or parts, 
of the fourth. But that this may be more eaſily underſtood, I ſhall illuſ- 
trate theſe tiheorems by particular examples in numbers. Now 8, 4, 6, 3 
are ſuch numbers that the firſt is the ſame multiple of the ſecond that the 

| third is of the fourth: I ſay that any equimultiples of the firſt and third, 
and of the ſecond and fourth, are ſo related, that if the multiple of the 
firſt exceed the multiple of the ſecond, the multiple of the third will 
exceed the multiple of the fourth; and if equal, equal; and if leſs, leſs. 
Take the firſt and third any nuraber of times, only let them be taken the 
ſame number of times; let this be x times; and let the ſecond and fourth 
be taken any number of times, only the ſame number of times, and let 
this be y times; therefore 8x, 4%, 6x, 3y are the four multiples: now I ſay 
that if 8x exceed 49, then 6x will exceed y; and if equal, equal; and 
if leſs, leſs. For, becauſe 8 and 6 are equimultiples of 4 and 3 (by 
ſupp.), and 8x and 6x are equimultiples of 8 and 6 (by conſt.), there- 
fore (by 3. 5.) 8x and 6x are equimultiples of 4 and 3; but (by conſt.) 4» 
and 3y are equiraultiples alſo of 4 and 3; therefore if $x contain 4 oftencr 
than 4y contains 4, alſo 6x will contain 3 oftener than 35 contains 3 
that is, if 8x exceed 4y, alſo 6x will exceed 37: and if $x and 4y con- 
rain 4 the ſame number of times, then 6x and 3y will contain 3 the {anc 
number of times; that is, if 8 be equal to 4 y, then 6x is equal to 37: 
and if 8x does not contain 4 fo often as 4y contains 4, neither will 6 
contain 3 ſo often as 3y contains 3; that is, if 8x be leſs than 4, then 
6,x is Jefs than 3y : and all this will happen according to any multiplication 
whatſoever; therefore 8 is to 4 as 6 to 3, according to 5. def, 5, New 
let the firſt be the ſame part of the ſecond that the third is of the fourth; 
I fay 
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I fay that the ſame concluſion will follow ; becauſe, when 3 1s the ſame 
part of 12 that 5 is of 20, then, by inverſion, 12 is the ſame multiple 
of 3 that 20 15 of 5; and the demonſtration is the ſame as in the firſt caſe. 
Laſtly, ſur the firſt to contain the ſame parts of the ſecond as the 
third Contains of the fourth; I ſay allo in this cafe the ſame concluſion 
will follow , becauſe, when 25 contains the ſame parts of r5 that 35 con- 
taigs of 21, we may divide 15 and 21 into the fame number of parts, and 
5 is the part of 15, and 7 of 21: take 25 and 35 cquimultiples of 5 
and 7; bur the equimultiples of $6 and 7 have the ſame ratio to one 
another s has to 7: now, by the conſtruction, 2 5 is the ſame mul- 
tipte of 5 that 35 is of 7; therefore by the firſt caſe 25 has the ſame 
rat! 5 as 35 1145 to 7, according to 5 def. 5: and, by alternation, 25 is 
to 35 as 5 to, but as 5 to 7 ſo is 15 to 21; therefore 25 is to 35 as 
15 to 21; and, by alternation, 25 is to 15 as:35 to 21, according to 
5. def. 5. And this is a full and particular illuſtration of the firſt theorem. 
Again, ſuppoſe that any equimultiples of the firſt and third, compared 
with any <nimultiples of the ſecond and fourth, have always this con- 
dition, that when the multiple of. the firſt is greater than the multiple of 
the ſecond, the multiple of the third is always greater than the multiple 
of the fourth ; and when equal, equal; and when leſs, leſs; then I ſay, 
if the firſt be a multiple of the ſecond, the third will be a multiple of 
of the fourth: let a, b, c, be fuch numbers; and'ſappoſe-a to be a mul- 
tiple of ; I ſay c 15 the ſame multiple of : take ſuch equimultiples of 4 
and d, chat the multiple of 4 may be equal to 2; and let bx and dx be ſuch 
equimultiplcs, that is, that 4x is equal to @; and take the doubles of a 
and c; therefore the four multiples are, 2a, bx, 2c, dx: but (by the ſup- 
poſition, and 4. 5.) theſe multiples have the fame ratio, the fiiit to the 
ſecond, that the third has to the fourth; that is, 24 has the ſame ratio to Z 
that 2c has to dx; but {by conſt.) 24 is double of h, therefore 2c is dou- 
ble of dx; that is, c is equal to dx + but dx is the fame multiple G d 
that @ is of ; therefore c is the ſame multiple of 4 that @ 1s oi 4: whica 
is the firſt thing to be proved. Again, if @ be a part of 4, then, I ſay, 
c is. the ſame part of d: for becauſe & is to 4 as c to d, therefore, by 
inverſion, bis to a as d to c; but à is a part of 2; that is, & is a mul- 
tiple of a; and, by the firit cale, d is the ſame multiple of c; tnat is, c is 
the ſame part of d: which was the ſccond thing to be proved. Laft , 

ler 


xiv Di 8 s f Ard n Vi. 


jet a contain parts of Y; then I ſay c contains the ſame parts of 4 

For, by the ſuppoſition, there is ſome part of þ which is a part of g. 

let this be #; and whatever part x is of s, take the ſame part of 4 
and let this be y; take y as often as 4 contains x; and let this multiple of 
it be y; then @ and py are equumultiples of x and y; therefore, by theo- 
rem firſt, @ has the ſame ratio to x that py has toy; and alſo (by 15.5.) 
x has the ſame ratio to y that & has to 4; therefore, by cafe third of the la- 
theorem, @ has the ſame ratio to & that py has to d: but, by the ſuppolition, 
a has the ſame ratio to & that c has to 4; therefore c has the ſame ratio to 
that py has to d; therefore (by 9. 5.) c is equal to py ; but, by the con- 
ſtruction, py contains the ſame parts of d that a contains of J; therefore 
contains the ſame parts of 4 that à contains of 4, Which was to be demon- 
ſtrated. But I ſhall demonſtrate theſe theorems with a reference to the figure 
for the ſecond propoſition of the ſixth book, which will enable the reader readily 
to apply his numerical ideas to all the demonſtrations contained in that book, 
Let CE be the ſame multiple of AE that BD is of DA; I ſay that any 
equimulriples of the firſt and third, compared with any equimultiples of 
the ſecond and fourth, are ſuch as are required to prove four magnitudes 
to have the ſame ratio, the firſt to the ſecond that the third has to the fourth, 
according to the 5. def. 5, For take L., NMI any equimultiples of CE, BD, 
and N, O any equimultiples of AE, DA; therefore L, N, M, O are the 
four multiples: now I ſay that if L exceed N, M will exceed O; and 
if equal, equal; and if leſs, leſs: for becauſe (by hyp.) CE, BD arc 
equimultiples of AE, DA; and L and M are equimultiples of CF, 
BD (by conſt.); therefore (by 3. 5.) L, M are equimultiples of AP, 
DA: but, by conſtruction, N, O are equimultiples of AE, DA; there- 
fore, if L contains AE more times than N contains it, alſo M will 
contain DA more times than O contains it; that is, if L exceed N, alto 
M will exceed O: but if L contains AE the ſame number of times that 
N contains it, then M will contain DA the ſame number of times that O 
contains it; that is, if L be equal to N, alſo M will be equal to O; and 
in the ſame manner it will be demonſtrated, that if L is leſs than N, allo 
M will be leſs than O; therefore CE has the ſame ratio to AE. that BD 
has to DA, according to 5. def. 5. Now let the firſt be the ſame part o 
the ſecond that the third is of the fourth; I ſay that the ſame concluſion wi!! 


follow ; becauſe, if the firſt be a part of the ſecond, the ſecond mult be 
multiple 
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multiple of the firit, and the fourth the ſame mmeltiple of the third: Wh. 
reduces the demonſtration to the laſt caſe. Laſtly, let the firſt contain the 
ſame parts of the ſecond that the thiid contains of the fourth; I ſay alſo, in 
this caſe, the ſame concluſion will follow. For ſuppoſe CE to contain the 
ſame number of parts of AE that BD contains of DA; then, I ſay, CF 
has the ſame ratio to AE that BD has to DA, according to 5. def. 5, For 
becauſe CE contains the ſame parts of AE that BD contains of D, it fol- 
lows that AE and DA may be divided into the ſame number of parts; and 
that the part of Ak will meaſure CE, and the ſame part of DA will mca- 
fure BD; that is, in other words, that CE and BD will be cquimultiples 
of thoſe parts: let thoſe parts be taken, and they are to be taken by find- 
ing the greateſt common meaſure of CE and AF, by the problem in the 
end of the laſt chapter; and let them be M and N; therefore CE and 
BD are equimultiples of M and N; therefore CE. is to BD as M to N 
(by 15. 5), and M to N as AE to DA: but CE. is the ſame multiple of 
M that BD is of N; therefore, by cafe firſt, CE has the fame ratio to M 
that BD has to N: but CE is to BD as M to N, or as AE to DA; there- 
fore, by alternation, CE is to AE as BD to DA, according to 5. def. 5. 
Which was to be demonſtrated. Now again, by inverſion, AE is to CI. 
as DA to DB; theretore it might be demonſtrated in the ſame manner, 

that if AE be the ſame parts of CE that DA is of DB, then AE is to 

CE as DA to DB, according to 5. def. 5. For the demonſtration of the 

ſecond theorem, the reader may take the ſame four ſtraight lines in the 5 gure 

of the ſecond propoſition of the ſixth book, and follow the ſteps of the 

demonſtration which is given before; and as this will be but a neceſſary 

_ exerciſe to ſatisfy him that he underſtands the ſubject, I ſhall conſider both 

theſe theorems as completely demonſtrated ; from which their application 10 

the ſubject of the ſixth book will be obvious. 

I now proceed to a compariſon of theſe two methods. The fifth defint- 
tion of the fifth book may be applied to all magnitudes which can be mul. 
tiplied ; and upon this ſubject I have been very particular in the ſixth dif- 
ſertation. It is to be obſeryed that, by this definition, we have not pro- 
perly a meaſure for the ratio of the antecedent to the conſequent, but only 
an indefinite meaſure for the ratio of all the four quantities; nor docs thc 
nature of the ſubject require it, or admit of it; for this would be to ſug— 
poſe all magnitudes commenſurable. And yet we can arrive at particular 


conclulions 


4 2 „„0bB 
o 


xvi DIS 6 ER ATI GN VIE. 


concluſons by this method, which is fo general in its own nature, and not 
by ſuch an arbitrary ſuppoſition as the mere ſaying, let a notation for the 
diviton of a by 6 expreis the ratio of a to & : for by this teſt cf propor- 
tionality we can prove, that one magnitude is greater, equal, or leſs, than 
another; we can find a fourth proportional to any three given ſtraight lincs, 
to any three given triangles, and conſequently to any three given rectilincal 
figures; and the ſame may be laid of mean proportionals ; and the ſame is 
extended to ſolids. Now the other method, derived from the twentieth defi- 
pition of the ſeventh book, even if it were equally general, is by no means 
applicable to this ſubject; for, as che other is founded upon a multiplication, 
this is carried on by diviſion : but I have proved, in the ſixth differtation, 
that, by the principles contained in the firſt four books, we cannot even take 
the third part of a ſtraight line; and, for this reaſon, it could not be 
applied immediately, even in the limited ſlate in which it may be applied. 
But, after a rule had been inveſtigated for finding a common meaſure to any 
two numbers, or to any two quantities that have a common meaſure, the 
numerical notions might be applied to geometrical quantities by the two 
theorems explained in this chapter; and if Euclid had left the ſubject 
ef quantity without ſhewing this application and its conſequences, he 
never could have been conſidered as delivering a. complete elementaiy 
treatiſe of this ſcience. And this is a full proof of the abſurdity of thoſe 
who have done their utmoſt to reduce the elements to this ſtate of imper— 
ſection. | 
There are ſme who pretend that this numerical meaſure of a ratio might 
be matle genera], and conſidered as applicable to all kinds of quantities, 
by proceeding with the rule for finding the greateſt common meaſure of two 
quantities, until you come to a remainder ſo very ſmall, that your laſt diviſor 
may be regarded as the greateſt common meaſure of the two quant!t!cs. 
Then this fraction, reduced to its loweſt terms, would have an infinite {crics 
for its numerator and denominator. So that, in order to prove that four 
quantities had the fame ratio, it would be neceſſary to find four infinite 
lerieſes agreeing exactly two and two, that is, the numerators and denom!- 
nators of the two fractions expreſſing the ratio muſt be the ſame. Surely 


the ſimplicity of this method would not be very inviting to thoſe who com- 


plain of the obſcurity of Euclid's definition. But it is ſufficient to obſerve, 
that the admitting this as a ſcientific principle, would entirely deſtroy 1 
| | | | | who le 
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whole claſs of magnitudes, which may be divided into regular ſubordinate 
claſſes, all as eſſentially different from each other as a triangle from a ſquare. 
For it is a very different thing to receive a concluſion as the truth, in anſwer 
to a particular queſtion, and to adopt it as a ſcientific principle; for this 
could produce nothing but error and abſurdity. 


N 
Of the arrangement of Euclid's Elements. 


IN the firſt four books Euclid demonſtrates ſuch properties of the triangle, 
rectangle, and circle, as are proper for an elementary treatiſe ; conſidering 
no other relations but equal and unequal; and when he proves one magni- 
tude to be greater than another, it is done without any particular conſi- 
deration of their difference, from the common notion that the whole is 
greater than its part, uſing the part in the common acceptation of the word. 
But in the fifth book he lays down principles for a more diſtin& compariſon 
of magnitudes, and applicable to them whether they are equal or unequal; 
and in the ſixth book he ſkews the application of theſe principles to the 
ſame three great inſtruments of geometrical inveſtigation, the triangle, the 
rectangle, and the circle: and it is aſtoniſhing what new powers the figures 
have derived from theſe new principles ; for, with ſimilar triangles, and a 
meaſure for the ratios of angles, one has ſome reaſon to think that he may 
determine the ratios of all forts of magnitudes. And whoever conſiders 
how theſe properties are expanded into the conic ſections and trigonometry, 
he will have ſome idea of the wonderful extent of the inveſtigations, the 
elements of which are contained in the firſt ſix books; and not ſimply 
contained, but regularly and completely demonſtrated, from the firſt prin- 
ciples. However, in the courſe of theſe ſpeculations, eſpecially where the 
ratio of magnitudes is concerned, every reader will be now and then 
aſking himſelf, if ſuch a magnitude were double or triple, a half or a third 
part of another, what would two other magnitudes be, which had to one 
another the ſame or greater ratio? The geometrical concluſions drawn from 
the multiples of the magnitudes, are too general to furniſh a direct anſwer 
to ſuch queſtions; and yet they deſerve to be anſwered, What I have ſaid 
in the laſt chapter anſwers them in a certain manner; but Euclid anſwers 
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them like himſelf, and forms a new ſcience for this purpoſe, founded 
upon new principles, and carried on by a new method of argumentation. 
Ant as it is the numerical relation of magnitudes which is to diſcover whe- 
ther they are commenturable or incommenſurable, the ſubje& here mult be 
the properties of numbers: and, as they are to be uſed for aſcertaining 4 
meaſure of ratios, the examination will be, whether they are prime or com- 
poſite, or whether they are compoſite according to particular forms; in ſhort, 
to find common meaſures of them, and to prove in what caſes they are pro- 
portionals, and to find ſuch combinations of them as may be anſwerable 
to the ratios of magnitudes in general, whether ſtraight lines, ſurfaces, or 
ſolids. All this Euclid has done, with wonderful peripicuity and elegance, 
in the three next books. Numbers are the ſubje& of theſe books, and 
numbers are compoſitions made of unity. Euclid ſays, unity is that accord- 
ing to which every thing that is, is called one. We are therefore not to 
perplex ourſelves by looking for other properties of unity, but only ſuch 
as may be derived from this definition: It has no magnitude, but it may be 
repreſented by all kinds of magnitude; it is merely that circumſtance by 
which every thing that exiſts is called one. It may be compounded, but i: 
cannot be decompounded; but even the compoſition of it can never pro- 
duce a magnitude: four unities are more in number than one unity, but, 
according to the principles of this ſcience, not more in magnitude. There- 
fore numbers are not magnitudes, although they may be made the meaſures 
of the ratios of magnitudes. They are quantities; for we conſider every 
thing that can be exactly meaſured, as a quantity. And as unity is that 
according to which every thing that is, is called one, ſo every thing that is 
may be the repreſentation of unity; and as the unities have no magnitude, 
they may be all repreſented by different things; thus a horſe, a man, a 
houſe, a pole, a ſtone, may make the repreſentation of the number five. 
Suppoſe any number of ſuch things; this may be conceived as the figure by 
the aſſiſtance of which we are to perform our conſtructions and demon- 
{trations in this ſcience, only we mult never forget that we are only num- 
bering them. And if ſuch things, all different, were placed in a row, by 
walking from one end of them to another, and marking with a dot upon 
a picce of paper every three of them that we paſſed by, theſe dots would 
expreſs the number of threes that there is in ſuch a number; and in £119 
manner we may conceive one number to be meaſured by another; and b. 
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this operation there may be a remainder, unleſs che number is taken by 
unities; and then the number of dots and things in the row will be cqual; 
therefore unity is a common mealurc of all numbers; and t!:is is a primary 
difference between number and magnitude; and for this reaſon allo, it is 
taken for granted that we can meaſure one number by another: for ſurcly 
no artifice is required, when the number is properly repreſented by the 
unities in it, to mark them by ones, by twos, by threes, and lo on; which 
is all that is meant by meaſuring. And if I meaſure the unitics in a num- 
ber by fives, that is, put a mark for every five as I number them, until I 
can proceed no farther by that method, it is obvious that the remainder is 
leſs, or fewer than five unities; and fo in other inftances. The object 15 
here the diſtinctneſs of meaſuring, not the quickneſs ; therefore we have 
no uſe for an abbreviation of this conſtruction, by contracting our ſubſtrac- 


tion into ſuch a form as diviſion. It will be obvious to any one who thus 


conſiders the ſubject, that whatever number meaſures two numbers ſepa- 
rately, will alio meaſure their fum or their difference ; or if a number mea- 
ſures a number, that it will alſo mealure any multiple ot that number; and 
theſe concluſions are accurately conſidered as common notions, becauſe 
the meaſuring is performed by a common notion: but when the meafuring 
is performed by any artificial notion, then theſe concluſions mult be demon- 
ſtrated, that is, they muſt be thewn to be conſiſtent with this artificial mea- 
ſuring. After the properties of numbers are demonſtrated, our author next 
proceeds in the tenth book to a compariſon of numbers with the magni- 
tudes whoſe general properties he has demonſtrate] before; and this com- 
- pariſon enables us not only to make our general properties as particular 
as the nature of numbers, but diſcovers at the fame time that there are two 
ſorts of magnitudes, commenſurable and incommenſurable; and, that this 
new ſubject may be well underſtood, he has laid down a complete elementary 
_ treatiſe, in which he demonſtrates the difference betweea commenſurable and 
incommenſurable magnitudes, which leads to a diviſion of ſtraight lines into 
rational and irrational, or expreſſible and inexpreſſible. The rational line 
from which he begins his conſtructions, or ſuppolitions, is the unity of com- 
mon arithmetic for our arithmetic conſiſts of a mixture of all ſorts of 
magnitudes and quantities, and, unfortunately, without any diſtinctions: 
he has divided the irrational lines into thirteen claſſes, by delivering ſuch 
properties of them as are ſufficient to diſtinguiſh them from cach other, and 
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from all other lines; and he concludes the ſubject by demonſtrating that 


there are beſides an infinity of other irrational lines, entirely different from 


theſe. Now although this book be long, yet Euclid has delivered no more 
than what is ſufficient for an elementary treatiſe on this ſubje&. Algebra 
and common arithmetic might receive much ornament and regularity by a 
proper application of the things demonſtrated in theſe four books: but what 
is ſingular, the ſubject, as treated by our author, can borrow light from 
nothing but its own principles; and this may be ſaid of the whole of Euclid's 
elements, that in this reſpect they reſemble the fun, by throwing light upon 
every ſubject, without borrowing from any whatever. The ratio of quan- 
tities being now diſcuſſed, and a regular method of comparing the nume- 
rical ratio with that of magnitudes being fully exemplified, Euclid pro- 
cceds to conſider the properties of ſtraight lines in different planes, as an 
introduction to the conſideration of ſolids ; this ſubject makes the firſt nine- 
reen propoſitions of the eleventh book ; and the remainder of it is taken up 
in demonſtrating the properties of parallelepipeds, according to a plan very 
Gmilar to his method of examining the properties of parallelograms in the 
former books: and in the twelfth book he proceeds according to the ſame 
method with pyramids, cones, and cylinders ; concluding the ſubject with 
proving that ſpheres are to one another in the triplicate ratio of their 
diameters : and all this is done in the moſt elegant and ſimple manner pos- 
ſible; for he has ſtudiouſly avoided all intricate ſubjects, or ſuch as will not 
admit of that regular form of demonſtration which he has preſcribed to 
himſelf. And therefore he does not attempt, in the tenth book, to compare 
the ratio of circumferences and angles with the numerical ratio.; which 
would have engaged him in the quadrature of the circle, and ſuch approxi- 
mations as are by no means conſiſtent with his plan. Neither does he pre- 


tend to transform ſolids into one another; that is, he has no ſolid problems 


analogous to the forty-fifth of the firſt book, or the twenty-fifth of tlic 
fixth. But, that the reader might not be without examples of the con- 
ſtruction of ſolid problems, he has given a wonderful ſpecimen of his powers 
in this way, by the conſtruction of the five regular ſolids in his thirteenth 
and laſt book: and, through the whole of this long ſeries of conſtructions 
and demonſtrations, there is not the leaſt difference in his method; for he 
deſcribes the icolahedron exactly in the ſame manner that he deſcribes th 
equilateral triangle. 
C HRA. 
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Of the difference between meaſures and meaſures of ratios. 


IN meaſuring any magnitude, it is obvious that a magnitude of the ſame 
Kind muſt be uſed; as a ſtraight line to meaſure a ſtraight line; and that a 
"ſurface is to be meaſured by a furface, and an angle by an angle; and fo in 
other inſtances : but the ratios of magnitudes may be meafured by every 
thing that has the properties of quantity, that is, which can be doubled and 
halved, or of which the multiple and part can be taken. The object of all 
the different branches of the mathematics is to find meaſures of ratios; and 
the ſimpler theſe meaſures are, the more perfect is the ſcience. It appears, 
by the firſt propoſition of the ſixth book, that ſtraight lines will meaſure the 
ratios of triangles, or parallelograms, that are between the ſame parallel 
lines ; and that ſuch triangles and parallelograms will meaſure the ratios of 
ſtraight lines; but it would be abſurd to ſpeak of the line as meaſuring the 
triangle, or the triangle the line. Alſo, by the twentieth propoſition of the 
ſame book, a ſtraight line, and a third proportional to it and any other line, 
will meaſure the ratios of ſimilar figures, deſeribed upon the firſt and ſecond 
of the three proportionals ; but the four ſtraight lines in the twenty-ſecond 
propoſition do not meaſure the ratios of the ſimilar figures deſcribed upon 
them; only the four figures and the four ſtraight lines are proportionals: 
two ſtraight lines will meaſure the ratios of equiangular parallclograms, as 
in the twenty-third propoſition ; and ſuch parallelograms meature the ratios 
of lines. But in theſe inſtances the meaſures of the ratios of the magni— 
tudes are the ſame in number with the magnitudes themſelves; fo that 
the chief advantage of this method conſiſts in its enabling us to paſs from 
one ſort of magnitudes to another, and thus inſtitute a compariſon between 
ſuch magnitudes as cannot be directly compared with one another; and 
there is alſo this advantage, that ſtraight lines are ſimpler meaſures of ratios 
than any kind of figures. But three ſtraight lines may meaſure the ratio of 
four, as in the twenty-third propoſition of the ſixth book ; for K, L, M 
meaſure the ratios of BC to CG, and DC to CE; and it there were other 
four ſtraight lines, M, and other two ſtraight lines, will be ſhewn in the 
fame manner to meaſure their ratios ; and thus five ſtraight lines will mea- 
ture the ratios of eight; and thus two additional ones will always meaſore 
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the ratios of four more, without end. But the ſimpleſt of all would bo 
to expreſs the meaſure of the ratio of two magnitudes by one : but this 
cannot be done unleſs the magnitudes are commenſurable; for Evclid has 
demonſtrated that, if they are commenſurable, they will be to one another a+ 
number to number ; and then the quotient of the one number, divided by 
the other, will be a ſingle quantity, meaſuring the ratio of the two quan- 
tities; thus the ratio of @ to h may be ſaid to be meaſured by g ; and if the 
fame g meaſures the ratio of c to d, then we ſay that a is to & as c to d.: but 
this is a numerical ratio, and can only be applied when the antecadent and 
conſequent are to one another as number to number; but the extent and 
nature of this ſubject is to be learned from the four following books, and n 
where cle, as far as I know. Circumferences of circles meaſurc ce ratios of 
the angles at the center or circumference of equal circles ; and thus a circuin- 
ference may be ſail to meaſure the ratio of an angle; that is, whatever ratio 
any circumference has to the circumference of the whole circle, the ſame 
ratio has the angle at the center which ſtands upon that circumference to 
four right angles; and the ſcctors have alſo the ſame ratio (by 33. 6.) : but 


to ſpeak of circumferences as meaſuring angles, is abſurd. In theſe inſtances 


the circles mult be equal; however, as the circumferences of all concentric 
circles will meaſure the ratios of the angles at their common center, by the 
aſſiſtance of theſe angles we may meaſure the ratios of the circumference; 
of unequal circles. I have obſerved before, that Euclid does not pretend 
to prove the commenſurability or incommenſurability of circumference; 
and ſtraight lines; by which. a numerical meaſure of ratios might be obtainc« 
for all the parts of a triangle, ſides and angles, or by which we could deter- 
mine in what cafes ſuch a meaſure might be had. The utility of ſuch a 
meaſure of ratios, in all the branches of practical mathematics, has forced u, 
to confound commenſurable and incommenſurable magnitudes, upon ths 
occaſion ; and to declare, that all magnitudes are cormmenſurable, althous! 


the contrary has been demonſtrated. Here the fide of a pentagon is na 


longer the irrational line called @ leſer line; but it has its numerical ratio 


repreſented by that of unity to twice the ſine of thirty-ſix degrees; and 


this is to be found in a table of ſines, which, according to this ſcience, is a 
general meaſure of all ratios. And not only this, but here an angle is no 
longer an angle, but the circumference of a circle. And this practical 


ſcience is introduced to remedy the imperfection of the inſtruments by 
. which 
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which we perform our geometrical conſtructions. If our inſtruments were 
perfect, as the two ſides of a triangle, and the angle between the, fix 
the remaining ſide and angles, by the fourth propoſition of the fir bod, 
a geometrical conſtruction of the triangle would give the rem ig Ide 
and angles; but this is far ſhort of that perfection which even practice 
requires; and therefore a numerical ratio has been contrived, for expreſſing 
the ratios of this ſide and theſe angles; and the proportion is, that the 
ſum of the ſides is to their difference as the tangent of half the fun of the 
angles at the bale is to the tangent of half their difference; nor do I vet 
at my concluſion until ſeveral other circumſtances are taken into con'i- 
deration. It is neceſſary carefully to obſerve, that this is only a feigne. 
numerical ratio; for the proportion is derived from the ſimilarity of trian- 
gles, and the equality of ſides and angles: the only arithmetical idea that 
enters into the conſideration is a falſe one, namely, that all magnitudes are 
commenſurable; but, in a practical concluſion, this will occaſion no ſenſible 
error; but when admitted as a principle to reaſon from, thoſe only who 
underſtand the four following books, can have any conception of the con- 
fuſion which it may introduce into the ſcience of quantity. And this is 
ſufficient to prove how injudiciouſly theſe four books have been omitted in 
any work which profeſſes to contain the elements of this ſcience, 
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NITY is hat, by which every thing that is, is called one, 2. But Book VII. 
NUMBER , a multitude compoled of unities. Cdn 
3. A PART is a number of a number, the leſs oi the greater, when it mea- 
ſures the greater. 4. But yaRTs, when it does not meaſure: it. 5. And 
A MULTIPLE is, the greater of the leſs, when it is meaſured by the leſs. 
6. And AN EVEN NUMBER is that which can be divided in halves, 7. But an 
odd number is that which cannot be divided; or differing from an even num- 
ber by unity. | — —— 
8. AN EVENLY EVEN NUMBER is that which an even number meaſures by 
an even number. 9. But AN EVENLY ODD number is that which an even 
number meaſures by an odd number. 10. And av obDLY ODD NUMBER 1s 
that which an odd number meaſures by an odd number. 
11. A PRIME NUMBER is that which 7s meaſured by unity only. 
12. NUMBERS ARE PRIME TO ONE ANOTHER Which arc meaſured by unity 
only as a common meaſure, 
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Book VII, 14, A comPosITE NUMBER is that which is meaſured by ſome number, 
— l 
14. And numbers are compoſite to one another, which are meaſured by ſome 
number, as a common meaſure. 
15. A number is ſaid To MULTIPLY a number, when the multiplied aumber 
. is added /o itſelf fo often as there are equal unities in that which multiplies it, 
| | | and ſome number is produced. 16. And when two numbers, multiplying one 
| another, produce any number, that produced is called a PLANE number; and 
the numbers multiplying one another, are the s1Des of it. 17. Bur when 
[ three ru.mbers, multiplying one another, produce any aumber, that produced 
15 calte] A SOLID number; and the numbers multiplying one another, are the 
SIDES of it. === 
18. A SQUARE NUMBER is that which is equally equal; or which is con- 
tained under two equal numbers. 19. And a cuBE number is that which is 
equally equal equally; or which is contained under three equal numbers. 
20. Numbers are proportionals, when the firſt is the ſame multiple of the 
; ſecond, or the fame part, or the ſame-parts, as the third is of the fourth. 
| 21. Similar plane and ſolid numbers are thoſe which have their ſides pro- 
| portiona!s. 
22, A perfect number is that which is equal to 2// the parts of itſelf. 


1 | „„ 

1 Two unequal numbers being given, if, after the leſſer is always 
taken from the greater in its turn, the remainder does not meaſure 
the unver neareſt to itſelf, until unity be taken; the firſt number» 

will be prime to one another. 


For. the leſs of two unequal numbers AB, CD being always taken altes 
4 3 nately from the greater, let the remainder never meaſure the number befor 
[| = itſelt, until unity be taken: I ſay that the numbers AB, CD are prime tc 
one another; that is, that unity alone mealures the numbers KB, CD. 

For, if AB, CD are not prime to one another, ſome number will (b. 
def. 12. 7.) meaſure them: let it meaſure Shen, and let it be E; and let CE 
meaſuring AB, leave FA, which muſ? be leſs than itſelf ; A. H.. F...... ... B 
and let FA, mealuring DC, leave GC lefs than itſelf; C203. 22- 
and let GC, meaſuring FA, leave unity H A. E —— 

Wherefore becauſe the number E (by hyp.) meaſures CD, and CD mea- 
ſures BF ; therefore alſo E mcafures BF: but (by ſupp.) it alſo meaſures th 

hol. 
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whole BA; therefore alſo E will meaſure the remainder FA but AF me 
{ures DG; wherefore alſo E will meaſure 16: but jt alfo meas 
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whole DC; therefore E will alſo meaſure the reminder CG: but CG mee: 
ſures FH; therefore E. will alſo meature 111; bus; 
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alſo nieaſures the who! 
FA; therefore it will alſo meaſure the remaining unity A e is Un- 
poſſible (by 3. def. 7) being a number. Therefore no number will mea 


ſure the numbers AB, CD; wherefore the vue AB and CD are (by 
12. def. 7) prime to one another. Which was to be demonſtrated. 


FN ASI IT. 


Two numbers being given, not prime to one another, to find thei; 
greateſt common mcalure. 


Let the two given numbers, not prime to one another, be AB, CD; an 
let CD be the leſs: it is required to find the greateſt common A 3 
meaſure of the numbers AB, CD. OE 
Wherefore if CD meature AB, it alfo meaſures itſelf: wherefore CD is 
a common meaſure of AB, CD; and it is manifeſt that! it is alſo the greateſt ; 
for no number greater than CD will meaſure CD. | 

But it CD do not meaſure AB; the leſſer of the two numbers AB, CD 
being always taken away from the greater alternately, ſome nuniber will be 
left, which will meaſure the one before itſelf ; for unity will not be left: for 
if otherwiſe, AB, CD will be prime to one another (by 1. prop. 7.), which 
is not ſuppoſed ; therefore ſome number will be left, which will meaſure the 
one before it{clf; | 


And let CD, meaſuring AB, leave AE lefs than itſelf; EEE 
and let AE, meaſuring CD, leave CF lefs than itſelf; but n "SPY 
let CF meaſure AE: ſince therefore CF me- tures AE, and © 
AE meaſures DF; therefore alſo CF w:l] meaſure DF: but it all, mea- 


ſures itſelf; therefore it will alſo meaſure the whole CD. But Cn mea- 
ſures BE; therefore alſo CF meaſures BE: and it alſo meafurss EA; 
wherefore alſo it will meaſure the whole AB: and it alſo meatures CD; 
wherefore CF meaſures AB, CD; wherefore CF is a common inecature of 
the numbers AB, CD. But ] ſay allo that it is the greateit common meaſure; 
for if CF be not the greateſt common meaſure of the numbers AB, CY; 
ſome number, being greater than CF, will meaſure the numbers AB, CD: 
let it meaſure them; and let it be G: and becauſe G meaſures CD, and 
3 CD 
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Book VII. CD meaſures BE, therefore G alſo meaſures BE; but (by ſupp.) it 


meaſures the who!z AE; therefore it will alſo meaſure the remaining num; 
AE: but AE meaſures DF; therefore alio G will meaſure DF: but it! 


meaſures the whole CD; therefore alſo it will meaſure the remaining numb; 


FC; the greater will meaſure the lels, which is impoſſible: wheretore al 
number, being greater than CF, will not meaſure the numbers AB, CD 
wherefore CF is the greateſt common meaſure of AB, CD. Which was 
be demonſtrated. 

Cos. Certainly it is manifeſt ſrom this, that if a. number meaſure tu 
numbers, it will alſo meaſure their greateſt common meaſure. 


Pp: M00; 106 


Three numbers, not prime to one another, being given, to“ 
the greateſt common meaſure of them. 


Let the three given numbers, not prime to one another, be the »mber: 
A, B, C; it is required to find the greateſt | common meaſure of tlie 114m- 
bers A, B, C. 

For let the number D, the greateſt common meaſure of two of them, 
taken (by 2.7) of the zumbers A, B: certainly the number D Wann 


either meaſures or does not meaſure the nw mber C: firſt let „ 
meaſure it; and it meaſures (by conſt.) allo the numbers A, B: Caves 
therefore the number D meaſures the uumbers A, E, C; ihere- D.. 

fore the number D is a common meaſure of the numbers , B, C. E--- 


I fay alſo that it 7s the greateſt. For if the number D be not the greateſ} 
common meaſure of the numbers A, B, C; a number being greater than che 
number D will meaſure the numbers A, B, C: let it meaſure them, and let 
it be the number E: ſince therefore the number E meaſures the numbers 
A,B,C; and having therefore meaſured the numbers A, B; it will allo 


meaſure (by cor. to 2. 7) the greateſt common meaſure of the numbers A, B 


but the greateſt common meaſure of the numbers A, B, is the number D 

e the number E meaſures the number D; the greater meaſures the 
leſſer, which is impoſſible: therefore any number being greater than the 
number D will not meaſure the numbers A, B, C: therefore the number D is 
the greateſt common meaſure of the numbers A, B, C. 


Let 
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Let the number D fot meaſure the number C: firſt I ſay that the numbers Book VII. 
— 


D, C are not prime to one another; for, ſince the numbers A, B, C are not 
prime to one another (by ſuppoſition), ſome number will meaſure them: 
certainly the 7#m:ber mcaluring A, B, C will meaſure the πjᷣers A, B, and 
(by cor. to 2. 7) will meaſure the number D, the greateſt common meaſure 
of the numbers A, B; and it alſo meaſures the number C; therefore ſome 
number will meaſure the numbers D, C; therefore the numbers D, C are not 
prime to one another: therefore (by 2.7) let the number E, the greateſt 
common meaſure of them, be taken; and ſince the number A. wn 
E meaſures the number D, and the number D meaſures the B. 
numbers A, B; therefore alſo the number E will meaſure C 
numbers A,B; and it alſo meaſures the number C, therefore D. 
the number E meaſures the numbers A, B, C; therefore the E.. 
number E is a common meaſure of the numbers A, B, C. Iſay F- 
certainly that i is allo the greateſt: for if the number E is not the greateſt com- 
mon meaſure of the numbers A,B, C; ſome number being greater than the 
number E. will meaſure the numbers A, B, C; let it meaſure them, and let it 
be the number F: and fince the number F meaſures the numbers A, B, C; 
allo it meaſures the numbers A, B, and will meaſure (by cor. 2. 7) the 
greateſt common meaſure of the numbers A, B: but the number D is the 
greateſt common meaſure of che numbers A, B; therefore the number F mea- 
| ſures the un D: and it allo meaſures the number C; therefore the number 
F meaſures the numbers D, C; and therefore it meaſures the greateſt com- 
mon meaſure of the numbers D, C: but the number E is the greateſt com- 
mon meaſure of the numbers D, C; therefore the number F meaſures the 
number E.; the greater meaſures the leſſer, which is impoſſible : therefore any 
number being greater than the number E will not meaſure the numbers 
A,B,C: en e the number E is the greateſt common meaſure of the 
numbers A, B, C. 

Therefore, three numbers being given, not prime to one another, the: 
greateſt common meaſure is found. Which was to be done. | 

Con. Certainly from cheſe it is manifeſt, that if a number meaſures three 
numbers, it will alſo meaſure the greateſt common meaſure of them. 

After the ſame manner alſo, more numbers being given, we ſhall find the 
greateſt common mealure, 
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PROP. 
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P KO Þ.--1v. 
Every number is cither a part or parts cf every number, the leſſer 
of the greater. 


Let there be two numbers, the numbers A,B C, and let B C be the 
leſſer: I ſay that the yumber BC is cither a part or parts of the yumber A. 

For firit the numbers A, B C are cither prime to one another, or not. Let 
them be prime to one another: certainly the number B C being A.. 


divided into the unities in it, each unity (by 1. 2. def. 7) of thoſe B... C 


in the number B C will be a certain part of the number A : - fo that the 
number N C is parts of the namber A. 

Again let the numbers A, B C not be prime to one another: certainly the 
number BC either meaſures the number A, or it does not meaſure A. 
it; if therefore the number B C meaſures the number A, the num- B.. C 
ber B C (by def. 3. 7) is a part of the number A. But if not, let the n- 
ber D, the greateſt common meaſure of the numbers A, B C, be taken (by 
2.7); and let the zumber BC be divided into the umbers equal to the 
number D the numbers BE, EF, FC. And ſince the number A. . 
D meaſures the number A, the number D is a part of the num- B.. E.. F. C 
ber A: but the number D is equal to each of the numbers D.. 


BE, EF, FC; therefore alſo each of the numbers BE, EF, FC is a 


part of the number A : ſo that the number B C is parts of A. 
Therefore every number is either a part or parts of every number, the 
leſſer of the greater. Which was to be demonſtrated. 


. = 
If a number be a part of a number, and another number the 
ſame part of another number ; alſo both numbers together will be 
the fame part of both numbers together, which one is of one. 


For let the number A be a part of the number B C, and another 14- 
ber D the ſame part of another number EF, which the number A 7s of 
the number BC: I fay that the numbers A, D both together is the ſame 


part of the numbers B C, EF both together, which the number A is of 


the number BC. 


For 


SF £U'CETtD. , 


For ſince what part A is of BC, the ſame part is alſo D of EF; chere- Book VII. 
— 


fore as many numbers as there are in B C equal to A, ſo many numbers are 
there alſo in E F equal to D: let BC be divided into the A... 
numbers BG, GC equal to A; and E F into the numbers B.. G.. C 
EH, HF equal to D; certainly the multitude of numbers D..., 

BG, GC will be equal to the multitude of numbers F.H, HF: E. . I. . F 
and becauſe B G is equal to A, and E II to D, therefore B G and I, H are 
equal to A, D; and for the ſame reaſon, ſiuce G C 1s equal to A and HF to 
D, alſo GC, HF are equal to A, D; as many numbers therefore as there 
are in B C equal to A, ſo many are there alſo in BC, E F equal to A, D; 
whatſoever multiple therefore B C is of A, the fame multiple alſo is BC, EF 
both together of A, D both together; therefore what part A is of B C, the 


ſame part is allo A, D both together of BC, EF both together. Which 


was to be demonſtrated, 


Foe EN G P. | 
If a number be parts of a number, and another number be the 


ſame parts of another number; alſo both zumvers together will be 
the ſame parts of both numbers together, which one i, of one. 


For let the number A B be parts of the number C, and another DF. 
the ſame parts of another F, which AB is of C: I ſay that the NUmMBOErS 
AB, DE both together are the fame parts of C, F both together, which 
AB is of C. | 

For becauſe what parts AB is of C, Wu lame parts is alſo D F. of F; 
as many parts therefore as there are of C in AB, ſo many parts are there 
of F in DE.: let AB be divided in A G, GB the parts of: A Gb 
C; and DE into DH, HE the parts of F: certainly the C. . 
multitude of parts AG, GB is equal to the multitude of D. II. . 
parts DH, II E: and becauſe what part A G is of C, tlle 
lame part is alſo DH of F, therefore what part AG is of C, the ſame 
part alſo is AG, D H both together of C, F both together 2 55 79 
certainly for the ſame reaſon alſo, what part GB 1s of C, the fame part 1s 
allo GB, H E both together of C, F both together: therefore what parts 
AB is of C, the ſame parts are AB, D E. both together of C, F boti: 
together, Which was to be demonitrated, 


ER G P. 


Book VII. 
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TO IL 

If a number be the /ame part of a number which what is taken 

away 1s of what is taken away; alſo what remains will be the 

ſme part of what remains, as the whole number is of the whole 
Number. 


For let the number AB be the /ame part of the number C D which what 
is taken away AE. is of what is taken away CF; I ſay that alſo the remain- 
ing number EB 1s the ſame part of the remaining number F D which the 
whole number AB is of the whole number CD. 

For what part AF is of CF, let EB be the ſame part of CG: and 
and ſince what part A E is of CF, the ſame part alſo is EB of CG; 
what part therefore AE is of CF, the ſame part is alſo (by 5.7) AB of 
GF: but what part AE is of CF, the ſame part is A B ſuppoſed to be of 
CD; what part therefore AB is of GF, the ſame part A.... E.. B 
is allo AB of CD: the number AB therefore is the G... C. .. ED 
ſame part of either of the numbers G F, CD: therefore GF is equal to 
CD. Let the common number CF be taken away; therefore the remain 
der GC is equal to the remainder FD: and becauſe what part A E. is of 
C F, the ſame part is alſo E B of GC; but GC is equal to FD there- 
fore what part AE is of CF, the ſame part is allo EB of FD: but wi 
part AE is of CF, the fame is (by ſup.) alſo AB of CD; therefore W .. 

part EB is of FD, the ſame part is alſo AB of CD: therefore the remain- 
der E B is the ſame part of the remainder FD which the whole AB is of 
the whole CD. Which was to be demonſtrated. 


PR © FP. VIII. 


It a number be the /ame parts of a number which what is taken 
away is of what is taken away; alſo what remains will be the fume 
parts of what remains, as the whole number is of the whole H 


For let the number AB be the ſame parts of the number C D which wi" 
is taken away AE is of what is taken away CF; I fay that alſo the te- 
maining number E B is the ſame parts of the remaining mumber FD which 
the whole AB is of the whole CD. | 

For let G H be put equal to AB; what parts therefore G H is of CD, 
the tame parts allo AE is of CF; let GH be divided into G K, K 


Parcs 
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parts of CD; and AE into AL, LF parts of CF. certainly the multitude Book VII. 
— — 


of the numbers GK, K II will be equal to the mwlticude of the numbers 
AL, LE: and becauſe what part GK is of CD, A... L. .. E. % 


alſo AL is the ſame of CF; but CD is greater C. . . , 
thin CF ; therefore alſo G K is greater than AI:: G. . . . M. K. . N.. 14 


let GM be put equal to AL ; therefore what part GK is of CD the fame 
part alſo is GM of CF; therefore alf the remainder (by 7. 7.) MK is the 
ſame part of the remainder FD as the whole GK of the whole « 

becauſe what part K H is of CD the iame paris 1 LE of CF; but e 
75 greater than CF; therefore alſo K H tis greater than 1,15: let KN be put 
equal to LE ; therefore what part KH IS of C D tac iame part alſo. 7s KN 
of CF; therefore alſo the remainder NH. is the ſame part of the remainder 
F D which the whole K H 7zs of the whole CD: but the remainder MK has 
been alſo demonſtrated as being the ſame part of the remainder F D which 
the whole KG is of the whole DC; therefore alſo MK, I& H both together 
are the ſame parts of DF which the whole IG 7s of the whole CD: cer- 
tainly (by conſt.) M K, NH both together are equal to EB, and G HH to 
AB; and therefore the remainder E B is the ſame parts of the remainder 


FD which the whole AB is of the whole C D. Which was to be demon- 
ſtrated. 


N IX. 


another; allo alternately what part or parts the firit is of the third, 
the fame part or ſame parts alſo will the ſecond be of the fourth. 


For let the number A be a part of the number BC, and another D the 
fame part of another EF which A iz of BC; but let A be the leſs than D: 
| ſay alſo that alternately what part or parts A is of D, the ſame part or 

parts alſo is BC of EF. 

For becauſe what part A is of BC the ſame part 1s ilfo D of EF: 

many numbers therefore as there are in BC equal ro A, fo many are * 

alſo in EF equal to D: let BC be divided into the numbers BG, GC, e each 

equal o A but E F into the numbers LL H, HF each equal A.. 

to D; certainly the multitude of numbers BG, GC will be B.. . G.. . C 

equal to the multitude of numbers E H, HF. And becauſe D..... 

the numbers BG, G C are equal to one another; and allo EA F 
7 | | the 


If a number be a part of a number, and another the ſame part of 


— 
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the numbers EH, I F are equal to one another; and the multitude of the 
numbers BG, GC is equal to the multitude of the numbers EH, HF; 
therefore what part or parts BG is of EH, the ſame part alſo, or the ſame 
parts is G C of H; ſo that alſo (by 5. and 6. 7.) what part or parts BG is 
of EH, the ſame part alſo or the ſame parts are both together B C of both 
together EF: but BG is equal to A, and EH to D; therefore what part 
or parts A is of D, the ſame part or the ſame parts alſo is BC of E F. 
Which was to be demonſtrated. 


FRN. X. 


If a number be parts of a number, and another the ſame parts 
of another; alſo alternately, what parts or part the firſt is of the 
third, the ſame parts or part will the ſecond be of the fourth. 


For let the number AB be parts of the number C, and another DE the 
ſame parts of another F; but let AB be leſs than DE; I fay that alſo 
alternately what parts or what part AB is of D E, the lame parts or part 
alſo is C of F. 

For becauſe what parts AB; is of C the ſame parts is allo DE of F; 
therefore as many parts of C as there are in AB, fo many parts of F are 
therein DE: let AB be divided into AG, G B parts of C; but DE into 


DH, HE parts of F: certainly the multitude of the paris A.. G. B 


AG, GB will be equal to the multitude of the parts C...... 
DH, HE; and becauſe what part A G is of C, the ſame D.. . . H. .... E 
part alſo is DH of F; and alternately (by 9. 7.) what part F............... 


or parts AG is of DH, the ſame part or the fame parts is C of F; cer- 
tainly, for the ſame reaſon alſo, what part or parts GB is of HE, the ſame part 
or the ſame parts is alſo C of F; ſo that alſo (by 5. and 6: 7.) what part 
or parts A G is of D H, the fame part or the ſame parts alſo is AB of DF; 
but what part or parts A G is of DH, the fame part or the ſame parts alſo 
is C of F; alſo what parts or part AB is of DE, the ſame parts or the 
ſame part is C of F. Which was to be demonſtrated. 


Pk OF," 1. 
If it be as a whole number ts to a whole number ſo is a number 


taken away to a aunber taken away; the remainder alſo will be to 
the remainder as the whole 1c to the whole. 


Let 


e 1 1 5. 11 


Let it be as the whole AB to the whole CD ſo is the number taken away 
AF. to the number taken away CF, I lay that allo the remainder EB is to 
the remainder F D as the whole A B to the whole C D. | 

For ſince it is as AB to CD fois AU to C; therefore (by def. 20. 7.) 
what part or parts AB is of C D, the ſame part or the une A.. E.. B 
parts alſo is AE of CF; therefore allo the remainder (by C. .. F.. D 
7. and 8. 7.) EB is the ſame part or parts of the remainder F D which AB 
is of CD; therefore (by def. 20. 7.) as EB istoFD, ſo is AB to CD. 
Which was to be demonſtrated. 


NO . 


If there be how many ſo ever numbers proportionals; it will be, 
as one of the antecedents 7s to one of the conſequents, fo are all the 
antecedents to all the conſequents. 


Let there be how many ſo ever numbers proportionals, A,B, C, D; viz. as 
A is to B ſo let Cle to oD; I ſay that it is as A is to B ſo are A. 


A, C to B, D. B.. 
For becauſe it is as A to B ſo , C to D; therefore (by def. . 
what part or parts A is of B, the lame part allo or parts is C a 5 any = TIP 


and therefore (by 5. and 6. 7.) A, C both together are the ſame part or the 
ſame parts of B, D both together which A 1s of B; therefore it is (by def. 
20.7.) as AistoBlſoareA,C to B, D. Which was to be demonſtrated. 


PROP. XII. 
If four numbers be proportionals, alſo they will be . 
alternately. 


Let four numbers A, B, C, D be proportionals; iz. as A to B ſo ig C to 
D; I fay alſo chat alternately they will be proportionals, viz. as A to C lo is 
B to D. 

For becauſe it is as A toBſoisC to D; therefore (by A 
def. 20. 7.) what part or parts A is of B, the ſame part allo B...D........, 
or the ſame parts is C of D; therefore alternately (by 9. and 18. 7.) what 
part or parts A is of C, the ſame part or parts is B of D; therefore it is (by 
def. 20. 7.) as A is to C ſo is B to D. Which was to be demonſtrated, 
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FR OFT. . 
If there be numbers how many ſo ever, and others equal to then: 
in multitude, in the fame ratio taken two and two; alto by equality 
they will be in the ſame ratio. 


Let there be numbers how many ſo ever A, B, C, and others equal to then 
in multitude D, E, F, taken two and two in the fame ratio; A... . . . . D. . . 
ſo that as A is to B ſo is D to E, and as B to C ſo is B...... E... 
E. to F; I ſay that alſo by equality as A to C ſo is D to F. C.. F. 

For becaule it is as A to B ſo 7s D to E, alternately therefore (by 13. 7.) 
it is as A to D ſors B to E: again, ſince it is as B to C ſo is E to F; 
therefore alternately it is as B to E. ſo is C to F; but as B is to E 1o 15 
A to D; and therefore as A to D fois C to F, therefore alternately it 
is as A to C ſo is D to F, Which was to be demonſtrated. 


R OP, XV. 


If unity meaſure ſome number, and another number do as ofter: 
meaſure ſome other number, allo alternately the unity will as often 
meaſure the third number as the ſecond meaſures the fourth. 


For let the unity A meaſure ſome number B C; and let another number 


ID as often meaſure ſome other number E F; I ſay that alſo alternately the 


unity A will meaſure the number D as often as B C does E F. 

For ſince the unity A meaſures the number B C as often as the number D 
meaſures the number F E; therefore as many unities as there are in BC, to 
many numbers equal to D are there in EF: let BC A. E., X.. L.. F 
be divided into BG, GH, HC the unities which B. G. H. C L.. 
are in it; but EE into E K, K L, LF the numbers equal to D: certain] 
the multitude of hte BG, G H, IIC will be equal to the multitude of ,- 
bers EK, KL, LF; and becaulc the unities BG, GH, HC are equal to one 
another, and alſo the numbers EK, K L, LF are equal to one another, and 
the multitude of the unities BG, GH, HC is equal to the multitude of the 
numbers EK, K L, I. F; therefore it is as the unity B G to the number 
E K fo is the unity G TH: to the number K L, and the unity IIC to che 

number 
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number LF; therefore it will be (by 12. 7.) as one of the antecedents Book VII. 


to one of the conſequents ſo are all the antecedents to all the conſe- 
quents; therefore it is as the unity BG to the number EK fois B C to 
EF: but the unity BG is equal to the unity A, and the number E K to the 
number D; therefore it is as the unity A is to the number P fo is BC 
to EF; therefore (by 29. def. 7.) the unity A meaſures the number D as 
often as B C meaſures E F. Which was to be demonſtrated. 


*% 


A 


If two numbers multiplying each the other, make ſome numbers, 
thoſe produced from thein will be equal to one another. 


Let there be two numbers A, B, and let A multiplying B make C; but 
let B multiplying A make D; I fay that C is equal to D. E. 

For becauſe A multiplying B has made C; therefore B A.. B. 
(by 15. def. 7.) meaſures C according to the unities in A: C.. .. D.. .. 
but alſo the unity E meaſures the number A according to the unitics in it; 
therefore the unity E meaſures the number & as often as B meaſures C, 
alternately therefore (by 15. 7) the unity E meaſures the number B as often 
s A meaſures C: again, becauſe B multiplying A has made the number D; 
therefore A meaſures D according to the unities in B: but allo the unity F. 
meaſures B according to the unities in it; therefore the unity H meaſures the 
number B as often as A meaſures D; but the unity F meifures the number 
B as often as A meaſures C (by this prop.) ; therefore X meaſures either of 
the numbers C, D an equal number of times; therefore C 1s equal to P. 
Which was to be demonſtrated. | 


„„ XVII. 
If a number multiplying two numbers make ſome numbe: 
thoſe produced from them have the fame ratio as the multiplicd_, 


aumbers. 5 


For let the number A multiplying the numbers E, C make the numbers 


D, E: I ſay that it is, as B to C ſo 1 D to E. 8 
For becauſe A multiplying B has made D, therefore 3 B.. C. 
meaſures D according to the unities in A: but alſo the A:. 


unity F meaſures the number A according to the unitics in F. 
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ic; therefore the unity F meoſures the number A as often as B meaſures D, 
therefore as the unity F is to the number A fo is (by 20. def. 7.) B to D: 
certainly for the fame reaſon alſo, as the unity F is to the number A ſo is C 
to E; therefore alſo as BistoDſois C to E; alternately therefore it is as 
B is to C ſo is D to E. Which was to be demonſtrated. 


PR OP. VIII. 


If two numbers multiplying ſome number make ſome numbers, 
thoſe produced by them will alſo have the fame ratio with the mul- 
tiplying numbers. 


For let the two numbers A, B multiplying ſome number C make the 
numbers D, E.: I ſay that it is as A to. B ſo is D to E. A., B... 
For becauſe A multiplying C has made D; therefore Ges 
alſo C multiplying A has (by 16. 7.) made D: certainly for D. , E. .. 
the ſame reaſon alſo C multiplying B has made E; certainly the number © 
multiplying the two numbers A, B has made D, E; therefore it is (by 17. 7.) 
as A to B ſo is D to E. Which was to be demonſtrated, 


PROP. XIX. 
If four numbers be proportionals, the number produced of the 
firſt and fourth will be equal to the number produced of the ſecond 
and third: and if the number produced of the firſt and fourth be 


equal to the number produced of the ſecond and third, the four 
numbers wiil be proportionals. 


Let the four numbers A, B, C, D be proportionals ; as A to B ſo is C to 


D; and let A multiplying D make E; but let B multiplying C make F. 


I ſay that E is equal to F. 
For let A multiplying C make G: therefore becauſe A multiplying C hs 
made G, and multiplying D has made E; certainly the number A multi- 


| plying the two numbers C, D has made G, E; therefore it is (by 17. 7-) 


as C to D ſo is G to E: but as C to D ſo is A to B (by up.) ; there- 
fore alſo as A to B ſo is G to E: again becauſe A multiplying C has 
made 


. 
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made G; but alſo B multiplying C has made F; certainly A. 

the two numbers A, B multiplying a certain number C B. 

have made G, F; therefore (by 18. 7.) as A to B ſo is G C 

o F: but alſo as A to B ſo is G to E; therefore allo xs D 

G to E ſo is G to F; therefore G has the fame ratio E.. 

to either E or F; thereſore E is equal to F. e 
| G 

Now again let E be equal to F; I fay that as AtoBlois C to D. 

For the ſame things being conſtructed ; becauſe A multiplying C, D 
has made G, E; therefore tis as C ig to D ſo is G to E: but E is equal to 
F; therefore it is as G to E ſo is G to F: but as G to E fois C to D; 
therefore alſo as C to D ſo is G to F; but as G is to F ſo (by 18.7.) A to 
B; and therefore as A to B ſo is C to D. Which was to be demonſtrated. 


P-R:O-P X. 
If three numbers be proportionals, the number made by the ex- 
tremes is equal to the /quare number made of the middle proportional ; 
but if the number made by the extremes be equal to the ſquare 


number made of the middle rumber, the three numbers will be 


proportionals. 


Let the three numbers A, B, C be proportionals, as A is to B ſo 1 B to 
C; I ſay that the number made by A and C, is equal to the /quare numl er 
made of B. | Pb 8 

For put D equal to B; therefore it is as A is to B ſo is D B 
to C; therefore (by 19. 7.) the number made by A and Ci, D. 
equal to the number made by B and D: but the number by B C.... 
and D is equal to the /quare number made of B; for B is equal to D: there- 
fore the number made by A and C is equal to the ſquare number inade 
of B. 5 ET 

But again, let the number made by A and C be equal to the /auare num- 
ber made of B; I ſay that it is as AtoBſoisB to C. 

For becauſe the number made by A, C is equal to the ſquare number 
made of B, and the /quare number made of B is equal to the number 
made by B, D; therefore it is (by 19. 7.) as A toBſoisD to C: but B 
is equal to D; therefore it is as A to B ſo is B ro C. Which was to 
be demonſtrated. 


PROP. 
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PQ ‚ IE; 


The leaſt numbers of thoſe having the ſame ratio with them, mea... 
ſare equally thoſe having the ſame ratio with them; the greater tle 
greater, and the leſſer the leſſer. 


For let CD, EF be the leaſt numbers of thoſe having the ſame ratio wit! 
A, B; I ſay that CD meaſures A and EF, B equally. 

For CD & not parts of A: for, if poſſible, let it be; therefore (by 20. 
def. 7) E. F is the ſame parts of B which CD is of A; therefore as many 
parts as there are in CD of A, ſo many parts are there in EF A. 
of B: let CD be divided in CG, GD parts of A; but EF into B... 
EH, HF parts of B; certainly the multitude of parts CG, GD C...G..Þ 
will be equal to the multitude of parts EH, HF: and becauſe E.. II.! 
CG, GD are equal to one another, alſo EH, HF are equal to one another; 
and the multitude of the parts CG, GD is equal to the multitude of the 
parts EH, IIF; therefore it is as CG to EH fois GD to HF; therefor: 
(by 12. 7) it will be as one of the antecedents to one of the conſequents {© 
are all the antecedents to all the conſequents ; therefore it is as CC 7s to 
EH fois CD to EF; therefore CG, E H are in the ſame ratio with C D, E 


being leſs than them, which is impoſſible; for CD, EF are ſuppoſed the 


leaſt of all numbers having the ſame ratio with themſelves ; therefore CD i: 


not parts of A, therefore a part; and EF is the fame part of B which CD 


is of A, therefore CD meaſures A and EF,B equally. Which was to be 
demonſtrated, 


PR O P. XXII. 


If there be three numbers, and others equal to them in mul- 
titude, and in the ſame ratio taken two and two; and let their 


proportion be perturbate; they will allo be in the ſame ratio by 
equality. 


Let there be three numbers A, B, C, and others D, E, F equal to them in 
nultitude, and in the ſame ratio taken two and two ; and let their POO: 
tion be perturbate; as Ato BloE to F, and as B A. ... D. . 
to C ſo D to E: I ſay alſo that vy equality it is as BJ... 8 


Tor 
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For becauſe it is as A to B ſo is E to F, the mer made by A, F is equal Book VII 
(by 19. 7.) to the number made by B, I; again, becauſe it is as B to C O 2 
to E, therefore the number made by C, D is equal to the rwamoer made by 
B, E: but the number made by A, F has been demonſtrated to be equal to 
the number made by B, E; therefore the number made by A, F is equal to the 
number made by C, D; therefore (by 19. 7.) it is as A to C to 7s D to 


Which was to be demonſtrated. 


PN O PF. XXIII. 
The numbers prime to one another are the leaſt of thoſe having 
the ſame ratio with them. 


Let the numbers A, B be prime to one another: I ſay that the numbers 
A, B are the leaſt of thoſe having the ſame ratio with them. 

For if A, B are not the leaſt of thoſe having the fame ratio A.. B. . 
with them, there will be ſome numbers lefs than A, B being in =C---D-- 
the ſame ratio with A, B; let them be C, D. | 

Therefore becau'e the leaſt numbers of thoſe having the ſame ratio mea- 
ſure (by 21. 7.) thoſe having the ſ:me ratio equally, the greater the greater 
and the leſſer tlie leſſer, that is the antecedent the antecedent and the con- 
ſequent the conſequent; therefore C meaſures A and D, B equally: now as 
often as C meaſures A, ſo many unities ]-t there be in E,; therefore alto D 
meaſures B according to the unities in E: and becaule C meaſures A ac- 
cording to the unities in E, therefore allo F. meafures A according to the 
unities in C: certainly for the ſame reaſon alſo E meaſures B according to 
the unitics in D; therefore E meaſures A, B, being prime to one another, 

1 


# 
» 


 *® 
4 


which is impoſſible ; therefore there Will not be any numbers leſs than &, E 


LS 


being in the ſame ratio with A, B; therctore A, B are the leaſt of thoſ 


o 
0 — 


having the ſame ratio with them. Which was to be demonſtrated. 


N XXIV. 
The leaſt numbers of thoſe having the ſame ratio with them are 
prime to one another. 


Let A, B be the leaſt numbers of thoſe having the ſame ratio with them: 
! ſay that A, B are prime to one another. 
3 + RO For 


1 
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but as many times as E meaſures D, let there be ſo many unities F. 
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For if A, B are not prime to one another, ſome number A.. .... B. . 
will meaſure them: let it meaſure em; and let it be C; | CI 
and as oiten as C meaſures A, ſo many unities let there be in D -E 
D; and as often as C meaſures B, ſo many unities let there be in E. And 
becauz C meaſures A according to the unities in D, therefore C multiplying 
D has made A: certainly for the ſame reafon alſo C multiplying E has made 
B : now the number C multiplying the two numbers D, E has made the 
numbers A, B; therefore (by 17. 7.) it is as D is to E ſo is A to B; there- 
fore D, E are in the ſame ratio with A, B, being leſs than them, which 
(by hyp.) is impoſſible; therefore not any number will meaſure the numbers 
A, B; therefore A, B are prime to one another. Which was to be demon- 
ſtrated. 


NOD. . 


If two numbers be prime to one another, the number meaſuring 
one of them will be prime to the remaining one. 


Let A, B be two numbers prime to one another; but let a certain number 
C meaſure A: I ſay alſo that B, C are prime to one another. 

For if B, C are not prime to one another, ſome number will meaſure 
them; let it meaſure hem, and let it be D: and becauſe D meaſures C, 
and C meaſures A; and therefore D meaſures A, and it alſo mea- A. 
ſures B; therefore D meaſures A, B, being prime to one ano- B.. 
ther, Which is impoſſible: not any number therefore will mea- C.. 
ſure the numbers A, B; therefore C, B are prime to one another. D. 
Which was to be demonſtrated. | 


p R O P. XXVI. 
If two numbers be prime to any number, alſo the number pro- 


duced by them will be prime to it. 


For let the two numbers A, B be prime to any number C, and let A 
multiplying B make D: I ſay that C, D are prime to one another. : 
For if C, D are not prime to one another, ſome number will A.. B. 


meaſure them; let it meaſure them, and let it be E: and becauſe | C. . 
C, A are prime to one another; but a certain number E mea- D. 
ſures C; therefore (by 25. 7.) E, A are prime to one another: E. 


in 
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in F; and tliercfore F meaſures D according to the unities in E.; therefore Book VT. 


E multiplying F has made D; but alſo A multiplying B has made D ; 
therefore the number made by E, F is equal to hat made by A, B: but if the 
number made by the extremes be equal to the 7umber made by the means, the 
four numbers are proportionals ; it is therefore (by 19. 7.) as E to A lo 7s 
B to F: but A, E are prime; and thoſe that are prime are (by 23. 7.) the 
leaſt; but the leaſt numbers of thoſe having the ſame ratio with them, equally 
meaſure thoſe having the ſame ratio, the greater the greater and the lets the 
leſs, that is the antecedent the antecedent and the conſequent the conſequent ; 
therefore E meaſures B; and it alſo meaſures C; therefore if, meaſures B, C 
being prime to one another, which is impoſſible; therefore not any number 
will meaſure the numbers C, D; therefore C, D are prune to one another, 
Which was to be demonſtrated. 


P R O P. XXVII. 


If two numbers are prime to 6ne another, the fpuare numer 
produced of one of them will be prime to the remaining ce. 


Let there be two numbers A, B prime to one another; and let A mul- 
tiplying itſelf make C: I ſay that B, C are prime to one another. 

For let D be put equal to A; and becauſe A, B are prime A.. B.. 
to one another, and A equal to D; therefore D, B are alſo C. 
prime to one another: but each of the numbers A, D is D. 
prime to B; therefore (by 26. 7.) the number which is made by A, D will 
be prime to B: but C 1s the number which is made by A, D; where- 
fore C, B are prime to one another. Which was to be demonſtrated. 


PROP. XXVIII. 


If two numbers be prime to two numbers, both to each; alſo 
the numbers produced by them will be prime to each other. 


For let the two numbers A, B be prime to the two numbers C, D, both 


to each; and let A multiplying B make E; and let C multiplying D make 


F; I fay that E and F are prime to one another. For becauſe each of 
| | D 2 | | the 
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will be prime to each of them; and if both together hey | 
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the numbers M, B is prime to C; therefore alſo the num- A... B.. . 


ber produced of N, B is (by 26, 7. ] prime to C: but E. E. . 
is the number produced by A, B; therefore E and C are C.. D... 
prime to one another: certainly for the ſame reaſon alſo 1 


E and D are prime to one another; therefore each of the numbers C, D 


is prime to E; and therefore the number produced by C, D (by 26. 7 


is 4 


Will be prime to E.; but F. is the zumber produced by C, D; FE pos 
FE, F are prune to one another. Which was to be demonſtrated. 


FRF. XAFS. 
If two numbers be prime to one another, and each multiplying 
itſelf makes a certain number, thoſe produced by them will be 
prime to one another; and if thoſe taken in the beginning multi- 


plying thoſe produced make ſome rumors, alio they will be prime 


to one another ; and this always happens about the extremes. 


Let there be two numbers A, B prime to one another ; and let A mult:- 
plying itſelf make C, and multiplying C let it make E; but let B multi- 
plying itſelf make D, and multiplying D let it make F: I ſay that C, D 
and E, F are prime to one another: for be- A.. . 
cauſe A, B are prime to one anòther, and A C.... D. 
multiplying. itſelf has made E; therefore E. ,,. bees. 
C, B (by 27. 7.) are prime to one another; t! ber becauſe C, Ba are Prime 
to one another, and B multiplying itſelf has made D, therefore C, D are 
prime to one another: again, becauſe A, B are prime to one another, and B 
multiplying itſelf has made D, therefore A, D are prime to one another: 
therefore becauſe two numbers A C, are prime to two numbers E, D, both to 
dach; therefore allo the number produced by A, C is prime (by 28. 7.) to 
the numder produced by B, D; and E, is the number produced by A, ;. 
and F is hat produced by B, D; therefore E, F are prime to one anotlier. 


hich was to be demonſtrated. 


PF ‚‚ 2: ALA. 
If two numbers be prime to one another, alſo both toget!.c: 


# Hot 


- 
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prime to any one of them, alſo the numbers from the beginning 
will be prime to one another. 


For let two numbers A B, B C prime to one another be put together; 1 
ſay that A C both together is prime to each of the numbers AB, BC. For 
if CA, AB are not prime to one another, ſome nurnber will © A. . B. . C 
- meaſure them; let it NEAR em, and let it be D: bec: We 9 

therefore D meaſures CA, AB, alſo it will meaſure the remainder BC; but 
it alſo meaſures BA; therefore D meaſures AB, BC, being prime to one 
another, wich is impoſſible; thereſore any number will not meaſure the 
numbers CA, AB; therefore AB, AC, are prime to one another: therefore 
CA is prime to each of the numbers AB, BC. 

Again let CA, AB be prime to one another: I ſay that AB, BC are alſo 
prime to one another. For if AB, BC are not prime to one another, ſome 
number will meaſure them; let it meaſure them, and let it be D: and becauſe 
D. meaſures cach of the numbers AB, BC, therefore it will meaſure the whole 
CA; and it meaſures AB; therefore D meaſures CA, AB being prime to 
one another, which is impoſſible : therefore any number will not meafure 
the numbers AB, BC; therefore AB, BC are prime to one another. Which 
was to be demonſtrated. 


C d 
Every prime number, is prime to every number wiich it does not 
meaſure. 


| 2 ä 44 1 EY © , £8: 1 1 1% 
Let A be a prime number, 3 let it not meaſure tlie number B I lay 


1 7 


that B, A Are prut e To 0 $7 = anlo cher * Or if A, E Are 10 P rahne A. * B. 


. 


to one another, ſome number will meaſure them; let it phe (Lamas 


lure hem, and let it be C; there bre Ci is not unity: and becauſe C ma- 
* 


* 1775 177 1189892 71 ! +0 9 Y > 15 "% * FY 55 % * T i a $ | . 
lures B, and A « does not meaturs 1, therefore C is not the ſame with A; 
29 9 -Q 1 I' 4® — A a } % = + | * 1 Z * . t « a 1 * % 4 5 9 4 . . -P * 
and becauſe C meaſures K, BD. there fore all it micaſures A b Ing ad PTC 


2 ; - | v PEO — „ Ss * 1 "LY 2 1 a BRL Y ] 1 x" TA 3 
number, not being the ſame. with it, wich is impoſſible; therefore any 

a 4. : 
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mumber will not meaſure B, A; therefore A, 15 are P ruUNC to one another. 


Which was to be demon: ated. 


PDP; 4 NNN 
If two numbers multiplying one another make any jdn 
ſome prime number meaſures the number produced by them, it 
will alſo meaſure one of the numbers geben from the beginning. 
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For let the two numbers A, B multiplying ene another make C; and let 


ſome prime number D meaſure C; I ſay that D meaſures one of the numbers 


A,B. For let it not meaſure A, and D is prime; there- A.. B.. 


fore (by 31.7.) A, D are prime to one another: and as often C. . 
as D meaſures C, let there be ſo many unities in E; there- | © 300 
fore becauſe D meaſures C according to the unities in E, Es. 


therefore D multiplying E has made C; but alſo A multiplying B has made 
C; therefore the number made by D, E is equal to that made by A, B; there- 
fore it is (by 19. 7.) as D is to A ſo is B to E: but D, A are prime numbers; 
but the prime (by 23. 7.) are alſo the leaſt; but the leaſt (by 21. 7.) equally 

meaſure thoſe having the ſame ratio, the greater the greater and the leſs the 
leſs, that is the antecedent the antecedent and the conſequent the conſequent ; 
therefore D meaſures B. Certainly in the ſame manner we ſhall demonſtrate, 
that if D does not meaſure B, it will meaſure A: therefore D meaſures one 
of the numbers A, B. Which was to be demonſtrated. 


n r. en. 
Every compoſite number is meaſured by ſome prime number. 


Let A be a compoſite number: I ſay that A is meaſured by ſome prime 
number. For becauſe A 1s a compoſite number, ſome number will mea- 
ſure it; let it meaſure it, and let it be B: and if B be a prime number, the 
thing fought for is manifeſt; but if it is compoſite, ſome number A. . 
will meaſure it; let it meaſure it, and let it be C: and becauſe B.... 

C meaſures B, but B meaſures A, alſo therefore C meaſures A; C.. 
and if C be prime, the thing ſought for is manifeſt ; but if it be compoſite, 
ſome number will meaſure it; and ſuch a diſquiſition being proſecuted, ſome 
prime number will be taken, which will meaſure the one before itſelf, 
which alſo will meaſure A: for if it ſhall not be taken, infinite numbers 
will meaſure the number A, each of which is leſs than the other, Which 
(by 2. def. 7.) is impoſſible in numbers ; therefore ſome one will be taken 
which will meaſure the one before itſelf, which alſo will meaſure A. 


Therefore every compoſite number is meaſured by ſome prime number. 


Which was to be demonſtrated. 
OTHerRwiszt, Let A be a compoſite number; I ſay that it is mea- 


fared by ſome prime number, For becauſe A is a compoſite uber, it 
| | wy 
WII 
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will be meaſured by a number (by 13. def. 7.) ; and let B be the leaſt 
of thoſe meaſuring it; I ſay that B is prime. For if not, let it be com- 
poſite ; therefore it will be meaſured by fome number: let it be A.. . .. 
meaſured ; and let C be the number meaſuring it; therefore B... 

C is leſs than B; and becauſe C meaſures B, but B allo mea- C-- 
ſures A, therefore C meaſures A, being leſs than B; B being the leaſt of 
the numbers meaſuring A; which 7s abſurd: therefore B is not a compoſite 
number; therefore prime. Which was to be demonſtrated. 


PR OP. XXXIV. 


Every number is either prime, or is meaſured by ſome prime 
number. 


Let there be a number A: I ſay that A is either prime, or is meaſured 
by ſome prime number. If A is prime, what is required is manifeſt ; but 
if it be compoſite, ſome prime number (by 33. 7.) will meaſure it. There— 
fore every number is either prime, or is meaſured by ſome prime number. 
Which was to be demonſtrated. 


PR OP. XXV. 


How many ſoever numbers being given, to find the leaſt of thoſe 
having the ſame ratio with them. 


Let A, B, C be numbers how many ſoever; now it is required to find 
the leaſt of thoſe having the ſame ratio with A, B, C: for either A, B, C 
are prime to one another, or not: if indeed A, B, C.are prime to one ano- 
ther, they are (by 22.7.) the leaſt of thoſe having the ſame ratio with 
them: but if not, let D (by 3. 7.) the greateſt common meaſure of A, B, C 
be taken; and as often as D meaſures each of the numbers A, B, C, fo many 


unities let there be in each of the numbers E, F, G; and therefore each of 


the numbers E, F, G meaſures each of the numbers A, B, C according to 
the unities in D; therefore E, F, G equally meaſure A, B, C; chereforc 
(by 18. E .) E, F, G are in the fame ratio with A.. .. 3 12 
A, B, C: now I ſay alſo that they are the D.. 
leaſt; for if E, F, G are not the leaſt of thoſe F... F.... G. 
having the ſame ratio with A, B, C, there H-- K — L---- 
will be ſome numbers leſs than E, F, G being TS 
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in the fame ratio with A, B, C; let them be H, K, L; therefore (by 2: 
7.) H meaſures A equally, and each of the zumbers K, L each of the 


numbers B, C: but as many times as II meatures A, ſo many unitics 


let there be in M; and therefore each of the numbers 1 K, L. meaſures 
each of the numbers B, C according to the unities at there ate in M: 
and becauſe II meaſures A according to the unities in M, therefore M 
meaſures. A according to the unities in H. Certainly for the fame 
rcafon alſo M meaſures each of the numbers B, C according to the unitics 
in each of the numbers K, L; therefore M meaſures A, B, C: and becaut! 
H meaſures A according to the unities in M, therefore H multiplying 
M has made A. Certainly for the ſame reaſon alſo E multiplying D has 
made A; therefore the number made by F, D is equal to the zumber made lv; 
II, M; therefore (by 19. 7.) it is as E to H fo 7s M to D: but E. is greiter 


—— 


— 


than II, therefore M is greater than D; and it meaſures A, B, C, which 15 
i npoſſible; for D is ſuppoſed the greateſt common meaſure of A, B, C. 
therefore there will not be any numbers leſs than E, F, G being in the 
ſame ratio with A, B, C; therefore E, F, G are the leaſt of thoſe having 
the ſame ratio with A, B, C. Which was to be demonſtrated. | 


PR OP. XXXVI. 
Two numbers being given, to find the leaſt number which th 
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meaſu re. 


Let A, B be the two given numbers; now it is required to find the! 
number which they meaſure. For the num bei A, B are either prime to ©! 
another, or not: firſt let A, B be prime to one another; and let A mult; Ply ir 
B make C; and therefore (by 16. 7.) B multiplying A has made C; ther 
fore A, B meaſure C : now I ſay A C is the leaſt : for, if not, A, B will 
meaſure ſome number being lets than C: let them meaſure D; and as Often 
as A meaſures D, ſo many unities let there be in E; and as often as B 


meaſures D, ſo many unities let there be in F: therefore A multiplying 3: 


has made D; but B multiplying F has made D; therefore the number ma? 


by A, E is equal to that made by B, F; therefore it is (by 19.7 © as A 
to B ſo i F to E: but A, B are prime; but (by 23. 7.) they are the lealt; 


but the leaſt (by 21. 7.) meaſure equally thoſe having the A... B.. 


ſame ratio, the greater the greater and the leſs the leſs; | C.. . . 

therefore B meaſures E, as conſequent the conſequent: and 985 

becaule A multiplying the zumbers B, E has made C, D, E — F---- 
; „ | = = therefore 


„ 


25 
therefore it is (by 18. 7.) as B to E. ſo is C to D; but B meaſures E.; there- 
fore alſo C meaſures D, the greater the leſs, which is impoſſible: therefore 
A, B do not meaſure any number being leſs than C, when A, B are prime 
to one another; therefore C being the leaſt is meaſured by A, B. 

But let A, B not be prime to one another; and let F, I, be taken, the leaſt 
numbers of thoſe having the ſame ratio with A, B; therefore the number 
made by A, I, is equal (by 19. 7.) to that made by B, P; and let A mul— 
tiplying E make C; alſo B multiplying F has therefore made C; there- 
fore A, B meaſure C: now I ſay that it is the leaſt: for if not, A, B 
will meaſure ſome. number being leſs than C; let them meaſure D; and 
as often as A meaſures D, let there be ſo many unities in G; and 
as often as B meaſures D, let there be ſo many unities in A. . B. .. 
H; therefore A multiplying G has made D; but B multi- F.. E. 
plying H has made D; therefore the number made by A, G C. . . 
is equal to tha? made by B, II; therefore it is (by 19. 7.) as Door 
A to B ſo i H to G: but as A to B ſors F to E; there- G--H--- 
fore alſo as F to E. fois H to G; but F, E are the leaſt; and the leaſt (by 
21. 7.) meaſure equally thoſe numbers having the ſame ratio, the greater the 
greater and the leſs the leſs ; therefore E meaſures G: and becauſe A mul- 
tiplying E, G has made C, D, therefore it is (by 17. 7.) as E to G ſo is C 
to D; but E meaſures G; therefore alſo (by 20. def. 7.) C meafures D, 
the greater the leſs, which is impoſſible; therciore A, B will not meaſure any 
number leſs than C; therefore C is meaſured by A, B, being the leaſt. 
Which was to be demonſtrated. 


* 


P R O PF. NI. 


If two numbers meaſure any number, alſo the leaſt meaſured by 


them will meaſure the ſame number. 


For let the two numbers A, B meaſure any number CD; and let E be the 

leaſt hat they meaſure: I ſay alſo that E meaſures CD. For if E do not 
meaſure CD, let E meaſuring FD leave CF leſs than itſelf: and becauſe 
A, B meaſure E, and E meaſures DF, therefore allo A.. B.. 


A, B will meaſure DF; but they meaſure the whole CD, C.. . . . F D 


and therefore they will meaſure tae remainder CF being . 
leſs than E, which (by hyp.) is impoſſible; therefore E does not, not ma- 
ſure CD, therefore meaſures i7, Which was to be demonſtrated. 
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PR O P. XXXVIII. 
Three numbers being given, to find what leaſt number they 
meaſure. 


Let A, B, C be the given numbers; now it is required to find what 
leaſt number they meaſure. For (by 36. 7.) let D be taken, the leaſt number 
meaſured by A, B: now C either meaſures D, or does A... B... C. .. 
not meaſure it: firſt let it meaſure it; and allo A, B . 
(by conft.) meaſure D; therefore A, B, C meaſure D; I 3 
ſay alſo that it is the leaſt they meaſure : for if not, A, B, C will mealure 
ſome number being leſs than D; let them meaſure E; ſince there:ore A, B, C 
meaſure E, therefore allo A, B meaſure E; therefore (by 37.7.) the leaſt 
number mcafured by A, B will meaſure E: but the leaſt meaſured by A, B 
is D; therefore D meaſures E, the greater the leſs, which is impoſſible; 


therefore A, B, C do not meaſure any number being leis than D; theretore 


A, B, C meaſure D the leaſt, 8 | 
Now again let C not meaſure D; and let E be taken, the leaſt number 
meaſured by C, D: therefore becauſe A, B meaſure D, A.. B.. C. .. 


and D meaſures E, therefore allo A, B meaſure E; and D...... 


. alſo C meaſures E, therefore alſo A, B, C meaſure E;; 1 E. 


ſay alſo that it is the leaſt : for if not, A, B, C will mea- F 

ſure ſome number being leſs than E; let them meaſure F; and becauſe 
A, B, C meaſure F, therefore alſo A, B meaſure F; and therefore (by 37. 7.) 
the leaſt aumber meaſured by A, B will meaſure F: but D is the leaſt mea- 


ſured by A, B; wherefore D meaſures F; and allo C meaſures F; there- 


fore D, C meaſure F; fo that alſo the leaſt meaſured by D, C will meaſure 
F: but the leaſt meaſured by D, C is E; therefore E mealures F, the 
greater the leſs, which is impoſſible : therefore A, B, C do not meaſure any 
number being leſs than E; therefore E. being the leaſt is meaſured by A, B, C. 


| Which was to be demonſtr ated. . 5 


p OPP. 


If a number is meaſured by any number, the meaſured number 


will have a part denominated from the meaſuring number, 
For 


O'FEUCE1-D, 


jy 
* 


For let a number A be meaſured by any number B: I ſay that A has a 
part denominated from B. For as often as B meaſures A, let there be ſo 
many unites in C; and becauſe B meatures A according to the unities in 
C, and alio unity D meaſures the number C according to the A. . 
in it, therefore unity D equally meatures the number C and B.. 

B, A; therefore alternately (by 15. 7.) unity D equally mea- C. . 

ſures the number B and C, A; therefore what part unity D is D. 

of the number B, the ſame part alſo is C of A: but unity D 1s a part of the 
number B denominated from itſelf; therefore alſo C is a part of A denomi- 


nated from B; fo that A has a part, the zumber C being denominated from 


B. Which was to be demonſtrated. 


FN AE 


If a number have any part, it will be meaſured by a number deno- 
minated from the part. | 


For let the number A have any part B; and let the number C be 
denominated from the part B: I ſay that C meaſures A. For becauſe B is 
a part of A and denominated from C; and unity D is a part A. . 
of C denominated from it; therefore what part unity D is B. 
of the number C, the ſame part allo is B of A; therefore C. 
as often as unity D meaſures the number C, alſo B mea- D. 
ſures A; therefore alternately (by 15. 7.) unity D equally meaſures the 


number B and C, A; therefore E meaſures A. Which was to be demon- 
ſtrated. | 


„ ↄĩ ˙uQaÄ RES. 


To find a number which, being the leaſt, will have the given 
parts. 


Let A, B, C be the given parts: now it is required to find a number 
which, being the leaſt, will have the given parts A, B, C. Let the num— 
bers D, E, F be denominated from the parts A, B, C; and let there be 
taken (by 38. 7.) the leaſt number G meaſured by D, E, F: therefore 

becauſe G is meaſured by D, E, E; G has parts denominated from D, E, E; 
but A, B, C arc the parts (by conlt.) denominated from D, E, F; therc- 
fore G has the parts of A, B, C: I ſay now that it is being the lealt : 
E. 2 for 


Rook VII. 
— — 
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for if G being not the leaſt at has the parts A, B, C, there Ar D.. 
will be a number leſs than G which will have the parts A, B, C; B E. 
let it be H: ſince II has the parts A, B, C, therefore H will C F... 


be meaſured by numbers denominated from the parts A, B, C; G.. . . . 


but D, E, F are the numbers denominated from the parts H------- 
A, B, C; therefore H is meaſured by D, E, F, and it is leſs than C; which 
(by conſt.) is impoſſible. Therefore there will not be any number lefs 
than G, which will have the parts A, B, C. Which was to be demonſtrated. 
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G GK VIII. 


R 0 P. 1. 


IF there be numbers how many ſocver continual proportionals, 
and the extremes of them be prime to one another, they are 
the leaſt of thoſe having the ſame ratio with them. 


Let the numbers A, B, C, D how many ſoever be continual propor- 
tionals; and let A, D the extremes of them be prime to one another; I ſay 
that A, B, C, D are the leaſt of thoſe having the ſame ratio with them. 
For if not, let E, F, G, II be leſs than A, B, C, D being in the ſame ratio 
with them: and becavſe A, B, C, D are in the fame ratio with E, F, G, H; 
and the multitude of zumbers A, B, C, D is equal to the multitude of num- 
bers E, F, G, H; therefore it is by equality (by 14.7.) as A to Do 7s 


Book VIII. | (| 


Eto H; and A, D are prime; but prime and leaſt numbers meaſure . 


equally thoſe having the ſame ratio with them (by 21. 7.), the antecedent the 
antecedent and the conſequent the conſequent ; therefore A meaſures E, the 


gregter | 


- 
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another ; and each of the numbers A, B multiplying itſelf has made cac! 
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greater the leſs, which is impoſſible; therefore A, 8. B, 12. C, 18. D, 27. 
E, E, G, H being leſs than A, B, C, D are not in K-- F--- G--- H. 
the fame ratio with them; therefore A, B, C, D are the leaſt of thoſe havin 
the ſame ratio with them. Which was to be demonſtrated, 


VT 


To find the leaſt numbers continual proportionals, as many as any 


one may order, in a given ratio. 


Let the vt of A to B be the given ratio in the leaſt numbers: row it 
is required to find the leaſt numbers continual proportionals, as many as any 
one may order, in the ratio of A to B. Now let four be ordered: and let 
A multiplying itſelf make C ; but multiplying B let it make D; and be- 


| fides let B multiplying itſelf make E; and moreover let A multiplying 


C, D, E make F, G, II; and let B multiplying E make K. 
And becauſe A multiplying itſelf has made C, and multiplying B has 
made D, certainly the number A multiplying the two A, B has made C, D; 


therefore (by 17. 7.) it is as A to B ſo is C to D: again becauſe A multi- 


plying B has made D, and B multiplying itſelf has made E, therefore each 


of the numbers A, B multiplying B has made each of the numbers D, E., 


therefore (by 18. 7.) it is as A to B ſo is D to E; but as A to B ſo is C to 
D; therefore as C to D ſo ig D to E: and becauſe A multiplying C, D has 
made P, G; therefore t is as C to D ſo 15 F to G; but as C to D fo was A 


to B; therefore alſo as A to B ſo i F to G: again becauſe A multiplying the 
nambers D, E has made G, H, therefore it is as D to E ſo is G to H; but 
as D to E. fo is A to B; therefore as A to B ſo is A, 2. B, 3. 

G to H : and becauſe A, B multiplying E have C, 4. D, 6. E, 9 

made II, K, therefore it is as A to B ſo ig H' tO F, 8. G, 12, I, 18. K, 27 
K; but it has been demonſtrated as A to B fo is both F to G and G to H ; 
therefore it is as FtoGſozsG to H, and H to K; therefore C, D, E and 
F, G, II, K are proportionals, in the ratio of A to B: now I ſay they are thc 
leaſt; for becauſe (by hyp. ), A, B are the leaſt of thoſe numbers having the ſume 
ratio with them ; but (by 23. 7.) the leaſt of the numbers having the ſame 
ratio with them are prime to one another; therefore A, B are prime to one 


of 


GF EU CL. ID. OS. 


of the numbers C, E; and multiplying C, E has made each of the numbers 
F, K; therefore (by 29. 7.) C, E and F, K are prime to one another; 
but if there be numbers how many ſocver continual proportionals, and the 
extremes of them be prime to one another, they are (by 1. 8.) the leaſt 
of the numbers having the ſame ratio with them: therefore C, D, E, as alſo 
F, G, II, K, are the leaſt of the numbers having the ſame ratio with A, B. 
Which was to be demonſtrated, | 

Cor. Now from this it is manifeſt, that if there be three numbers conti- 


nual proportionals, the leaſt of thoſe having the ſame ratio with them, the 
extremes of them will be ſquares ; but it four, cubes. 


PN 0 . III. 


If there be numbers how many ſocver continual proportionals, the 


leaſt of a having the ſame ratio with them, the extremes of them 
are prime to one another. 


Let A, B, C, D be numbers how many ſoever continual proportionals, the 
leaſt of tho/e having the ſame ratio with them; I ſay that A, D the extremes 
of them are prune to one another. Let there be taken (by 2. 8.) E, F two 
numbers in the ratio of A, B, C, D, and three G, H, K, and aiways more 
by one in order until the multitude taken be equal A,. B, 12. C,18. D,27. 
to the multitude of the numbers A, B, C, ); E, 2. P, 3. | 
let them be taken; and let them be L, M, N, O: G44. II, 6. K, g. 
therefore the extremes of them L, O are prime I, 8. M, 12. N, 18. O, 27. 
to one another. For becauſe E, F are prime to one another, and each of 
them multiplying itſelf has made each of the numbers G, K; and multi- 
plying each of the numbers G, K has made each of the numbers L, O; there- 


fore (by 29. 7.) G, K and L, O are prime: and becauſe A, BCD are the 
leaſt of thoſe having the ſame ratio wich them, and (by conſt.) L, M, N, O 


are the leaſt bein in the ime ratio with A, B, C; 2nd the multitude of the 
numbers A, B, („ D is cqu 1 to the multitude of the numbers L, NI, N, O; 
therefore each of the numbers A,B, C, D is equal to each of the numbers 
L, M, N, O; therefore A is equal to L, and D to O: and becauſe L. O are 
prime to one another; but L is eouil to A, and O to D, allo A, D are 
prime to one another. Which was demon dd. 
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PN IV. 
Ratios being given how many ſoever in the leaſt numbers ; tv 
find the leaſt numbers, in an uninterrupted ſeries, in the given ratios, 


Let the ratio of A to B, and of C to D, and beſides of I to F, be the given 
ratios in the leaſt numbers : now 1t is required to find numbers, in an unin- 
terrupted ſeries, the leaſt in the ratio of A to B, and in bat of C to D, and 
beſides in ht of E to F. Let G be taken (by 36. 7.), the leaſt numbe. 


meaſured by B, C; and as often as B meaſures G, ſo often let A meaſure II; 


and as often as C meaſures G, ſo often let D meaſure K: but FE. either mea- 
ſures K, or does not meaſure it: firſt let A, 2. B, 5. C, 3. D, 4. E, 5. F, ö. 
it meaſure 11; and as often as E meaſures II, 6. G, 15. K, 20. I., 24. 
K, ſo often alſo let F meaſure L. And N-- O. M P. 
becauſe A meaſures H and B, G equally; therefore (by 13. 7.) it is as A to 
B ſois H to G. Certainly for the ſame reaſon alſo, as C to D fo is G ty 
K; and beſides as E to FloisK to L; therefore H, G, K, L are, in an 
uninterrupted ſeries, in the ratio of A to B, and in hat of C to D, and 
beſides in that of E to F. | 
Now I fay alſo that they are the leaſt. For if H, G, K, L are not the 
leaſt in an uninterrupted ſeries, in the ratios of A to B, and of C to D, and 
beſides of E to F; there will be ſome numbers leſs than H, G, K, L, and 
in the ratios of A to B, and of C to D, and beſides of E to F: let them be 
N, O, M, P. And becauſe it is as A to B ſo ig N to O, and A, B are the 
leaſt ; but the leaſt meaſure (by 21. 7.) equally thoſe having the ſane ratio, 
the greater the greater, and the leſs the leſs; that is, the antecedent the 
antecedent, and the conſequent the conſequent ; therefore B meaſures O: 


certainly for the ſame reaſon alſo C meaſures O; therefore B, C meaſure O, 
and therefore (by 37. 7.) the leaſt number meaſured by B, C will meaſure O. 


but G is the leaſt number meaſured by B, C ; therefore G meaſures O, the 


greater the leſs, which is impoſſible. Therefore there will not be any nun- 


bers in an uninterrupted ſeries leſs than H, G, K, L, and in the ratio of 
A to B, and in zhat of C to D, and beſides in that of E to F. 


Now let E not meaſure K; and (by 36. 7.) let M, the leaſt number 


meaſured by E, K, be taken; and as often as K meaſures M, fo often let cac 
of the numbers N, G meaſure each of the numbers N, O; and as often as I 
meaſures M, ſo often let F meaſure P: and becauſe H equally meaſures N. 
_ 5 . and 
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and G, O; therefore (by 13. 7.) it is as H to G ſo i N to O; but as H is Book VIII. 
to G ſo i. A to B; therefore as A to B ſo 7s N to O. Certainly for te 
ſame reaſon alſo as C to D ſo is O to M: again, becauſe E equally mea- 
ſires M and F, P, therefore it is as E A, 4. B, 5. C, 2. D, 3. E, 4. F, 3. 
to F ſo is M to P: therefore the numbers His. G, 10. K,. i5. 
N, O, M, P are in an uninterrupted ſeries in N, 32. O, 40. M, 60. P, 45. 
the ratios of A to B, and of C to D, and Q--- R— 8— T —— 
E to F. I fay alſo that they are the le>ſt. For if N, O, M, P are not the 
leaſt in an uninterrupted ſeries in the ratios A, B, C, D, E, F, there will be 
ſome numbers, in an uninterrupted ſeries, leſs than N, O, M, P in the ratios 
A, B, C, D, E, F: tet them be Q R, 8, I'; and becauſe it is as Qto R fv 
1 A to B; and A,B are the leaſt; but the leaſt (by 21. 7.) meaſure equally 


7 


thoſe having the fame ratio with them, the antecedent the antecedent and 


the conſequent the cohſequent; therefore B meaſures R: certainly for the 
L ſame reaſon alſo, C meaſures R; therefore B, C meaſures R; and therefore 
| the leaſt number meaſured by B, C will meaſure R: but G 1s the leaſt 
number. meaſured by B, C; therefore G meaſures R: but (by 13. 7.) it is 
as G to R ſo is K to S; therefore (by 20. def. 7.) K meaſures S; 
and E alſo meaſures 8; therefore E, K meaſure S; and the leaſt number 
meaſured by E, K will meature 8: but Mis the leaſt vwamber meaſured by 
E, K; M therefore meaſures 8, the greater the leſs, which is impoſſible: 


therefore there will not be any numbers in an uninterrupted ferics leſs than 
N, O, M, P, and in the ratios of A to B, and of C to D, and beſides of 1; 
to F; therefore N, O, M, P are the leaſt numbers, in an uninterrupted ſeries, 
in the ratios A, B, C, D, E, F. Which was to be demonſtrated. 


R FN | 
Plane numbers have to one another a ratio, compounded He | 1 
alis of the ſides. 1 


Let A, B be plane numbers; and let the numbers C, D be the fides of 
A, and E, F the ſides of B; I ſay that A has to B a ratio compounded of 
the ratio of the ſides. For the ratios being given, that which C has to E. 
and D to F; let the numbers G, II, K be taken (by 4. 8.) in an vninter- 
rupted ſeries, the leaſt in the ratios C, E, D, F; ſo as to be as C to E { 7s 
G to H; and as D to F ſo is H to K: therefore G, , K have to one ang- 
ther the ratios of the ſides; but (by 5. def. 6.) the ratio of G to K is 


S compound d 
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Book VIII. compounded of that of G to II and of that of II to K; therefore G has to 
K the ratio compounded of the ratio of the fides ; I ſay therefore that it 4; 


as A to B ſo is G to K. For let D multiplying . 0. 

E make L; and becauſe D multiplying C has I, 12. 

made A, and multiplying E has made L, there- C, 2. D, 3. E, 4. P, 5. 
fore it is (by 17. 7.) as C to E ſo is A to L; but G, 3. H, 6. K, 10. 
as C to E fo (by conſt.) is G to H; therefore as G is to H ſo is A to L: 
again, becauſe E multiplying D has made L, but multiplying F has made 
B, therefore it is as D to F ſo is L to B: but as D to F, ſo (by conft.) is 
Ito K; therefore as H to K fo iL to B: but it has been alſo demonſtrated 
that as G to H fo is A to L; therefore it is by equality (by 14.7.) as G to 
K ſo is A to B: but (by 5. def. 6.) G to K has a ratio compounded of 7v- 
ratio of the ſides; therefore A has to B a ratio compounded of the rat's of 
the ſides. Which was to be demonſtrated. 


„ 


If there be numbers how many ſoever continual proportionals, 
and the firſt do not meaſure the ſecond, neither will any other mea- 
ſure any other. 


Let A, B, C, D, E be numbers how many ſoever continual proportionals; 
and let A not meaſure B: I ſay that neither will any other meaſure any other. 
It 7s plain that the numbers A, B, C, D, E, taken in an uninterrupted ſerics, 
do not (by 20. def. 7.) meaſure one another; for A does not meaſure B: 
now I ſay that neither will any other meaſure any other: for I ſay that A docs 
not meaſure C; for as many aumbers A, 16. B, 24. C, 36. D, 54. E,81. 
as there are A, B, C, let there be taken F, 4. G, 6. H, 9 
ſo many numbers F, G, H (by 35. 7.) the leaſt having the ſame ratio with 
AB, C: and becauſe F, G, H are in the ſame ratio with A, B, C, and the 
multitude of numbers A, B, C is equal to the multitude of numbers F, G, II. 
therefore by equality (by 14. 7.) it is as A to C ſo is F to H: and becaulc 
it is as A to B ſo is F to G; and A does not meaſure B, neither docs (by 
20. def. 7.) F therefore meaſure G; therefore F is not unity; for (by 1- 
def. 7) the unity meaſures every number; and (by 3. 8.) F, H are prime 
to one another; and therefore (by 12. def. 7.) neither does F mezſure 11 ; 
anditisasFtoHſois A to C; therefore neither does A meaſure C: cer 
tainly in the ſame manner we ſhall demonſtrate that neither does any 09: 
meaſure any other. Which was to be demonſtrated, 


PROP. 
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[f there be numbers how many ſoever continual proportionals, 
and the firſt meaſure the laſt, it will alſo meaſure the ſecond. 


Let A, B, C, D be numbers how many foever continual proportionals ; 
and let A meaſure D; I ſay alſo that A meaſures A, 2. B, 4. C,8. D, 16. 
B. For if A does not meaſure B, neither (by 6. 8.) will any other mea- 
ſure any other, which is abſurd, for A is ſuppoled to meaſure D: but it 
meaſures D; therefore alſo A meaſures B. Which was to be demonitrated. 


ZR O VILE 


If numbers in continual proportion fall in between two numbers ; 
as many numbers as fall in between them in continual proportion, 
ſo many in continual proportion will fall in between thoſe having 
the ſame ratio with them. 


Let the numbers C, D fall in between the two numbers A, B in conti 
nual proportion; and let it be made as A to B fois E to F: I ſay that 
as many numbers as have fallen in between A, B in continual proportion, 
ſo many will fall in between E, F in continual proportion. For as many 
numbers A, C, D, B as there are in multitude, let fo many G, H, K, L. be 
taken (by 35. 7.), the leaſt numbers of thoſe having the ſame ratio with 
A, C, D, B; therefore (by 3. 8.) G, L the extremes of them are prime to 
one another: and becauſe A, C, D, B are in the fame ratio with G, H, K, L; 
and the multitude of the z:m24ers A, C, D, B is equal to the multitude of 
the numbers G, II, K, L; therefore by equality (by 14.7.) it is as A to 
B ſo is G to L.: but as AtoBſors E to F; and therefore as G to 
L ſo is E to F; but G, L are prime; but prime aiumnbers (by 23. 7.) are 
the leaſt; but the leaſt numbers meaſure equally A, a. C. 4. D, 8. B, 16. 
(by 21. 7.) thoſe having the ſame ratio, the ii. Hi Ks. Lt: 
greater. the greater, and the leſs the leſs: there- E, 3. M,. N. 12. F, 24. 
fore G equally meaſures E, and L, F: as often therefore as & meaſures 
E, fo often allo let each- of the numbers H, K meaſure each of the num- 
bers M, N; therefore the numbers G, H, K, L meaſure equally the num- 
bers E, M, N, F: therefore (by 20. def. 7.) G, H, K, L are in the fame 
32 
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Book VIII. ratio with E, M, N, F; but G, H, K, L are in the ſame ratio with 


FF 


, 
1 
* 


A, C, D, B; therefore A, C, D, B are in the ſame ratio with E, M, N, E: 
but A, C, D, B are (by hyp.) continual proportionals; therefore alſo E, M, N, F 
are continual proportionals; therefore as many numbers, in continual pro- 
portion, as have fallen in between A, B, ſo many numbers in continua! 
proportion will fall in between E, F. Which was to be demonſtrated. 


r 1X: 


If two numbers be prime to one another, and numbers in con- 
tinual proportion fall in between them; as many numbers in con- 
tinual proportion as fall in between them, ſo many in continual 
proportion will fall in between each of them and unity. 


Let A, B be two numbers prime to one another; and let C, D, in con 
tinual proportion, fall in hetween them; and let unity E be put: I fay, 
that as many numbers in continual proportion as have fallen in between 
A,B, ſo many alſo in continual proportion will fall in between each of the 
numbers A, B and unity E. For (by 2. 8.) let F, G be taken, two num- 
bers the leaſt being in the ratio of A, C, D, B, and H, K, L three num- 
bers; and always let more by one in order be taken, until the multitude of 
them be equal to the multitude of the numbers A, 8. C,12. D, 18. B, 27. 


A, C, D, B; and let them be M, N, O, P: cer- i 
tainly it is manifeſt (by conſt. 2. 8.) that F mul- TEES Fa. . 
tiplying itſelf has made II, but multiplying H Hd. Kid. Lo; 


has made M; and G multiplying itſelf has M.. N, 12. O, 18. P, 27 


mide L., but multiplying L has made P: and becauſe M, N, O, P are the 
leaſt of thoſe numbers having the ſame ratio with F, G; and A, C, D, B 


are allo (by 1. 8.) the leaſt of thoſe having the ſame ratio with F, G; and 
the multitude of the numbers M, N, O, P is equal to the multitude of the 


numbers A, C, D, B; therefore each of the numbers M, N, O, P is equal. 


to each of the numbers A, C, D, B; therefore M 1s equal to A and 
P to B: and becauſe F multiplying itſelf has made H, therefore I 
multiphes H according to the unities in F; and alſo the unity E mea- 
ſures the number F according to the unities in it : therefore unity E equally 


- meaſures the number F, and F, H; therefore it is (by 20. def. 7.) as 


unity 


oF EVCETD. 37 


unity E to the number F fo is F to H : again, becauſe F multiplying II has 
made M, therefore H meaſures M according to the unities in it (“); and 
unity E meaſures alſo the number F according to the unities in it; there- 
fore unity E equally meaſures the number F and II, M; and therefore it is 
as unity E to the number F ſo is H to M: but allo it has been demonſtrated, 
as unity E to the number F ſo is F to II; therefore unity F. 75 to the num- 
ber F, as F to II and as H to M: but M is equal to A; therefore it is 4s 
unity E is to the number F, ſo is F to H and H to A. Ceriainly for the 
ſame reaſon alſo, as unity E is to the number G, ſo is G to Land L. to 
therefore as many numbers in continual proportion as have fallen in beceweer 
A, B, ſo many numbers alſo in continual proportion have fallen in between 
unity E and each of the zumbers A, B. Which was to be demonſtrated, 


C 

If numbers in continual proportion fall in between two numbers 

and unity; as many numbers in continual proportion as fall in 

between each of the numbers and unity, ſo many allo in continual 
proportion will fall in between them. 


For let D, E and F, G fall in between the two numbers A, B and unity C 
in continual proportion; I ſay, that as many numbers as have fallen in 
between each of the zumbers A, B and unity C in continual proportion, fo 
many in continual proportion will fall in between A, B. For let the number 
D multiplying the number F make II; and let each of the numbers D, F 
multiplying H make each of the numbers K, IL. And becauſe it is as C 
unity is to the number D, ſo7s D to E; therefore unity C equalty meaſures 
the number D and D, E: but the unity C meaſures the number D according 
to the unities in D; therefore allo D meaſures E according to the unities in 
D; and therefore the number D multiplying itſelf has made E: again, becaule 
it is as the unity C to the number D fois E to A, therefore the unity C 
equally meaſures the number D and E, A; but the unity C meaſures the 
number D according to the unities in D; there- A, 8. K, 12. L, 18. E, 27. 
fore alſo E meaſures A according to the unities Ea. H. 0,9. 
in D; therefore D multiplying E has made A. e 
Certainly for the ſame reaſon alſo F multiplying | 5 
itſelf has made G, and multiplying G has made B; and becauſe D multi 
plying itſelf has made E, and multiplying F has made II; thercfore it is 
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(by 17. 7) as D to F ſo i Ef to II. Certainly for the ſame reaſon alſo as 
D is oF fois H to G, therefore alſo as E to H ſo is H to G. Again 
becauſe D multiplying each of the numbers E, H has made each of the 
numbers A, K, therefore (by 17. 7.) it is as E to H ſo is A to K; but as E to 
H ſoisD to F; therefore alſo as D to F ſo is A to K: again, becauſe each of 
the numbers D, F multiplying H has made each of the numbers K, L, there- 
fore it is (by 18.7.) as D to F ſo is K to L; but as D to F ſo is A to K; there- 
fore as A to K ſo ig K to L: moreover, becauſe F multiplying each of the 
numbers H, G has made each of the numbers L, B, therefore it is as H 
to G ſo iL to B; but as H to G ſo is D to F; therefore as D to F ſo 


1 L to B: but it has been demonſtrated, as D to F fo is A to K, and. 
K to L, and L to B; thercfore A, K, L, B are in continual proportion; 


therefore as many numbers in continual proportion as fall in between each 
of the numbers A, B and unity C, ſo many alſo in continual proportion 
will fall in between the numbers A, B. Which was to be demonſtrated. 


Nr . 


Between two ſquare numbers there is one mean proportional 


number; and the ſquare zz1:ber has to the ſquare number the du- 


plicate ratio , that which the fide has to the fide. 


Let there be ſquare numbers A, B; and let C be the fide of A, and 
I) of B: I ſay that between A, B there is one mean proportional number, 
and that A has to B the duplicate ratio of that which C has to D. For 
let C multiplying D make E: and becauſe the number A is a ſquare, and 
C is the ſide of it, therefore C multiplying itſelf has made A: certainly 
for the ſame reaſon alſo D multiplying itſelf has made B; wherefore be 
cauſe C multiplying each of the numbers C, D has made each of the 2 
ters A, E, therefore it is (by 17.7.) as CtoDſois A to E: again 
becauſe C multiplying D has made E, and D multiplying itſelf has made 
E, certainly the two numbers C, D multiplying one and the ſame number 
D have made E, B; therefore it is (by 18.7.) as C to D ſors Eto E 
but as C to D ſo ig A to E; therefore as A to E ſo is E to B; therefore 
between tlie numbers A, B there is one mean propor- A, 4. E, 6. B,. 
tional number E. Now I ſay alſo, that A has to B a 3. 
the duplicate ratio of that which C has to D. For becauſe the three nun 
bers 
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duplicate ratio of tat which A has to E, but as AtoEfoisCtoD; 
therefore A has to B the duplicate ratio of that which the ſide C has to the 
ſide D. Which was to be demonſtrated. 


„ „ 


Between two cube numbers there are two mean proportional num 
bers; and the cube number has to the cube number the triplicate 
ratio 9f that which the fide bas to the ſide. 


Let A, B be cube numbers; and let C be the ſide of A, and D of B: 
I fay that between A, B there are two mean proportional numbers, and bat 
A has to B the triplicate ratio ef that which C has to D. For let the number C 
multiplying itſelf make E, and multiplying D tet it make F; but let D mul- 
tiplying itſelf make G; and let each of the numbers C, D multiplying F. 
make each of the numbers H, K. And becaule A is a cube, and C the 
ſide of it, therefore (by conſt.) C multiplying itſelf has made E; but multi- 


plying E (by def. 19: 7.) it has made A: certainly for the fame reaſon allo - 


D multiplying itſelf has made G, and multiplying G it has inade B: and 
becauſe C multiplying each of the numbers A,8. II, 12. K, 18. B, 27. 
C, D has made each of the numbers E, F, E,4--F,6.: G9. 

therefore it is (by 17. 7.) asC to D lo is 15 to n . 

F; certainly for the fame reaſon alſo as C to D ſo iq F to G: again, be- 
cauſe C multiplying each of the umbers E, F has made cach of the num- 
bers A, H, therefore it is as E to F ſo is A to II; but as E to F ſo is C 
to D; therefore allo as C to D fo 75 A to II: again, becauſe each of the 
numbers C, D multiplying F has made each of the numbers H, K, there- 
tore it is as C to D ſo is H to K: again, becauſe D multiplying each of the 
numbers F, G has made each of the numbers K, B, therefore it is as I 0 G to 


is ſo is K to B; but as F to G fo is C to D; therefore alſo as C to ) 


ſo is K to B: but it has alſo been demonſtrated as C is to fois A to 
I, and H to K, and K to B: therefore between A, B there are two mean 
proportional numbers II, K. Now I ſay alſo that A has to B the tripli- 
cate ratio of that which C has to D: for becauſe the four 8 e 


A, H,K,B are e therefore A has to B (by 11. def. 5. 
FI ij lie Le 


bers A, E, B are proportionals, therefore A has to B (by det. 10. 5.) the Book VIII. 
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the triplicate ratio of /hat which it has to H; but as A to H ſo is C , 
therefore alſo A has to B the triplicate ratio of that which C has to D 
Which was to be demonſtrated. 


« 


N.. ˖ 


If there be numbers how many ſoever continual proportions, 
and each multiplying itſelf make ſome rmumbers, the numbers v19- 
duced of them will be proportionals ; and if the firſt numbers mul— 


tiplying thoſe that are produced make ſome 77ers, allo ey 


will be proportionals ; and always this happens about the extren 5, 


Let there be numbers A, B, C how many ſoever proportiona!s ; as x to 
B ois B to C; and let A, B, D multiplying themſelves, make D, E, F; 
and multiplying D, E, F let them make G, II, K: I fay that both D, E, 
and G, H, K are contimual proportionals. For let A multiplying B make 
F.; and let each of the numbers A, B multiplying L make each of the 
numbers M, N: and again, let B multiplying C make O; and let each c! 


the numbers B, C mul- „„ Boo of. 


tiplying O make each Di Ey8..-E,16; 0.32.  F;64: 

of the numbers P, # LR CF 8, M, 16. N, 32. H. 64. P, 128. Q 256. K, 5 12. 
Certainly in the fame manner as above (that 1s in the laſt prop.) we ſha!! 
demonſtrate that D, L, E. and allo G, M, N, II are continual proportiona“ 
in the ratio of A to B; and beſides that E, O, F and H, P, Q, K are 
continual proportionals in the ratio of B to C: and it is as A to Blots 
B to C; therefore D, I., E are in the ſame ratio with E, O, F, and be- 
ſides G, M, N, II are in te ſame ratio with H, P, Q K; and the multi- 
tude of numbers D, L, E is equal to the multitude of numbers E, O, F, 


that of G, M, N, II to that of II, P, Q, K; therefore by equality (by 14. 7 


it is as D to E ſo is E to , and as G to H ſo is H to K. Which was to 


be demonſtrated. 


PROP. XIV. 


If a ſquare zumber meaſure a ſquare number, alſo the fide will 


mealure the ſide; and if the fide meaſure the ſide, alſo the ſquare 
will meaſure the ſquare, 


Let 


. EU CLI D. 4A! 


Let A, B be ſquare numbers, and C, D the tides of them; and let A 
meaſure B; I ſay that alſo C meaſures D. For let C multiplving 1) make 
E ; therefore A, E, B are continual proportionals in the ratio of C to D: 
and becauſe A, E, B are continual proportionals, and A, 4. E, 8. B, 16. 
A meaſures B, therefore allo (by 7. 8.) A meatures E; „„ 
but it is as A to E fo is C to D; therefore (by 20. def. 7.) C meatures D. 
But now let C meaſure D; I ſay that allo A mcaſures B. For the fame 
things being conſtructed, in like manner we ſhall demonſtrate that A, E, B 
are proportionals in the ratio of C to D : and becaule it is as C to D to 7 
A to E, and C meaſures D, therefore alſo A mcalures E; and A, E, B arc 
continual proportionals; therefore alſo A meaſures B. Therefore if a ſquare 
number meaſure a ſquare number, allo the fide will meaſure the ſide; and 


if the fide meaſure the fide, alſo the ſquare will meaſure the ſquare, Which 
was to be demonſtrated. 


. 


If a cube number meaſure a cube number, allo the ſide will mea- 


ſure the fide ; and if the fide meaſure the fide, alſo the cube will 
meaſure the cube. 


Let the cube number A meaſure the cube number B; and let © be the 
fide of A, but D the ide of B; I ſay that C will meaſure D. For let C 
multiplying itſelf make E, and beſides let C multiplying D make F; and let 
D multiplying itſelf make G; and let each of the numbers C, D multi- 
plying F make each of the numbers H, K. It is manifeſt that E, F, G and 
alſo A, H, K, B are continual proportionals A,8. H, 16. K, 32. B,64. 
in the ratio of C to D: and becauſe A, H, K, B E, 4. F, 8. G, 16. 
are continual proportionals, and A meaſures „. 

B; therefore (by 7. 8.) it meaſures H; but it is as A to H fois C to D:; 
therefore (by 20. def. 7.) C meaſures D. Now let C meaſure D, I tay 
_ alſo that A will meaſure B. For the fame things being conſtructed, cer- 


tainly in the ſame manner we ſhall demonſtrate that A, II, K, B are conti- 


nual proportionals in the ratio of C to D: and becauſe C meaſures D, and 
it is as C to D ſo is A to H, therefore alſo A meaſures II; ſo that A mea- 
ſures B. Which was to be demonſtrated, 


G | | PROP, 
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If a ſquare number do not meaſure a ſquare number, neither will 
the fide meaſure the ſide; and if the fide do not meaſure the fide, 
neither will the ſquare meaſure the ſquare. 


Let A, B be ſquare n»mbers, and C, D the ſides of them; and let A not 
meaſure B: I ſay that neither will C meaſure D. For if C A, 9. B, 16. 
meaſure D, alſo (by 14. 8.) A will meaſure B: but A does C, 3 D, 4 
not meaſure B; therefore neither will C meaſure D. Now again, let C 
not meaſure D: I ſay that neither will A meaſure B. For if A meaſure E, 


alſo (by 14. 8.) C will meaſure D: but C does not meaſure D; therefore 
neither will A meaſure B. Which was to be denominated, 


P'R O P. XVII. 
If a cube number do not meaſure a cube number, neither wil 


the hde meaſure the fide; and if the de do not meaſure the ide, 
neither will the cube meaſure the cube. 


For let the cube number A not meaſure the cube number B : and let C 
| | be the {ide of A, and D of B: I ſay that C will not meaſure D. For it 
C meaſures D, alſo A (by 12. 8.) will meaſure B: but A A, 8. B, 27. 
| ots not meaſure B; therefore neither does C meaſure D. Ci, 19; 

But now let C not meature D; I fay that neither will A meaſure B. Lor 
if A meaſure B, alſo C will meaſure D (by 15. 8.) : but C does not mea- 


ure D; therefore neither will A meaſure B. Which was to be demon- 


= TO | P R OP. XVIII. 
There is one mean proportional number between two ſimilar 
plane numbers, and the plane number has to the plane number 


the duplicate ratio t which the fide of like ratio hos to the 
Fi lide of like ratio. 


| Let A, B, be the two ſimilar plane numbers; and let the numbers C, 
| be the ſides of A, but E, F the fides of B; and becauſe (by 21. def. 7-) 
| theſe having their ſides proportionals are ſimilar plane zumbers, therefore 
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it is as C to D ſo : E to F: I ſay then, that there is one mean propor- Book III, 
tional between A, B; and that & has to B the duplicate ratio of that which „ 
the ſide of like ratio C has to the fide of like ratio E, or D to b. And 
becauſe it is as C to D ſo is E to F, therefore aiternately (by fg. 7.) as 
C to E ſo is D to F; and becauſe A is a plane number, and the hdes of it 
C, D, therefore D multiplying C has made A: certainly, for the fame 
reaſon alſo, E multiplying F has made B: now let D multiplying F make 
G; and becauſe D multiplying C has made A, A, 6. 6, 12, 0 
and multiplying E has made G, therefore (by es. 
17. 7.) it is as C to E ſo is A to G; but as C to E ſo is D to F; e 
fore alſo as D to F ſo is A to G: again, becauſe E multiplying D has | 
made G, and multiplying F has made B, therefore it is as D to F to # G 4 
to B; but it has been alſo demonſtrated that as D to fo is A to G; there- 3 | 
tore alſo as A to G ſo 75s G to B; therefore A, G, B are continual propor- 
tionals; therefore there is one mean proportional number between A, B. 
Now I ſay alſo that A has to B the duplicate ratio of ht which the fide 
of like ratio has to the ſide of like ratio, that is sf that which C has to E, 


or D to F: for becauſe A, G, B are continual proportionals, A has to B the | | | 
duplicate ratio (by 10. def. 5.) of that which it has to G; and it is as A to ® 
G fois both C to E and D to F; therefore A has to B the duplicate | 


ratio of that which C has to E, or D toF. Which was to be demonſtrated. 


N 
Two mean proportional numbers fall in between two ſimilar ſolid 5 
numbers, and the ſolid number has to the ſimilar ſolid number 
the triplicate ratio , at which the fide of like ratio has to the {ide 
of like ratio. 


Let A, B be ſimilar ſolid numbers; and let C, D, E be the fides of A, but Ms " 
F, G, H the „des of B: and becauſe (by 21. def. 7.) ſimilar foltd numbers are | 4. 
thoſe having their ſides proportionals, therefore it is as C to D ſo is F to 
6, and as D to E ſo is G to H: I fay that two mean proportional num- 
bers fall in between A, B; and hat A has to B the triplicate ratio f 
which C has to F, and D to G, and beſides E to H. 

For let the number C multiplying D make K; but let F multiplying G 


make L: and becauſe C, D are in the ſame ratio with F, G; and K is made of 
G 2 ” £0 
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C, D, but of E, G; therefore K, L are ſimilar plane numbers; therefore (by 
18, 6.) there is one mean proportional number between K, L: let it be M; 
therefore M is made of D, F, as has been demonſtrated in the theorem before 
this; thereſore it is as K to M ſors M to L: and becauſe D multiplying C has 
made K, and multiplying F has made M, therefore it is (by 17. 7.) as C to F ſo 
is K to M; but as K to M ſo is M to L; therefore K, M, L are continual 
proportionals in the ratio of C to F: and becauſe it is as C to D fois E 
to G, therefore alternately (by 13. 7.) it is as C toF ſo i D to G: again, 
becauſe it is as D to E fo is G to I, therefore alternately it is as D to G fo 
is E to II; therefore K, M, L are continual proportionals, and in the ratio of 
C to F, and in that of D to G, and A, 30. N, 60. O, 120. B, 240. 
befides in Hat of E to H: now let K, 6. M, 12. L, 24. 
each of the numbers E, H muluply- C, 2. D, 3. E, 5. F,4. G,6. H, 10. 
ing M make each of the num5ers N, O; and becauſe A is a ſolid number, and 
its ſides are C, D, E, therefore E multiplying the number made of C, D 
has made A; but the number made of C, D is K; therefore E multiplying K 
has made A. Certainly, for the ſame reaſon alſo, H multiplying L, che 
number made of F, G, has made B: and becauſe E multiplying K has made 
A, and multiplying M has made N, therefore it is (by 17.7.) as K to 
fois A to N; but as K to M fois both C to F and D to G, and beſides E to i: ; 
therefore as C to F, and D to G, and E to II, ſo is A to N: but as K to Mio 
both C to F, and D to G, and beſides E to H; therefore as C to F, and D tc 
G, and E to H, ſo is A to N: again, becauſe each of the numbers E, II mul 
plying M has made each of the zumbers N, O, therefore it as E to H fo is 
to O; but as E to II fo is both C to F and D to G; therefore it is a. 
C to F, and as D to G, and as E to I, ſo is both A to N and N to O: ag 
becauſe H multiplying M has made O, but alſo multiplying L has made 
therefore it is as M to L fo is O to B: but as M to L fo is both © tc 
, and D ro, and E to II; therefore alſo as C to F, and D to G, and Et 
II, fois not only O to B, but allo A to N, and N to O. Therefore A, N, O, K 
are proportionals in the ſalid ratios of the ſides. 

I fay that alſo A has to B the triplicate ratio of zhat which the fide of 1 
ratio 4as to the ſide of like ratio; that is, of that which the number C 


to F, or D to G, and beſides E to IH: for becauſe the four numbers A, N, ©, 


are continual proportionals, therefore (by 11. def. 5.) A has to B the t. 
plicate ratio of that which A has 10 N; but as A to N ſo it has bee 
demonſtrated that C is to F, and D to G, and beſides E to H; _ thereior- 
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alſo A has to B the triplicate ratio of that which the ſide of like ratio has 
to the ſide of like ratio; that is, which the number C has to F , and D to G, 
and beſides E to H. Which was to be demonſtrated, 


FN A XXX. 


If one mean proportional number fall in between two numbers. 
the numbers will be ſimilar plane numbers. 


Let one mean proportional, the number C fall in between the two num- 
bers A, B: I ſay that A, B are ſimilar plane numbers. For let D, E be 
taken (by 35. 7.) the leaſt numbers of thofe having the ſame ratio with A, C; 
therefore it is as D to E ſo is A to C: now as AtoCloisCtoB (by ſup.); 
therefore D equally meaſures A and E, C; now as often as D meaſures A, fo 
many unities let there be in F: therefore F multiplying D has made A, and 
multiplying E has made C; fo that A is a plane number, and the fides of 
it D, F: again, becauſe D, E are the leaſt of thoſe A, 8. C, 12. B, 18. 
having the ſame ratio with C, B, therefore D D, 2. E, 3. F, 4. G, 6. 
equally meaſures C and E, B: now as often as E meaſures B, fo many unities 
let there be in G; therefore E meaſures B according to the unities in G; there- 
fore G multiplying EL has made B; therefore E is a plane zumber, and E, G are 
the ſides of it: therefore A, B are plane numbers: now I ſay that they are 


alſo ſimilar. For becaule each of the numbers F, G multiplying E has 
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made each of the numbers C, B, therefore it is (by 19. 7.) as F to G ſo is C 


to B; but as C to B ſo is D to E; therefore as D to E. ſo i F to E; there- 
fore (by 21. def. 7.) A, B are ſimilar plane numbers, for the ſides of them 
are proportionals. Which was to be demonſtrated. 


p N 0 P. . 


It two mean Proportional numbers fall 1 in between two numbe IS, 


the numbers are fimilar ſolid numbers, 


For let two mean proport: onal numbers C, D fall in between the two 
gumbers A,B; I ſay that A, B are ſimilar ſolid numbers. For let the three 
numbers E, F, G yo taken, the leaſt (by 35. 7.) numbers of thoſe having 
the ſame ratio with A, C, D; therefore (by 3. 8) the extremes of them are 
prime to one another: and becauſe one mean proportional the number F has 
fallen in between the numbers E, G, therefore (by 20, 8.) E, G are ſimilar: 

| plans. 
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Bock VIII. plane numbers: let II, K be the fides of E, and L, M theſe of G; therefore ir 
— 3s manifeſt from this that E, F, G are continual proportionals, and in the 

ratio of H to L, and in that of K to M: and becauſe E, F, G are the leatt 
of thoſe having the ſame ratio with A, C, D, therefore by equality (by 14. 
7.) it is as E to G ſo i A to D: but E, G are prime; but the prime are th 
leaſt (by 23. 7. ); but the leaſt (by 21. 7.) equally meaſure thoſe having the 

ſame ratio with them, tlie greater the greater, and the leſs the leſs; that is, the 
antecedent the antecedent, and the conſequent the conſequent: therefore E 
equally meaſures A and G, D: now A, 24. C, 72. D, 216. B, 648. 
as often as E meaſures A, ſo many EI. F, 3. G, 9 
unities let there be in N: therefore H, 1. K. 1. N. 24. L. 3. M, 3. 0,72. 
N multiplying E has made A; but E is made of H, K; therefore N 
multiplying the number made of I, K has made A; therefore A is a ſolid 
number, and the ſides of it are H, K, N. Again, becauſe E, F, G are the 
leaſt of thoſe having the ſame ratio with C, D, B, therefore E equally mca- 
ſures C and G, B; but as many times as G meaſures B, ſo many unities let 
there be in O: therefore G meaſures B according to the unities in O: there- 

fore O multiplying G has made B, but G is the number made of IL, M; 
therefore O multiplying the number made of L, M has made B, and multi- 
plying E has made C; therefore B is a ſolid zumber; certainly its ſides are 
L, M, O: therefore A, B are ſolid numbers. Now I ſay that alto they arc 
ſimilar; for becauſe N, O multiplying E have made A, C, therefore it 
(by 17. 7.) N to O fois A to C, that is E to F; but as E to F fois H to L, 
and K to M; therefore as H to L ſo is K to M, and N to O; and H, K, N 
are the ſides of A; and L, M, O the ſides of B: therefore A, B (by 27. 
def. 7.) are ſimilar ſolid numbers. Which was to be demonſtrated. 


„ 0 F. N. 
If three numbers be continual proportionals, and the firſt be 
a ſquare, alſo the third will be a ſquare. 


Let A, B, C be three numbers continual 8 and let the firſt A 
be a ſquare number; I ſay that alſo the third C is a . B, 6. C. 
ſquare. 8 | 
For becauſe there is one mean proportional number B between A, C, 
therefore (by 20. 8.) A, C are ſimilar plane numbers; but A is a ſquare, 
therefore C alſo is a ſquare. Which was to be demonſtrated. 


PROP. 


O FE UCH1D; 


5 R O P. XXII. 


If four numbers be continual proportionals, and the firſt be a 
cube, alſo the fourth will be a cube. 


Let A, B, C, D be four numbers continual proportionals; and let A be 
a cube; I ſay alſo that D is a cube. For 
becauſe two mean proportional numbers B, C A.. dia Coils. D;27; 
are between A, D, therefore A, D are (by 21. | 
8.) ſimilar ſolid numbers: but A is a cube ; therefore alſo D is a cube. 
Which was to be demonſtrated. | 


PROP. . 


If two numbers have to one another the ratio which a ſquare 


number has to a ſquare number, and / the firſt be a 1quare, alſo 
the ſecond will be a ſquare. 


For let the two numbers A, B have to one another the ratio which tlie 
ſquare number C has to the ſquare number D, and let A be a ſquare; I fay 
alſo that B is a ſquare, For becauſe C, D are ſquares, Az4. E, 9. 
therefore C, D are ſimilar plane numbers; therefore (by C,36.: 9,36. 
18. 8.) one mean proportional number falls in between C, D; and it is as 
CtoDſoisAtoB; therefore alſo (by 8. 8.) one mean proportional num- 
ber falls in between A, B; and A is a ſquare, therefore alſo (by 22. 8. ) E 
is a ſquare. W lich was to be demonſtrated, 


P R G F. XV. 


If two numbers have to one another the ratio which 2 cube numbet 


has to a cube number, and / the firſt be a cube, allo the ſecond: 


will be a cube. 


For let the two numbers A, B have to one another the ratio which the 
cube number C has to the cube number D; and let A be a cube; now 1 
lay that alſo B is a cube. For becauſe C ,D A, 8. E, 12. F, 18. B, 27. 
are cubes, C, D are ſimilar ſolid numbers; Cha. D,216. 
therefore (by 19. 8.) two mean proportional numbers fall in between C, D; 

but 
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but as many mean proportional numbers as fail in between C, D, o 


—— many alſo (by 8. 8.) will fall in between thote having the ſame ratio 


with them; ſo that alſo two mean proportional numbers fall in between 
A,B: let E, F fall in Jetween them; therefore becauſe the four numbers 
A, E, F, B are continual proportionals, and A is a cube, therefore (b) 
23. 8.) Bis a cube. Which was to be demonſtrated. 


P R O P. XXVI. 


Similar plane numbers have the ratio to one another, which 4 
ſquare number has to a ſquare number. 


Let A, B be ſimilar plane numbers; I ſay that A has to B the ratio 
which a ſquare number has to a ſquare number. For becauſe A, B arc 
ſimilar plane numbers, (by 18. 8.) one mean pro- A.. C,, 24. 
portional number falls in between A, B; let it D., I. E, 2. FA. 
fall; and let it be C; and (by 35. 7.) let D, E, F be taken, the leaſt num- 
bers of thoſe having the fame ratio with A, C, B; therefore (by cor. to 2. 8.) 
the extremes of them D, F are ſquares: and becauſe it is as D to F ſo is 
A to B, and D, F are ſquares, therefore A has to B the ratio which 
a ſquare number has to a ſquare number. Which was to be demonſtrated. 


P R O P. XXVII. 


Similar ſolid numbers have the ratio to one another, which a cube 
number has to a cube number. 


Let A, B be ſimilar ſolid numbers; I ſay that A has to B the ratio which 
a cube number has to a cube number. For A, 16. C, 24. D, 36. B, 54. 


becauſe A, B age ſimilar ſolid numbers, E, 8. F, 12. G, 18. H, 27. 


therefore (by 19. 8.) two mean proportional numbers fall in between A, B; 
let C, D fall in between them; and let E, F, G, H be taken (by 2. 8.), the leaſt 
of thoſe having the ſame ratio with A, C, D, B, equal to them in multi- 
tude; therefore (by cor. 2. 8.) the extremes of them E, H are cubes; and 
it is as E to H ſo is A to B; therefore A has to B the ratio which a cube 
number has to a cube number. Which was to be demonſtrated. 
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PR: OF. I. 


F two ſimilar plane numbers multiplying one another make any gook 1x. 


number, the produced number will be a ſquare. | — 


Let A, B be two ſimilar plane numbers; and let A multiplying B 
make C; I ſay that C is a ſquare. For let the number A multiplying itſelf 
make D, therefore D is a ſquare: and becauſe A multiplying itſelf has made 
D, and multiplying B has made C, therefore it is (by 17.7.) as A to B ſo 
is D to C; and becauſe A, B are ſimi- | 
lar plane numbers, therefore (by 18.8.) A, 6. B, 54. D, 36. C, 324. 
one mean proportional number will fall 
in between A, B: but if numbers in continual proportion fall in between 
two numbers, as many as fall in between them, ſo many alſo between thoſe 
having the ſame ratio (by 8. 8.) ; ſo that alſo one mean proportional number 
falls in between C, D; and D is a ſquare; therefore (by 22. 8.) C is a ſquare, 
Which was to be demonſtrated. 


Lt PROP, 
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If two numbers multiplying one another make a ſquare, they are 


ſimilar plane numbers. 


For let two numbers A, B multiplying one another make the ſquare C. 
I ſay that A, B are ſimilar plane numbers. For let the number A multi- 
plying itſelf make D; therefore D is a ſquare: and becauſe 0 A, 3. B, 12. 
A multiplying itſelf has made D, and multiplying B has D, 9. C, 36. 
made C, therefore it is as A to B (17. J.) ſo is D to C: and becauſe D is 
a ſquare, and alſo C, therefore D, C are ſimilar plane numbers; whereforc 
(by 18. 8.) one mean proportional number falls in between D, C; and it is 
as D to C ſo is A to B; therefore (by 8. 8.) one mean proportional falls 
in between A, B: but (by 20. 8.) if one mean proportional falls in between two 
numbers, they are ſimilar plane numbers; therefore A, B are ſimilar plane 


numbers. Which was to be demonſtrated. 


PROP. III. 
If a cube num ber multiplying itſelf make any number, the numbei 
produced will! a cube number. 


For let the cube Ss A multiplying itſelf make B; I ſay that B is a 
cube. For let C the ſide of A be taken, and let C multiplying itſelf make D: 
now it is manifeſt (by def. 19. 7.) that C multiplying D has made A: and 

| becauſe C multiplying itſelf has made D, therefore C meaſures D according 
to the unites that are in it; but alſo the unity meaſures C according to the 
unities that are in it; therefore it is as unity is to C, ſo is (by 20. def. 7.) 


C to D: again, becauſe C multiplying D has made A, therefore D mea- 


ſures A according to the unities that are in C; but the unity alſo meaſures 
C according to the unities in it; therefore it is as unity is to C ſo is D to 
A; but as unity is to C fois C to D; therefore alſo as unity is to C ſo is 
C to D, and D to A; therefore two mean proportional numbers C, D have 
fallen in between unity and the number A: again, becauſe A, 8. 

A multiplying itſelf has made B, therefore A meaſures B by 

the unities in it; and alſo the unity meaſures A according to 5,64 
the unities in it; therefore it is as unity is to A ſo is A to 5 


B: but alſo two mean proportional numbers have fallen 1 in between the unity 
and 
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and the number A; therefore (by 8. 8.) two mean proportional numbers alſo Book FX. 
have fallen in between A, B; but if two mean proportionals fall in between 
two numbers, and if the firſt be a cube (by 23. 8.) alſo the fourth will be 

a cube; and A is a cube; therefore alſo B is a cube. Which was to be de- 
monſtrated. 


PROF. IV. 


If a cube number multiplying a cube number make any number, 
the number produced will be a cube. 


For let the cube number A multiplying the cube number B makeC ; I 
ſay that C is a cube. For let A multiplying itſelf make A,8. B, 27. 
D; therefore (by 3. 9.) D is a cube: and becauſe A mul- D, 64. C,216. 
tiplying itſelf has made D, and multiplying B has made C, therefore it is 
(by 17. 7.) as A to B ſo is D to C; and becauſe A, B are cubes, they 
are ſimilar ſolids; therefore (by 19. 8.) two mean proportional numbers fall 
in between A, B; ſo that alſo two mean proportional numbers will fall in 


between D, C; and D is a cube; therefore C is a cube (by 23. 8.) Which 
was to be demonſtrated. 


P R O P. v. 


If a cube number multiplying any number make a cube, alſo 
the multiplied zumber will be a cube. 


For let the cube A, multiplying any number B, make the cube C; I ſay 
that B is a cube. For let A multiplying itſelf make D; therefore (by 3. 9.) Dis 
a cube: and becauſe A multiplying itſelf has made D, and A, 8. B, 27. 
multiplying B has made C, therefore it is (by 17. 7.) as P, 64. C, 216. 
A to B ſo is D to C; and becauſe D, C are cubes, they are ſimilar ſolid 
numbers; therefore (by 19. 8.) two mean proportional numbers fall in be- 
tween D, C; and it is as D to C, fois A to B; therefore, alſo (by 8. 8.) two 
mean proportional numbers fall in between A, B; and A is a cube; there- 
fore (by 23.8.) B is alſo a cube. Which was to be demonſtrated, 


PROF. N 
If a number multiplying itſelf make a cube, allo itſelf will be a 
WAA e 
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Book IX. For let the number A multiplying itſelf make the cube B; I ſay alſo that 
: A is a cube. For let A multiplying B make C; therefore becauſe A mul- 
tiplying itſelf has made B, and multiplying B has | 
made C, therefore (by 19. def. 7.) C is a cube: A,8. B,64. C, 512. 
and becauſe A multiplying itſelf has made B, and 
multiplying B has made C, therefore it is (by 17. 7.) as A to B, ſo is B to 
C; and becauſe B, C are cubes, they are ſimilar ſolid numbers ; therefore 
(by 19. 8.) there are two mean proportional numbers between B, C: and it 
is as B to C, fois A to B; therefore allo (by 8. 8.) there are two mean 
proportional numbers between A, B; and B is a cube; therefore alſo (by 
23. 8.) A is a cube. Which was to be demonſtrated, 


N I. 


| If a compoſite number multiplying ſome number make any 11 - 
. ber, the number produced will be a ſolid number. 


For let the compoſite number A multiplying any number B make the 
| number C; I ſay that C 1s a ſolid number. For becauſe A is a compoſite 
{ number, it will be meaſured by ſome number (by 13. def. 7.) : let it be 

meaſured by D; and as often as D meaſures A, ſo A, 6. B, 7. C, 42. 
many unities let there be in E: therefore E multi- D, 3. E, 2. 

plying D has made A; and becauſe A multiplying B has made C; but A 
is the number made of D, E; therefore the number made of D, E multi— 
plying B has made C; therefore B multiplying the number made of D, E (by 
16. 7.) has made C; therefore (by 17. def. 7.) C is a ſolid number, and 
the ſides of it are D, E, B. Which was to be demonſtrated. 


PR OP. VIII. 


If from unity there be numbers how many ſoever continual pro- 
portionals, the third from unity is a ſquare, and all the numbers 
intermitting one; but the fourth a cube, and all the numbers in- 
termitting two; but the ſeventh a cube, and at the ſame time a 
ſquare, and all the numbers intermitting five. 


Let there be numbers A, B, C, D, E, F how many ſvever continual pro- 
portionals from unity: I ſay that B the third from unity is a ſquare, and 
all 
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all the numbers intermitting one; but the fourth C a cube, and all the numbers Book IX. 


intermitting two; but the ſeventh F a cube, and at the ſame time a ſquare, 
and all the numbers intermitting five, For becauſe it is as unity to A fo is 
A to B, therefore (by 20. def. 7.) unity equally meaſures the number A, 
and A,B; but the unity meaſures A according to the unities in it; there- 
fore A meaſures B according 

to the unities in it; there- t. A, 3, B. 9. C, 27 
fore A multiplying itſelf has 

made B; therefore B is a ſquare : and becauſe B, C, D are continual pro- 
portionals, and B is a ſquare, therefore (by 22. 8.) alſo D is a ſquare; cer- 
tainly, for the fame reaſon, allo F is a ſquare. Now in like manner we ſhall 
demonſtrate that the πάN bers are ſquares, intermitting one. Now [I ſay alſo 
that C the fourth from unity is a cube, and all the zumbers intermitting 
two; for becaule it is as unity /s to A ſo is B to C, therefore unity equally 
meaſures the number A and B, C; but unity meaſures the number A accord- 
ing to the unities in A; therefore B meaſures C according to the unities in, 
A: therefore A multiplying B has made C; for becauſe A multiplying 
itfelf has made B, and multiplying B has made C, therefore C is a cube: 
and becauſe C, D, E, F are continual proportionals, and C a cube, there- 
fore (by 23. 8.) F alſo is a cube; but it has alſo been demonſtrated 7% be a 
ſquare; therefore F, the ſeventh from the unity is a cube, and alſo a ſquare, 
Certainly, in like manner, we ſhall demonſtrate that the numbers are all both 
cubes and ſquares, intermitting five. Which was to be demonſtrated. 


D, 81. E, 243. F, 729. 


P'R O P. IX. 
If there be numbers how many ſoever continual proportionals 
from unity, and if the uber after unity be a ſquare, alſo all the 


reſt will be ſquares; and if the xumber after unity be a cube, alſo 
all the reſt will be cubes. 


Let there be numbers how many ſoever A, B, C, D, E, F continual propor- 
tionals from unity; and let A the number after unity be a ſquare; I ſay 
chat alſo all the reſt will be ſquares. It has been demonſtrated (8. 9.) that 
B the third from unity is a ſquare, and all the numbers intermitting one; 
I ſay that alſo all the Re ; hs 
reſt are ſquares : for be- 1. A, 4. B, 16. C,64. D, 2 56. E, 1024. F, 4096. 
cauſe A, B, C are con- 
tinual proportionals, and A is a ſquare, therefore alſo (by 22. BE is a 

| quare : 


— 
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Book 1X, ſquare: again, becauſe B, C, D are continual proportionals, and B is a 


ſquare, therefore alſo (by 22. 8.) D is a ſquare: certainly, in like manner, 
we ſhall demonſtrate that all the reſt are ſquares. 

But let A be a cube; I ſay that all the reſt are cubes. It has been 
demonſtrated (8. 9.) that the fourth C from unity is a cube, and all inter- 
mitting two: now I ſay that alſo all the reſt are cubes. For becauſe it 
is as unity is to A, ſo is A to B; therefore unity equally meaſures A, and 
A,B; but unity . 
meaſures A ac- 1. A, 8. B, 64. C. 512. D, 4096. E,32768. F262144. 
cording to the 


unities in it; therefore alſo A meaſures B according to the unitics in it; 


therefore A multiplying itſelf has made B; and A is a cube: but if a 
cube number multiplying itſelf make any number, the number produced 
(by 3. 9.) is a cube; therefore B is a cube; and becauſe the four numbers 


'A,B, C, D are continual proportionals, and A is a cube, therefore (by 23. 


8.) alſo D is a cube. Certainly for the ſame reaſon alſo E is a cube; and 
in like manner all the reſt are cubes. Which was to be demonſirated. 


P-R-Q-P. x. 

If there be numbers how many ſoever continual proportionals 
from unity, and the number after unity be not a ſquare, neither 
will any other be a ſquare, except the third from unity, and al! 
intermitting one; and if the number after unity be not a cube, 
neither will any other be a cube, except the fourth from unity, and 


all intermittin g two. 


Let the numbers A, B, C, D, E, F be continual 88 from unity, 
but let A the number after unity be not a ſquare; I ſay that neither will any 
other be a ſquare, except the third from unity, and all intermitting one. 
For, if it be poſſible, let C be a ſquare; but (by 8. 9.) B is a ſquare; there- 
fore B, C have to one another the ratio which a ſquare number has to a 
ſquare number; and it is as B to C, ſo is A to B; therefore A, B have to 
one another the ratio which a ſquare number has to a ſquare number; ſo 
that A, B (by 21, def. 7.) are ſimilar plane numbers; and B is a ſquare; 


therefore alſo A is a ſquare, which is not ſuppoſed; therefore C is not 3 
ſquare, 
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ſquare. Certainly in like man- Book IX. 
ner we ſhall demonſtrate that nei- 1. A, 2. B, 4. C, 8. D, 16. E, 32. F,6 4. 
ther is any other a /quare, except 

the third from unity, and 4/ intermitting one. Now let A not be a cube; 

then I ſay that neither will any other be a cube, except the fourth from 

unity, and all intermitting two: for if it is poſſible, let D be a cube; but 

alſo C 1s a cube, for it is the fourth from unity; and it is as C to D 

ſo 7s B to C; therefore alſo B has to C the ratio which a cube number has to 

a cube number; therefore {by 21. def. 7.) B, C are ſimilar ſolid numbers; 

and C is a cube, therefore B is a cube: and becauſe it is as unity is to 

A, ſo is A to B and the unity meaſures A according to the unities in it, 
therefore (by 20. def. 7.) alſo A meaſures B according to the unities in it; | 

therefore alſo A multiplying itſelf has made the cube B; but if a number | 
multiplying itſelf make a cube, it will (by 6. 9.) be a cube; therefore alſo 

A is a cube; which is not ſuppoſed ; therefore D is not a cube. Certainly 

in like manner we ſhall demonſtrate that neither is any other a cube, except 

the fourth from unity, and @// intermitting two. Which was to be de- 

monſtrated. | 


R O. Xt A 

If there be numbers how many ſoever continual proportionals | | 
from unity, the leſs meafures the greater by ſome of the numbers 

being in the proportional numbers. 9 


Let there be numbers B, "a D, E how many ſoever in continual propor- l 3 
tion from unity A; I ſay that of B, C, D, E the leſſer B meaſures the greater | 
E by ſome of the numbers C, D. For becauſe it is as the unity A is to B, | 
ſo is D to E; therefore the unity A equally 
meaſures the number B and D, E; there- A,1. B, 3. C, 9. D,27. E,81, 
fore alternately (by 15. 7.) unity A equally | : 
meaſures the number D and B, E ; but the unity A meaſures D according | 
to the unities in D; therefore alſo B meaſures E by the unities in it, D; ſo 
that B the leſs meaſures E the greater by ſome of the numbers being in the 
Proportional numbers, Which was to be demonſtrated. 


PROP, 
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If there be numbers how many ſocver continual proportionals 
from unity; by how many prime numbers the laſt is meaſured, by 
the ſame alſo the number next to unity will be meaſured. 


Let A, B, C, D be numbers how many ſoever in continual proportion 
from unity; I ſay that by how many prime numbers D is meaſured, by the 
ſame numbers alſo will A be meaſured. For let D be meaſured by any 


prime number E, I ſay that alſo E meaſures A: for let E not meaſure A, and 


E is prime; but (by 31. 7.) every prime number is prime to every number 
which it does not meaſure ; therefore E, A are prime to one another: and 
becauſe E meaſures D, let it meaſure it according to the unities in F; there- 


fore E multiplying F has made D: again, becauſe A meaſures D (by 11. 


9.) according to the unities in C, therefore A multiplying C has made D; 
but E multiplying F has made D; therefore the number made by A, C is 
equal to the number made by E, F, therefore it is (by 19. 7.) as A to E fo 
g F to C: but A, E are prime numbers; but prime numbers are (by 23. 7.) 
the leaſt; but tlie leaſt equally meaſure thoſe having the ſame ratio (by 21.7.) 
the antecedent the antecedent, and the conſequent the conſequent ; there- 
fore E meaſures C; let it meaſure it by G; therefore E multiplying G has: 
made C: but by what 1s before this, alſo A multiplying B has made C; 
therefore the number made by A, B is equal vo that made by E, G; therefore its 
as A to E. ſo is G to B; but A, E are prime numbers, and prime are alſo the 
leaſt, and the leaſt meaſure equally thoſe having the ſame ratio with them, the 
antecedent the antecedent, and the conſequent the conſequent; therefore . 
meaſures B; let it meaſure it by H; therefore E multiplying H has made B; 
but alſo A multiplying itſelf has made B; 1. A, 4. B, 16. C,64. D, 266. 
therefore the number made by I, E is E, 2. H, 8. G, 32. F, 128. 


equal to the Vu re of A; therefore it is, as E to A ſo is A to H: but A, E are 


prime, and prime are the leaſt, and the leaſt meaſure equally thoſe having the 
ſame ratio with them, the greater the greater, and the leſs the leſs; that is, c 
antecedent the antecedent, and the conſequent the conſequent; theretore 
allo E meaſures A: but alſo it does not meaſure it, which is impoſſible ; 
therefore A, E are not prime to one another; therefore they are compolite: 
bur compoſite numbers are (by 11. def. 7.) meaſured by ſome prime num- 
ber; therefore A, E are meaſured by ſome prime number; and becaule © 


is ſuppoſed prime, and a prime number is not meaſured by any other 
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nume 


OF EU.CETD: $7 


number beſides itſelf ; therefore E meaſures the #uuyicrs A, E; fo that allo 
F meaſures A: but it allo meaſures D; therefore H. meaſures the numbers 
A, D. Certainly in like manner we ſhall demonſtrate, that by how many 
primg numbers ſoever D is meaſured, alſo A will be meaſured by the ſamc. 
Which was to be demonſtrated. 


N A 


If there be numbers how many ſoever continual proportionals 
from unity, and that be a prime number wh!/ch 75 after unity, the 
greateſt number will be meaſured by no other except thote being 
among the proportional numbers. 


Let A, B, C, D be numbers how many ſocver continual proportionals from 
unity; and let A after unity be a prime number: I ſay that the greateſt of 
them, D, will be meaſured by no other number except A, B, C. For if it 
be poſſible, let it be meaſured by E, and let E be the ſame with none of the 
numbers A, B, C; now it is manifeſt that E is not prime: for if E be prime, 
and meaſure D, it will (by 12. 9.) meaſure A being a prime number, not 
being the ſame with it; which is impoſſible; therefore E is not prime, there- 
fore compoſite : but (by 33. 7.) every compoſite number is meaſured by 
ſome prime number; now I ſay that it will be meaſured by no other prime 
number but A; for if E. is meaſured by another, and E. meaſure D, there- 


fore alſo that number will meaſure D; fo that allo it will meaſure A being 


prime (by 12. 9.), not being the ſame with it, which is impoſſible ; there- 
fore A meaſures E: and becauſe E meaſures D, let it meaſure it by F; I 
ſay that F is the ſame with none of the numbers A, B, C; for if F be the 
ſame with one of the numbers A, B, C, and meaſures D by E, therefore alſo 


Bovk IX. 
— 


one of the numbers A, B, C meaſures D by E; but (by 11. 9.) one of 


the numbers A, B, C meaſures D by ſome of the numbers A, B, C; 


therefore E is the ſame with one of the 1. A, 5. B, 25. C, 125. D, 625. 


numbers A, B, C; which is not ſuppoſed; FE H---- G--- F---- 

therefore F is not the ſame with one of the numbers A, B, C. Certainly we 
ſhall demonſtrate, in like manner, that F is meaſured by A, ſhewing again 
that F is not prime: for if it is prime, and meaſures D, it will allo ineca- 
ſure A being prime, not being the ſame with it, which is impoſſible; there- 
fore F is not prime, therefore compoſite ; therefore (by 33. 7.) it is inca- 
ſured by ſome prime number: now I ſay that it will not be mcatured by any 
1 prime 
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j Book IX, prime number but A; for if any other prime number meaſure F, and F mea- 
5 E ſures D, therefore that number will meaſure D; ſo that alſo (by 12. 9.) i: 
| will meaſure A being prime, not being the ſame with it, which is impol- 
ſible ; therefore A meaſures F: and becauſe E meaſures D by F, therefore 
IL multiplying F has made D; but alſo A multiplying C has (by hyp.) made 
D; therefore the number made by A, C 1s equal to that made by E, E; 
therefore there is this proportion (by 14.7.), as A to E ſo is F to C; but A 
meaſures E, therefore (by 20. def. 7.) F meaſures C: let it meaſure it by 
G: certainly, in the ſame manner, we ſhall demonſtrate that G is the ſame 
with none of the numbers A, B, and that it is meaſured by A; and becauſe 
F meaſures C by G, therefore F multiplying G has made C; but A multi- 
plying B has made C; therefore the number made by A,B is equal to that 
made by F, G; therefore there is this proportion, as A to F ſo is G to B; 
but A meaſures F, therefore alſo G meaſures B: let it meaſure it by H: 
certainly, in the fame manner, we ſhall demonſtrate, that H 1s not the ſame 
with A; and becauſe G meaſures B by H, therefore G multiplying H has 
made B; but alſo A multiplying itſelf has made B; therefore the number 
made by II, G is equal to the ſquare of A; therefore it is as H to A ſo is 
A to G: but A meaſures G; therefore H meaſures A being prime, not 
being the ſame with it ; which is abſurd : therefore the greateſt number D 


will not be meaſured by any other number except A, B, C. Which was to 
be demonſtrated. | 


| F 
| If it be the leaſt number which can be meaſured by prime num 


bers, it will be meaſured by no other prime number except thoſe 
meaſuring it at firſt. 


For let A be the leaſt number which can be meaſured by the prime num- 
bers B, C, D; I ſay that A will be meaſured by no other prime number 


1 - | except B, C, D. For if it be poſſible, let it be meaſured by the prime 
Il! number E, and let F. be the ſame with none of the A, 30. 
- | uumbers B, C. D; and becauſe E meaſures A, let it B, 2. C, 3. Dzs- 


meaſure it by F; therefore E multiplying F has made E. F * 
A; and A is meaſured by the prime numbers B, C, D; but (by 32.7 ) 

if two numbers multiplying one another make any num ber, and ſome prime 
number 
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number meaſure the number produced by them, it will alſo meaſure one Book IX. 
E, F: but they will not meaſure E, for E. is prime, and is the fame with 

none of the numbers B, C, D; therefore they will meaſure F, being leſs 

than A; which is impoſſible; for A is ſuppoſed the leaſt yr mber meaſured 

by B, CD; therefore a prime number will not meaſure A, except B, C, D. 

Which was to be demonſtrated. 


| FR: 0: £, XY; 
If three numbers, the leait of thoſe having the ſame ratio with 
them, be continual proportionals, any two taken together are prime 
to the remaining one. 


Let A, B, C be three num bers, the leaſt of thoſe having the fame ratio 
with them, continual proportionals; 1 ſay that A, B, any two of them 
taken together, are prime to C the remaining one, and B, C to A, and 
beſides A, C to B. For let two numbers DE, EF be taken the leaſt of 
thoſe having the ſame ratio with A, B, C ; but it is manifeſt (by 2. 8.) that 
DE, multiplying itfelf, has made A, and multiplying EF, has made B; 
and beſides that EF, multiplying itſelf, has made C: and becauſe DE, EF 
are the leaſt, (by 24. 7.) they are prime to one another ; but if two num- 
bers be prime to one another, alſo (by 3o. 7.) both together is prime to 
each ; therefore alſo DF is prime to each of the numbers DE, EF: but 
alſo DE 1s prime to EF; therefore D, DE, are prime to EF; and there- 
fore (by 26. 7.) the number made of FD, DE is prime to EF: but if 
two numbers be prime to one another (by 27. 7.) the /quare produced 
of one of them is prime to the remaining number; ſo that the number 
made by DF, DE. is allo prime to the ſquare of FF; but (by 3. 2.) 
the number made by FD, DE is that which is made of the ſquare of 
DE, with the number made by DE, EF; therefore the ſquare of DE, 
with the number made by DE, EF is prime to A, 9. B, 12. C,16. 
the ſquare of EF: but A is the ſquare of DE; 8 
and B is the number made by DE, EF; and C is the ſquare of VF; 
therefore A, B taken both together are prime ro C. Certainly, in the 
ſame manner, we ſhall demonſtrate alſo that B, C are prime to A. Now 
I fay that A, C are prime to B: for becauſe (by 30. 7.) DF is prime to 
each of the numbers DE, EF, fo that allo (by 26. and 27. 7.) the ſquare of 
1 2 | DI 


® 


of the firſt numbers; therefore B, C, D will meaſure one of the numbers 


—— 
—— 


—— 
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Book IX. DF is prime to the number made by DE, EF ; but (by 4. 2.) the ſquares 
—— of DE, EF, together with the number made by DE, EF taken twice, are 
equal to the ſquare of DF; and therefore the ſquares of DE, EF, together 
with the number made by DE, EF taken twice, are prime to the number made 
by DE, EF; therefore by dividing (by 30. 7.), the /qzares of DE, EF, with 
the number made by DE, EF taten once, are prime to the number made by 
DE, EF; and therefore again by dividing (by 30. 7.), the /quares of DF, 
EF are prime to the n4mber made by Dif, EF : allo A is the ſquare of DE; 
but B is the number made by DE, EF; and © is the ſquare of EF; there- 
fore A, C taken both together are prime to B. Which was to be demon- 
| ſtrated, 


P R O P. XVI. 
If two numbers be prime to one another, it will not be as the 
firſt to the ſecond ſo is the ſecond to any other. 


For let the numbers A, B be prime to one another; I ſay that it is not as 
A to B ſo is B to any other number. For if it be poſſible, let it be as A 
to B ſo i B to C: but A,B are prime, and the 
prime (by 23. 7.) are the leaſt; but the leaſt (by A, 5. B, 8. C. 
21. 7.) meaſure equally thoſe having the ſame ratio 
with them, the antecedents the antecedents, and the conſequents the con- 
ſequents ; therefore A meaſures B, as antecedent antecedent ; but it alſo 
meaſures itſelf; therefore A meaſures A, B being prime to one another; 
which is abſurd: therefore it is not as A to B ſo is B to C. Which was 
to be demonſtrated, | 


P R OP. xXvn. 
If there be numbers how many ſoever continual proportionale, 


and if the extremes of them be prime to one another, it will not 
be as the firſt to the ſecond ſo is the laſt to any other numver. 


Let A, B, C, D be numbers how many ſoever continual proportionals ; 

and let A, D the extremes of them be prime to one another; I ſay that it 

l; is not as A to B fo 7s D to any other number. For if it be poſſible, let 
4 | it be as A to B ſo i D to E; therefore alternately as A to D ſo s B to 


E; but A, D are prime; but the prime numbers (by 2 3. 7. * are the lcaſt 
but 


——— ͤ àͤ—ͤ—— 
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but the leaſt (by 21. 7.) meaſure | hook IX. 
equally thoſe having the ſame ratio with A, 8. B, 12. C, 18. D, 27. F---- 

them, the antecedent the antecedent, 

and the conſequent the conſequent ; therefore A meaſures B, and it 

is as A to B ſo is B to C; therefore B allo meaſures C; fo that allo A 
meaſures C: and becauſe it is as B to C fois C to D, and B meaſures 

C, therefore allo C meaſures D; but A meaſures C, fo that alſo A mea- 

ſures D; but it alſo meaſures itſelf; therefore A meaſures A, D being 

prime to one another, which is impoſſible; therefore it will not be as A 

to B ſo is D to any other number. Which was to be demonſtrated, 


P R O P. XVIII. | 


Two numbers being given, to inquire if it be poſſible to find | 
a third proportional to them. 


Let A, B be the two given numbers, and it will be neceſſary to inquire 
if it be poſſible to find a third proportional to them. Now A, B are either 
prime to one another, or not : if they are prime to one ano- 
ther, it has been ſhewn (16. 9,) that it is impoſſible to find A, 4. B,7. 
a third proportional to them. 

But let A,B not be prime to one another; and let B multiplying itſelf 
make C. Now A either meaſures C, or does not meaſure it: let it firſt mea- 
ſure it by D; therefore A multiplving D has 
made C; but B multiplying itſelf has made C; A,y4.-Bg6,. D, 9. C, 36. 
there fore the number made by A, D is equal to the 
ſquare of B; therefore (by 20. 7.) it is as A to B ſo is B to D; therefore 
a third proportional number is found to A, B; the number DP). | 
hut now let A not meaſure C; I fay that it is impoſſible to find a third 0 
proportional number to A, B: for if it be poſ- 1.0 
Gble, let D be found; therefore the number made A, 6. B, 4. D--- C, 16. e .-—— 
by A, D is equal to the ſquare of B; but the 

ſquare of B is C, therefore the number made of A, D is equal to > C; fo 

that A multiplying D has made C;; therefore A meaſures C by D; but 
it is alſo ſuppoſed not meaſuring it, which is abſurd ; therefore it is not 

poſſible to find a third proportional number to A, B, when A does not 

meaſure C. Which was to be demonſtrated. 


PROP. 


Book IX. 
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Three numbers being given, to inquire if it be poſſible to find a 
fourth proportional to them. 


Let A, B, C be the three given numbers; and let it be neceſſary to in- 
quire if it be poſſible to find a fourth proportional to them. Now A, B, C 
are either continual proportionals, and their extremes A, C are prime to one 
another; or they are not continual proportionals, and their extremes are prime 
to one another; or they are continual proportionals, but the extremes of thein 
are not prime to one anether ; or they are neither continual proportionals, 


nor are their extremes prime to one another. If then 
A, B, C are continual proportionals, and the ex- A, 4. B. 6. C, 9. 


tremes of them are prime to one another, it has been 

demonſtrated (17. 9.) that it is impoſſible to find a fourth proportional num- 
ber to them. If they are not continual proportionals, and the extremes are 
primes ; I ſay that it is impoſſible to find a fourth proportional: for if not, 
let it be found, and let it be D; therefore as A is to B ſoisC to D; and 
as B to C ſo is D to E; therefore by equality (by 14. 7.) as A to C fo is 
C to E: but A, C are prime; but prune (by | 
2.3. 7.) are the leaſt, and the leaſt (by 21. 7.) „ B36 Col Donn Bo 
meaſure equally thoſe having the ſame ratio 

with them, the antecedent the antecedent, and the conſequent the conſe- 
quent; therefore A meaſures C, the antecedent the antecedent: but it alſo mea- 
ſures itſelf ; therefore A meaſures A, C being prime to one another, which is 
impoſſible; therefore it is impoſſible to find a fourth proportional to A, B, C. 
Again, let A, B, C be continual proportionals, and A, C the extremes not 
prime; I ſay that it is poſſible to find a fourth proportional. For let B mul- 
tiplying C make D, certainly A either meaſures D, or does not meaſure it : 
let it meaſure it firſt by E; therefore 


A multiplying E has made D; but A,8. B, 12. C,18. E, 27. D, 216. 


allo B multiplying C has made D; 

therefore the aumler made by A, E is equal to that made by B, C; therefore 
(by 19. 7.) there is this proportion, as A to B ſo ig C to E; therefore E 
fourth proportional to A, B, C is found. But now let A not meaſure D ; I 
ſay that it is impoſſible to find a fourth proportional number to A, B, C: for, 
if it be poſſible, let E be found; therefore (by 19. 7.) the aumber made by 
A, E. is equal to the number made by B, C; but the number made by B, 
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is D; therefore alſo the number made 


by A, E is equal to D: therefore A A, 20. B, 30. C, 45. E- P, 1350. 


multiplying E has made D; there- 
fore A meaſures D by E; fo that A meaſures D: but a0 it does not mea- 


ſure it; which is abſurd: therefore it is not poſſible to find a fourth pro- 


portional number to A, B, C, when A does not meaſure D. But let A, B, C 
be neither continual proportionals ; nor let the extremes A, C be prime; 
and let B multiplying C make D: in A, 9. B, 4. C9. E, 12. D, 36. 
like manner we ſhall demonſtrate, if A A, 4. B, 5. C, 14. F--- D, o. 


meaſure D, that it is poſſible to find a fourth proportional; but if it do not 


meaſure it, that i 7s impoſſible, Which was to be demonſtrated. 


PROP xx: 


„There are more prime numbers than any propoſed multitude of 
prime numbers. 


Let A,B, C be the propoſed prime numbers ; I ſay that there are more 
prime numbers than A, B, C. For let the leaſt number (by 38. 7.) mea- 
ſured by A, B, C be taken; and let it be DE; and let unity DF be added 
to DE; certainly EF is prime, or not: firſt let it be A2. B, 3. Co5- 
prime; therefore prime numbers A, B, C, EF are I. D. F. 
found more in number than A, B, C. | 

But now let EF not be prime; therefore it is meaſured by ſome prime 
number (by 33. 7.); let it be meaſured by the prime number G; I ſay that 
G is the ſame with neither of the numbers A, B, C: for if G be the ſame 
with one of the numbers A, B, C, the numbers A,B,C A, 2. B,z. C. 
meaſure DE; therefore alſo G will meaſure DE; and 6,53. ED. F. 
it alſo meaſures EF; and therefore G, being a number, will meaſure the 
remainder, the unity DF; which is abſurd : therefore G is not the ſame 
with one of the num bers A,B, C; and it is ſuppoled prime; therefore prime 
numbers A, B, C, G have been found more than the propoſed multitude 
A, B, C. Which was to be demonſtrated. 


p R . P. XXI 


If even numbers how many ſoeyer be put together, the whole 
is an even number. 


Book IX. 
ther; I ſay that that the whole AE is an even 
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For let the even numbers AB, BC, CD, DE liow many ſoever be added toge- 


number. For becauſe each of the numbers . D E 
AB, BC, CD, DE is an even number, it has | 


a half part (by 6. def. 7.); fo that alſo the whole AE has a half part; but 
that divided in halves is an even number; therefore AE is an even number. 
Which was to be demonſtrated, 


P R O P. XXII. 


If odd numbers how many ſoever be put together, and if the 
multitude of them be even, the whole number will be even. 


For let the odd numbers AB, BC, CD, DE how many ſoever, even as 70 
multitude, be added together; I ſay that 


the whole AE is even. For becauſe each of A.. B... C... . .. D.. .. . E 
the numbers AB, BC, CD, DE is odd, unity 
being taken away from each, therefore each of the remaining numbers will 


be even; ſo that alſo (by 21. 9.) the number compoſed of them will be 
even; alſo the multitude of unities (by hyp.) is even; therefore alſo (by 
21. 9.) the whole AE is even. Which was to be demonſtrated. 


PRO T. . 


If odd numbers how many ſoever be put together, and if the 
multitude of them be odd, alſo the whole will be an odd number. 


For let the odd numbers AB, BC, CD how many ſoever be added toge- 
ther, of which let the multitude be odd; I ſay 


that the whole AD is odd. For let unity DE A. KEE: E. D 
be taken away from CD; therefore the remain- 


der CE is even: but (by 22. 9.) alſo AC is even; therefore a 21. 9.) 


whole AE is even; and DE is unity ; therefore (by 7. def. 7.) AD 1s by 
Which was to be demonſtrated. 


PROP, 
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P R O P. XXIV. 


If an even number be taken from an even number, alſo the re- 
mainder will be even. 


For let the even number BC be taken away from the even number AB, 
I ſay that the remainder AC is even. For becauſe AB is 
even, it has a half part; certainly, for the ſame reaſon alſo, BE A. C. B 
has a half part; fo that alſo the remainder AC has a half 
part; therefore AC is even. Which was to be demonſtrated. 


PROP: XXV. 
If an odd number be taken from an even number, alſo the re- 
mainder will be odd. 


For let the odd number BC be taken from the even AB; I ſay that CA 
the remainder is odd. For let unity CD be taken from 
BC; therefore (by 7. det. 7.) D3 is even: and alſo . TE D 
AB is even; therefore the reinainder (by 24. 9.) AD 


is even: and CD is unity; therefore CA is odd. Which was to be de- 


monſtrated. 


P R O P. XXVI. 
If an odd number be taken from an odd number, alſo the remain- 
der will be even. 


For let the odd number BC be taken from the odd ier AB; I ſay that 
the remainder CA is even. For becauſe AB is odd, let 
unity DB be taken away; therefore the remainder AD is A. . C. .. D. B 
even: certainly, for the ſame reaſon allo, CD is even; _ 


Book IX. 


— ponnand 


ſo that alſo (by 24 9.) the remainder AC is even. Which was to be demon- 


ſtrated. 

. P R O P. XXVII. 

If an even number be taken from an odd number, the remainder 
will be odd. 1 
| N. 95 5 Ts 


Book IX. 
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Let the even number BC be taken from the odd number AB; I ſay that 
the remainder CA is odd: for let unity AD b: taken away; 
therefore DB is even: and BC allo is even; therefore (by A. D. . C. . B 
24. 9.) the remainder CD is even: and alſo DA is unity; 
therefore by 7. def. 7.) CA is odd. Which was to be demonſtrated. 


Pp R O P. XXVIII. 


If an odd number multiplying an even number make any number, 
the number produced will be even. 


For let the odd number A, multiplying the even number B, make the num- 


ber C; I fay that C is even: for becauſe A multiplying B A. Dio 


has made C, therefore C is compounded of ſo many num- i . 


bers equal to B as there are unities in A; and B is even; therefore C is 
compounded of even numbers: but if even numbers how many ſoever 
be put together, (by 21. 9.) the whole is an even number: therefore C is 
an even number. Which was to be demonſtrated. 


PRO NR. 


If an odd number multiplying an odd number make any number, 
the number produced will be odd. 


For let the odd number A, multiplying the odd number B, make the 
number C; I ſay that C is odd: for becauſe A, multiplying A... B.. 


B has made C, therefore C is compounded of ſo many C. . 


numbers equal to B, as there are unities in A; and each of the numbers 
A, B is odd; therefore C is compounded of odd numbers; the multitude 
of which is odd: but the number compounded of odd numbers, of which the | 
multitude 1s odd, (by 23. '9- )1 18 odd; lo that C is odd, Which was to be 


__ demonſtrated. 


PRO P. XXX. 


If an odd number meaſure an even number, it will alſo mea- 
ſure the half of it. 


For 
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For let the odd number A meaſure the even number B; 1 lay that alſo it 
will meaſure the half of it: for becauſe A meaſures B, let it meaſure it by 
C; I ſay that C is not odd: for, if poſſible, let it be; A... B. 
and becauſe A meaſures B by C, therefore A multiply- ie 
ing C has made B; therefore B is compounded of odd numbers, of which 
the multitude is odd; therefore (by 23. 9.) Bis odd; which is abſurd, for 

it is ſuppoſed even: therefore C is not odd; therefore C is even: ſo that 
A meaſures B evenly : certainly, for this reaſon alſo, it will meaſure the half 
ol it. Which was to be demonſtrated. 


r R © P, II. 
If an odd number be prime to any number, it will alſo be prime 
to the double of it. 


For let the odd number A be prime to any number B; and let the 


double of B be C; I ſay that A is prime to C: for if A, C 8 
are not prime, ſome number will meaſure them; let it mea- 6 
ſure them, and let it be D; and A is odd; therefore alſo 2. 


(by 22. 9.) D is odd: and becauſe D being odd meaſures C, and 2 is even, 


therefore alſo D will meaſure the half of C; but B 1s the half of C, there- 
fore D meaſures B; but it alſo meaſures A; therefore D meafures A, B be- 
ing prime to one another; which is impoſſible; therefore A is not to C not 
prime; therefore A, C are price to one another, Which was to be demon- 


ſtrated, 


FRO, XXX, 


Each of the numbers doubled from two are evenly even only. 


For let numbers how many ſoever B, C, D be doubled from two, the 
number A; I ſay that B, C,D are evenly even only. Now! it is manifelt (by 8. 
def. 7.) that each of the numbers B, C, D 
is evenly even; for they are doubled from E, 1. A, 2. B, 4. C, S. D. 16. 
two: now I ſay that they are evenly even 
only: for let unity E be taken; therefore becauſe there are numbers how 
many ſoever continual proportionals from unity, and A the number after 
unity is prime, D the greateſt of the numbers A, B, C, D will be meaſured 

K 2 by 
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Book IX. by no other number (by 1 3. 9.) except A, B, C: and each of the numbers 
Y A,B,C is even; therefore D is evenly even only: certainly, in the fame 


manner, we ſhall demonſtrate that each of the numbers A, B, C is evenly 
even only. Which was to be demonſtrated. 


FPR O FP. XIII. 


If a number has its half an odd number, it is evenly odd only. 


For let the number A have its half odd; I ſay that A is evenly odd only. 
Now it is manifeſt {by 9. def. 7.) that it is evenly odd; for the half of it being 
odd, meaſures it evenly : now I ſay that 77 7s evenly odd only : 
for if A ſhall be evenly even alſo (the half of it is even), and A.. . 
ſhall be meaſured by an even number, according to an even 
number; ſo that alſo the halt of it ſhall be meaſured by an even number, 
being odd; which is abſurd; therefore A is evenly odd only. Which 
was to be demonſtrated, 


PR O P. XXXIV: 


If an even number be neither one of the numbers doubled from 
two, nor have its half odd, it is evenly even, and evenly 'odd. 


For let the number A be neither oe of thoſe doubled from two, no: 
have its half odd; I fay that it is evenly even, and evenly odd. Now it 1: 
evident that A is evenly even (by 8. def. 7.) ; for it has not its halt odd 
now I ſay that it is alſo evenly odd: for if we cut A in halves, 
and the half of it in halyes; and if we always do this, we A... . . 
ſail meet with ſome odd number which will meaſure A by 
an even number: for if we ſhall not meet with ſome odd number which wil! 
meature A by an cven number, we ſhall meet with the number two; and A 
will be e of the numbers doubled from two; which is not ſuppoſed : f 
that A is evenly odd ; but it has been alſo demonſtrated 70 be evenly even 
therefore A is evenly even, and evenly odd. Which was to be demon- 
ſtrated. 


P R O P. XXXV. 


If there be numbers how many ſocver continual proportionals, 


and if a number equal to the firſt be taken from the ſecond and 
the 
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the laſt, it will be as the exceſs of the ſecond to the firſt, ſo is Bock Ix. 
the exceſs of the laſt to all the numbers before itſelf. WY 


Let there be numbers A, BC, D, EF, beginning from the leaſt A, how 
many ſoever continual proportionals; and let a amber equal to A be taken 
from BC, EF, each of the numbers GC, FH: I ſay that it is as BG to A ſo 
is EH to A, BC,D: for put FR Equial to BC, and FL equal to D; and 
becauſe FK is equal to BC, of which FH is equal to GC, therefore the 
remainder HK is equal to the remainder GB; and becauſe it is as EX to D to. 
is D to BC, and BC to A; but D is equal Ae 5 
to FL and B to FK, and A to FH; tchere- B... G. .... 
fore it is as EF to LF ſo is LF to FK, and D. | | 
%%! diviſion as EE 15/to LF fo Ecco fb w..t | 
is LK to FR, and KH to FH; therelore it is alſo (by 12. 7.) as one of the 
antecedents to one of the conſequents ſo are all the antecedents to all the 
conſequents; therefore it is as KH 7s to FH fo are EL., LK, KH 
LF, KF, HF; but KH is equal to BG, and FH to A; and L, KF, Ht 
are equa! to D, BC, A; therefore it is as BG is to A ſo EH to D, BO, A: 

therefore it is as the exceſs of the ſecond is to the firſt, ſo is the excets of the | 
laſt to all before itſelf, Which was to be demonſtrated, _ 


B R O P. XXXVI. 

If numbers how many ſoever be placed in order in a double | 
proportion from unity, until the whole taken together be a prime — 
number, and if the whole taken together being multiplied into the 
laſt wake any number, the Vue Sh will be a perfect | 
number. | 


For let the numbers A, B, C,D how many ſoever be put in a oo ible. pro- 
portion from unity, until the whole taken rogether be a prime umben; and 
let E be equal to the whole taten together; and let E multiplying D make 
FG; I lay that FG is a perfect number. For as many amber A, B. C, 
as there are in multitude, let fo many E, HE, L, M be taken in «.Jouble 
proportion from E; therefore by equality it is as A to D fo is E to M; 
cherefore (by 19. 7.) the number made by E, D is equal to the number made 
by 
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Book IX. by A, M: and FG is the number made by 1. A, 2. B,a. C,8. D, 16. 


E, D; therefore alſo FG is the number 62 
made by A, M; therefore A multiply- E, 31. II Nr K M, 248 
ing M has made FG; therefore Ml mea- L, 124. 
ſures FG according to the unities in Az; F — 1 5 5 20 
and A is the number two; therefore FG 1 405 
is the double of M: but M, L, HK, E Q---- P— 


in order are the double of one another ; therefore E, HK, L, M, FG arc 
continual proportionals in a double proportion, Now let a number equal to 
the firſt E. be taken from the ſecond HK, and from the laſt FG; and let this 
be each of the numbers IN, FO; therefore it js (by 35. 9.) as the excels of 
the ſecond number is to the firſt, fo is the exceſs of the laſt to all the um- 
bers before itſelf : therefore it is as NK to E ſo is OG to M, L, HK, E, 
but FO (by conſt.) is equal to E, and E is equal to A, B, C, D and unity, 
therefore the whole FG is equal to E, HK, L, M and A, B, C, D and unity; 
and (by 11. 9.) is meaſured by them. I ſay that FG will be meaſured by 
no other number except A, B, C, D, E, HK, L, M and unity: for, if poſlible, 
let a certain number P meaſure FG, and let P be the ſame with none of 
the numbers A, B, C, D, E, HK, L, M; and as often as P meaſures FG, 
let there be ſo many unities in Q: therefore Q multiplying P has made FG; 
but FE. multiplying D has made FG (by conſt.) ; therefore it is (by 19. 7.) as 
E. to Q ſo is P to D: and becauſe A, B, C, D are numbers continual pro- 
portionals from unity, and A the umber after unity is prime, therefore (by 
13. 9.) D will be meaſured by no other number except A, B, C; and P 
is ſuppoſed to be the ſame with none of the numbers A, B, C; therefore 
P will not meaſure D: but as P to D fois E to Q; therefore (b 
def. 7.) neither does E meaſure Q: and E (by hyp.) is prime, and every 
prime number is prime to every number which it does not meaſure (by 
31. 7.); therefore E, Q_are prime to one another : but (by 23. 7.) the 
prime are the leaſt; but (by 21.7.) the leaſt meaſure equally thoſe having 
the ſame ratio with them, the apr the antecedent, and the con- 
ſequent the conſequent; and it is as E to Q fois PtoD; therefore . 
equally meaſures P and QD: but D is meaſured by no other number | 
except A, B, C; therefore Q is the ſame with one of the numbers A, B, ©; 
Jet it be the ſame with B; and as many numbers as there are B, C, D 1 
i. Altitude, let fo many E, HK, L be taken from E; and E, HX, Lare 
8 ER (by 
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(by conſt.) in the ſame ratio with B, C, D; therefore by equality it is as B 
to D ſo is E to L; therefore (by 19. 7.) the number made by B, Lis equal 
to the number made by D, E: but the number made by D, E 1s equal to 
the number made by QP; therefore the number made by Q, is equal 
to the number made by B, L; therefore (by 19. 7.) it is as Q to B ſo is L 
to P: but Q is the fame with B; therefore L is the ſame with P; which 


is impoſſible ; for P is ſuppoſed the ſame with none of the numbers put: 


therefore any number does not meaſure FG, except A, B, C, D, E, HK, L, VI 


Book IX. 
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and unity; and FG has been demonſtrated to be equal to A, B, C, D, E, 


IK, L, M and unity: but the number being equal to the parts of itſelf (by 22. 


def. 7.) is a perfect number; therefore FG is a perfect number. Which 
was to be demonſtrated. Th 
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D R FI NI TI S N 5. 


AGNITUDES are ſaid to be COMMENSURABLE ; thoſe meaſured by 
the ſame meaſure, 2. But INCOMMENSURABLE ; of which it 
happens that there is no common meaſure. 

3. Straight lines are COMMENSURABLE IN POWER, when the ſquares of 
them are meaſured by the ſame ſpace. 4. But iN coMMENSURABLE 1% 
POWER, when it happens that there is no Hes a common meaſure to the 
ſquares of them. 

5. Theſe things being ſuppoſed, it is demonſtrated that to a given ſtraight. 
line there are ſtraight lines, infinite in multitude, commenſurable and in- 
commenſurable, ſome in length and power, but others in power only ; 
therefore let this given ſtraight line be called RATIONAL. 6. And the J 
commenſurable to this, whether in length and power, or in power only, 
RATIONAL. 7. But let thoſe incommenſurable to it be called IR ATION A. 


8. And let the ſquare of this given ſtraight line be called RATIONAL, 9. And 
the 
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ne ſpaces commenſurable to this Hue, RATIONAL, 10, But let the /paces Book X. 
incommenſurable to this ſquare be called I RATIONAL. II. And the lines 


producing theſe_/paces are IRRATIONAL ; the fides themſelves, if the ſpaces 
are ſquares; but if they are any other rectilineal figures, the fraight lines 
making ſquares equal to them. 


. 

Two unequal magnitudes. being given, if from the greater be 
taken away a magnitude greater than its half, and from what is left 
a magnitude greater than its half; and if this always be done; a cer- 
tain magnitude will be taken, hich is leſs than the leiter of the 
given magnitudes. © 


Let AB, C be two unequal magnitudes, of which AB is the greater : I 


ſay that if from AB be taken away, a magnitude greater than its half, and 


from what is left a magnitude greater than its halt; and if this always be 
done; a certain magnitude will be taken, which is lefs than the magnitude C. 
For C being multiplied will at length be greater than the magnitude AB: 
let it be multiplied ; and let DE be the multiple of C greater than AB; and 
let DE be divided into the parts DF, FG, G eq 10 to C; and let BIT be 
taken from AB greater than its half, and HK from AI greater than its half; 
and let this always be done until the diviſions in AB be 


equal in multitude to the diviſions in DF; therefore let 15 
the diviſions be AK, KH, HB being equal in e A | 
to the divifions DF, FG, GE. And becauſe DI is greater 1 b 7 
than AB; and EG has been taken away from DE lefs than : 
its half, but BH from AB more than its half; therefore 111 
the remainder GD 1s greater than the remainder IIA: and 3 
becauſe GD is greater than HA, and GF has been taken | 

away, the half of GD; but HK greater than the half of HA; © my | | 
therefore the remainder DF is greater than the remainder 35 C F 


AK: but DF is equal to C; therefore C is greater than 
AK; therefore AK is leſs than C: therefore a-magnitude AK is leſt of the 
magnitude AB, being leſs than C, the leſler given magnitude. Which was 
to be demonſtrated. 
But in the ſame manner it will be demonſtrated, even if the magnitudes 
taken away are halves, 


| © | —OTutr- 
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OruzkwWiszk. Let AB, Che ths twy uncqual magnitudes given, and ler 


C be: the lefs; and becauie ( 15 ifs, being multiplied, it will at len oth 
te greater than the magnmude AB: let i be as FM, and let it be 
divided into the maguitzdes MH, HG, GF equal to C; and let BE be 
taken from AB greater than its half, and ED from EA greater than its 
Ba! 


fr. 


f; . arid let this aways be done until the diviſions in AB be equal to the 


-Eivilons in FM: let them be as BE, ED, DA; and let each of the Mag - 


7774des KL, LN, NO be equ FY to DA; and let this be done until the divi- 
ns of KO be equal to thoſe of FM. And becaule BE is greater than the 


hl of AB, BE. is greater than EA; therefore it is much Þ 
reuter than DA; but ON 1s equal to DA; therefore BE VE | 

tz & cater than ON: 485i, becauſe ED is greater than Þ 10 
the half of EA, it is greater than DA; but NL 1s equal to wy . | 
DA; therefore ED is greater than NL: therefore the X | FP 

whole DB is greater than OL: but alſo LK is equal to * 
DA; terte the whole AB is greater than the whole 1 | | 


| 1 4 
OK: but MF is greater than AB; therefore MF is B C M K 


greater by much than OR;: and becauſe the magnitudes ON, NL, LX 


are equa] to one another, and alſo the magnitudes MH, HG, GF are 
equal to one another; and the multitude of parts in MF is equal to the 
multitude of parts in OK; therefore it is (by 12. 5.) as KL to FG fo is OK 
to FM: but FM ts greater than OK, therefore FG is greater than LK; and 


' FG is equal to C; and KI. to DA; therefore C is ! than DA, Which. 


was to be demonſtrated. 


p N G P it 


Two unequal magnitudes being given, if, after the leſſer is always 
taken from the greater in its turn, the remainder does not meaſure 


the magnitude before cl, the magnitudes will be incommen- 
ſurable. 


For two unequal magnitudes AB, CD being given, and AB being che 
leſſer, let the remainder never meaſure the magnitude before itſelf, after the 
lefler has been always taken from the greater in its turn: I ſay that the 
magnitudes AB, CD are incommenturable, For it they are commenturable, 
ſlomme 
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ſome magnitude will meaſure them; let it meaſure them, if 

poſſible, and let it be E; and let AB, meaſuring DF, leave a | 1 

magnitude CF, leſs than itſelf; and let CF meaſurings BG leave A ay 

a magnitude AG leſs than itielf ; and let this always be done, 81 

until a certain magnitude be left which (by 1. 10.) is Jeſs | | 

than E; let it be done, and let AG leſs than I be left. Now | 

becauſe F meatures AB, but AB meaſures DI, therefore allo | 

EF, will meaſure DF: but it alſo meaſures rhe whole CD; 6 1 L 
> . 4 


therefore alſo it will meaſure the remainder CEF: but CF mca- 
ſures BG; therefore H meaſures BG: but it meaſures the whole AB; there. 
fore it will meaſure the remainder AG, the oreater_ the Jefs, which is un— 
poſſible: therefore any magnitude will not meaſure the magnitudes AB, CD; 
therefore (by 2. def. 10.) the magnitudes AB, CD are incommenſurable. 
Therefore two unequal magnitudes being given, if, after the leſſer is always 
taken from the greater in its turn, the remainder does not meaſure the. mog- 
nitude before itſelf, the magnitudes will be incommenſurable. Which was 
to be demonſtrated, 


P R G P. III. 


Two commenlurable magnitudes being given, to find the great 


2 


common meature of them. 


Let AB, CD. be the two given commenſurable magnitudes of which AB 
is the leaſt; now it is required to find the greateſt common meaſure of AB, C. 
For either AB meaſures CD, or not: now if AB ineafure CD, and 1t allo 
- meaſures itſelf, therefore AB is a common meaſure of AP, CD ; and i 
evident that it 75 the greateſt mealure; for a greater than the magnitude A 
will not meaſure AB. Now let AB not meafure CD ; therefore (by 10.) 
the leſſer being always taken from the greater in its turn, the remainder 
will at length meaſure the magnitude before itſelf, becauſe AB, CD are not 
incommenſurable : and let AB meaſuring CD leave EC lefs than itſelf; and 
let EC meaſuring FB leave AF lefs than itſelf; but let AF mealure CE. 
Wherefore becauſe AF meaſures CE, but CE meaſures FB, therefore allo 
AF will meaſure FB; but it alſo meaſures itſelf; therefore alſo AF wilt 
| 13 2 3 meaſure 
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Book x. Ineaſure the whole AB : but AB meatfures DE, there- 
—— ſore allo AF will meaſure Di; but it alſo meaſures CE, 
therefore it meaſures the whole CD; therefore AF mea- 
furcs AB, CD; therefore AF is a common meaſure of 
AP, CD: now I fay that ut is alſo the greatelt ; for if not, 
et there be ſome magnitude greater than AF, which 
will meaſure AB, CD; let it meaſure them, and let it 
be G; therefore becauſe G meaſures AB, but AB mea- 4A 
fures ED, therefore alſo G will meaſure ED; but it | 


a'ſo meaſures the whole CD; therefore G will meaſure FR D 


the remainder CE: but CF, meaſures FB; therefore 


4 
1 


4 


| 


B PD G 


G will meaſure EB : but it alſo meaſures the whole AB; therefore it will 
meaſure the remainder AF, the greater the leſs, which is impoſſible : there- 
fore any magnitude greater than AF will not meaſure the magnitudes AB, CD. 
therefore AF is the gieateſt common meaſure of AB, CD. Therefore two 
commenſurable magnitudes AB, CD being given, AF the greateſt commor 


meaſure has been found. Which was to be done. 


Cor. Now from this it is manifeſt, that if a magnitude meaſure two mag- 
aitudes, it will alſo meaſure the greateſt common mealure of them, 


Nr 3% 


Three commenſurable magaitudes being given, to find the greate!: 


common nicaſure of them. 


Let A, B, C be the three given commenſurable magnitudes ; now it ie 
required to find the greateſt common meaſure of A, B, C. Let the greateſt 
common meaſure of AB (by 3. 10.) be taken, and let it be D: now + 
either meaſures C, or does not meaſure 7 ; firſt let it meaſure it: thereforc 
becauſe D meafures C, and it alſo meaſures A, B, therefore D meaſures the 


magnitudes A, B, C: therefore D is a common meaſure of 
A, B, C: and :t is evident alſo that it is the greateſt ; for a 
preater than the magnitude D will not meaſure the magni- 
tides A, B, C; for, if poſſible, let E. greater than the mag- 
nitude D meaſure A, B, C; and becauſe it meaſures A, B, C, 
it Will alſo meature A, B; and (by cor. to 6 50 10.) it Will 
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* 


11 
ABC 


1 


DE 


meaſure D, the greateſt common meaſure of A, B, the greater the Jes 


whic 


+ 2. ——————˖——7˙7²—³—õ ro ——— Ä — In = " 


OF E'U-C.E FD 77 


which is impoſſible. Now let D not meaſure C,; I ſay firſt that C, D are Book X. 
commenſurable : for becauſe A, B, C are commenſurable, ſome magnitude 


will meaſure them, which certainly alſo will meaſure A, B; fo that alſo it 
will meaſure D (by cor. to 3. 10.) the greateſt common meaſure of A, B, 
aud it alſo meaſures C; ſo that the ſaid magnitude will meaſure C, D; 
therefore C, D are commenſurable: let the greateſt common meaſure of 
them be taken, and let it be E.; for becauſe E. mea— . 
ſures D, but D meaſures A, E, thereſore alto E, mea» 
ſures A, B; but it allo meaſures C; therefore F. is a 
common mealure of A, B, C: now I fay that it is allo | | 
the greateſt ; for, it po! ble, let there be fome magni- 14 
tude F greater than E; and let it meaſure A, B, C; and 
becauſe F meaſures A, B, C, it will alſo meature A, B; 1 
EE] 
D E 


and it will meaſure the greatelt common incaſure of A, E. 11 
but D is the greateſt common meaſure of A, B; there- ; 
tore F meatures D, and it alſo meaſures C,; therefore F meaſures C, D; 
thercfore F will allo meaſure the greateſt common meaſure of C, D; but 
E is the greateſt common meaſure of C, D; therefore F meaſures I, the 
greater the leſs, which is z:mnoflible ; therefore any magnitude, greater 
than the magnitude F, does not meature the magnitudes A, B, C; there- 
fore E is the greateſt coramon meaſure of A, B, C, if D does not men- 
ſure C; but if it meaſures , D itſelf :s preatef} common meaſure, Therc- 
fore three commenſurable magnitudes being given, the renten COMMON, 
jealure has been found. Whi ich was to be done. 

Cor. Certainly ſrom this it 1s evident, that if a magnitude meaſure 
three magnitudes, it will allo meaſure the greateſt common meaſure of 
them. In ke manner allo the greateſt common ee will be taken 
with more magnitudes, and the corollary will advance to the ſame nunber. 


RR P. — 
Commenſurable magnitudes have to one another, the ratio which 
number Js to number. 1 


Let A, B be commenſurable magnitudes; I ſay that A has to B the ratit 
which number has to number. For becauſe A, B are commenturable, ſome 
Magnitude will meaſure them; let it meaſure hem, and let it be C; apd os 


os 
Ot, 


en, OR 0 
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number D to unity. Again, becauſe as many unities |} 


therefore, by equality, it is as A to F ſo is D to E; A 
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often as © meaſures A, let there be fo many unities in ])); Out as often as Crea 
ſures B, let there be ſo many unities in E. For becauſe C mcaſutes A accord- 
ing to the unities in D; and the unity meaſures H according to the unities in its 

therefore unity equally meaſures D, and che magnitude C the magnitude A ; 
thereſore it is (by 20. def, 7.) as C to A fo zs unity to | 
D; therefore, by inverſion, as A to C ſo is D to the | 
unity: again, becauſe C meatures B according to the | 
unities in E, and alſo the unity e F, according 


» + 
. 


to the unities in it, therefore the unity equally mea- | | Ly 
ſures E and C, B; therefore it is (by 20. def. 7.) as A CB D 1 F. 
C to B ſo i the unity to F.; but it has been demonſtrated alſo, as A to C 
ſo i D to unity; e it is by equality as A to B ſo is the number 
D to the z#mber E. Therefore the commenſurable magnitudes A, B have 
the ratio to one another which the number D to the number E. Whic! 
was to be demonſtrated. N 


R O . VI. | 
If two magnitudes have to one another the ratio which number 
has to number, the magnitudes are commenſurable. 


For let the two ew A, E have to one another the ratio Which the 
number D has to the number I 1 ſay that the magnitudes A, B are com 
menſurable. For as many unities as there are in D, into ſo many cqus 
parts let A be divided (by 9. 6.); and let C be equal to one of them; ov! 
as many unities as there are in E, let be compounded of ſo many 1 
nitudes equal to C. Now, becauſe as many unities as there are in 85 fo 
many magnitudes are there in A equal to C; therefore what. part the uni) 
is of D, the ſame part alſo is C of A; therefore it is (by 20. def. 7.) 4 
CtoA lo is unity to D; but unity meaſures the number D, therefore 
alſo C meaſures A: and becauſe it is as C to A ſo is unity to the num 
ber D; therefore, by inverſion, as A to C fo is the 


as there are in E, ſo many magnitudes equal to C 

are there in F; therefore it is (by 20. def. 7.) as 

C to F lo is unity to the number E: but it has _ ] 

alſo been demonſtrated as A to C ſo is D to unity; | | | 1-3 
C 


„ . 9 


but (by hyp.) as D to E. ſo is A to B „ therefore as A to B lo 75 A to | 
therefore A has the ſame ratio to each of the magnitudes B, E, there 
fore (by 9. 5.) B is equal to F: but C meaſures F, therefore it alſo mea- 
fires B; but it aiſo meaſures A; therefore C meaſures A, B; therefore (by 
1. def. 10.) A is commenſurable to B. Wherefore if two magnitudes have 
to one another the ratio which number has to number, che magnitudes 
u ill be commenſurable. Which was to be demonſtrated. 

OruERwWISsE. For let the two magnitudes A, B have to one another 
the ratio which the number C has to the number D; I jiy that the magni- 
tudes are commenſurable. For as many unities as there are in C, let A be 
divided into (by 9. 6.) fo many equal parts; and let 
E be equal to one of them; therefore it is as unity 


* 


to the number C ſo is E to A: but it is allo (by 


7 T7 
hyp.) as C to D ſo is A to B; therefore, by equaiity, 11 
it is as unity to the aumber. D ſo is E to B: but the | : 
unity meaſures the z#mber D: therefore E meaſures : 


S 4 : F 
B; but E allo meaſures A (by conſt.) becauſe alfo ABE CD 


the unity mea/ures C; therefore E meaſures each of the magrizudes A, B 
therefore A, B are commenſurable, and E is a common meafure of then. 

Cor, Certainly from ris it 15 manifeſt, if there be two numbers as D, E, 
and a ſtraight line as A, it is poſſible to make; as the number D is to 
the number E. ſo is the ſtraight line to the ſtraight line, hat ig, fois Ato 
F; and the conſtruction is in the firſt demonſ{rativn of this, AndaloitB 
be taken a mean proportional between A, F, it will be | 
(by cor. to 20. 6.) as A to F ſo is the quare of A to the F 
ſquare of B; that is, as the firſt is to the third lo is the | 
figure on the firſt to the figure upon the ſccond, fimilar + 
and fimilarly deſcribed : but as A to F ſo is the number 


. + + S 

D to the number I.; therefore it has alſo been made, as + þ 8. 
| 5 - _ + : : 
the number D to-the number E. ſo is the ſquare of the II 2 
ſtraight line A to the ſquare ot the ſtraight line B. ABF D . 


. 


Incommenſurable magnitudes have not the ratio to one another 
which number has to number, 
Let 


B ok X. 
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Bock X. Let A, B be incommenſurable magnitudes ; I ſay that A has not w Þ& 
— — . 1 1 ; * 2 : . * 0 
the ratio which number has to number. For if A have to B the ratio 


which number has to number, A will be commenturable to B; but | | 
it is not: therefore A has not to B the ratio which number has to | 
number. Therefore incommenſurable magnitudes have not the | 
ratio to one another which number has to number. Which was to | 

Ty 


1 
be demonſtrated. Al 


„„ „ 


If two magnitudes have not to one another the ratio which. 


number has to number, the magnitudes will be incommenturable, 


For let the two magnitudes A, B not have to one another, the I 
ratio which number has to number; I ſay that the magnitudes A, B | 
will be incommenſurable. For if A is commenſurable to B, they 
have (by 5. 10.) the ratio which number bas to number; but they 
have not: therefore the magnitudes A, B are incommenſurable, ! | 
Therefore if two magnitudes have not to one another, the ratio * 
which number has to number, they will be incommenſurable. Which was 
to be demonſtrated. 


N KN. 
The ſquares of ſtraight lines commenſurable in length, have tc 
6 one another the ratio which a ſquare number, has to a ſquare num 
| . ber; and the ſquares having to one another the ratio which a {;1arc 
number Jag to a ſquare number, will alſo have the ſides comma 
Table in length: but the ſquares of ſtraight lines incommentravl. 
in length have not to one another the ratio which a ſquare number 
has to a ſquare number; and the ſquares not having to one another 
= OD the ratio which a ſquare number has to a ſquare number, will net 
| ther have the tides commenſurable in length. 


Let there be ſtraight lines A, B commenſurable in length ; 1 87 5 that the 


ſquare of A has to the ſquare of B the ratio which a ſquare number = 
| _ | | to 


to a ſquare number. Por becauſe A is commenſurable in length to B, A 
has to B (by 5. 10.) the ratio which number las to number; let it have 
that which the number C has to the number D: then becauſe it is as A to 
B ſo is the number C to the number D; but the ratio of the ſquate of A to 
the ſquare of B is duplicate of the r atio of A to B, for (by 20. 6.) amilar 
figures are in the duplicate ratio of the ſides of Ike ratio; but the ratio of 
the ſquare of C to the ſquare of D is dupli- 


cate of the ratio of the number C to the number . 
D, for there is one mean proportional number TT 
(by 11.8.) beiween two iquare numbers; and 1 
the ſquare to the ſquare has the duplicate ratio D. 


of that which the ſide has to the ide: therefore 
it is as the ſquare of A to the ſquare of B to 
is the ſquare number of the number C to the 
quare number of the number D. Which was to 
be demonſtrated. 5 
OTnrRwiss. For becauſe A is commenſurable in length to B, it has 
the ratio 70 it (by 5. 10.) which number has to number; let it have that 
which C has to D; and let C multiplying 
itſelf make E; but multiplying D let it make 1 
F; but let D multiplying itlelf make G: then 35 24 8 


becauſe C multiplying itleli has made E, and 2 1 


en D has made F; therefore it is (by A. 

17.7.) as C to D, that 1s {by conſt.) as A to EE, : 
B, 10 is E to F; but as A to B lo (by 1. 6.) E } G 
is the uare of A to the reitangle contained by SES IE We | 
A,B; therefore it is as the /quare of A is to „ EY 


the reckangle contained by A, B ſo is E to F: 

again, becauſe D multiplying itſelf has made 

G, and multiplying C has made I; therefore it is as C to D, that is, as 
A to B, ſo is F to G (by 17.7.); but as A to B ſo (by 1.6.) is the red- 
angle contained by A, B to the ſquare of B; therefore it is as the refang/e 
contained by A,B to the Square of B ſo is F toG: but as the ſyuare of 
A to the rect angle contained by A, B fo was E to F; therefore, by equality, 

as the (quare of A to the ſquare of B ſo is E to G: but each of the 


M numbers 
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numbers E,G 1s a ſquare, for F, is the ſquare of C, and G the ſquare 
of D; therefore the ſquare of A has to the ſquare of B the ratio which 
+ ſquare number has to a iquors number. Which was to be demon- 
trated. | 

but now let it be as tue ſquare of A to the ſquare of B, ſo let the ſquare 
of the number C be to the ſquare of D; I ſay that A is commenſurable to 
B in length. For becauſe it is as the ſquare of A to the ſquare of B fo 
7s the ſquare of C to the ſquare of D; but the ratio of the ſquare of A to 
the ſquare of B is (by 20. 6.) duplicate of the ratio of A to B; and (by 
11. 8.) the ratio of the ſquare of the number C to the ſquare of the number 
D is duplicate of the ratio of the number C to the number D; therefore it is 
as A to B ſo is the number C to the number D; therefore A has to B the 
ratio which the number C has to the number D; and therefore (by 6. 10.) 
A is commenſurable to B in length. Which was to be demonſtrated. 

OTHERWISE. But now let the {quare of A have to the ſquare of B the ratio 
which the ſquare number E has to the ſquare number G; I ſay that A is con 
menſurable to B in length. For let C be the fide of E, but D the fide ot 
G; and let C multiplying D make F; therefore (by 17.7.) E, F, G art 
continual proportionals in the ratio of C to D: and becauſe (by 1. 6.) the 
rellangle contained by A, B is a mean proportional between the /quares of 
A, B; but (by 11. 8.) the number F is a mean proportional between ti 
ſquares E, G; therefore it is as the ſquare of A to the rectangle contained i 
A, B ſo is Eto F: and as the re&angle contained by A,B is to the {quare 
of BioisFtoG; but as the ſquare of A is to the refangle contained by 
A,B ſo is (by 1. 6.) A to B; therefore A, B are commenſurable, for they 


have the ratio which the number E has to the number F; that is, which C 


has to D; ſor as C to D ſo is E to F; for C multiplying itſelf has made J. 
but multiplying D has made F; therefore it is (by 17.7.) as C to D ſo is 
EF to F. Which was to be demonſtrated. 
But let A be incommenſurable in length to B; I fay that the ſquare of 
A has not to the {ſquare of B the ratio which a ſquare number has to 
iquare number. For if the ſquare of A has to the ſquare of B the rattc 
which a ſquzre number has to a ſquare number, A will be commenſurabl: 
in length to B (by firſt part of this): but it is not; therefore the ſquare o. 
A has not to the ſquare of B the ratio which a ſquare number has to a ſquar 
number. 

Buf 
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But again, let the ſquare of A not have to the ſquare of B the ratio which Book x. 
a ſquare number has to a ſquare number; I tay that A is incommenſu able Se 
in length to B. For if A is commenſurable in lenzty: to B, the [quare of 
A will have to the ſquare of B the ratio which a of number Vas to a 
ſquare number: but it has not; therefore A is not commenſurable in 
length to B. Therefore the ſquares of firaight lines commentſurable i, 
length have to one another the ratio which a ſquare number has to a f. juare 
number, &c. Which was to be demonſtrated. 

Cor. And it is manifelt from what has been demonſtrated, that the 

Fraigbi lines commenſurable in length are always allo in power, but that 

thoſe commenſurable in power 4νσ not always alſo in length; and that thoſe 
incommenſurable in length are not always incommenſurable alſy in power, bo 
but that thoſe incommenſurable in power are always alto in length. | 

For the ſquares of ſtraight lines commenſurable in length have the 
ratio which a ſquare number has to a ſquare number ; but thoſe magni- 
tudes having the ratio which number has to number are commenlurable; 
to that ſtraight lines commenſurable in length are not only commentu- 

rable in length, but alſo in power. 

Again, becauſe whatever ſquares have to one another the ratio which 
a ſquare number has to a ſquare number, have been demonſtrated to be | 
commenſurable in length; and heſe being commenſurable in power, of 
which the ſquares have the ratio that number has to number; therefore 
whatever ſquares have not the ratio which a ſquare number has to a 
ſquare number, but fimply which ſome one number has to ſome other _ | 
number, the ſquares are commenſurable ; that is, the ſtraight lines upon 
which they are deſcribed are commenſurable in power, but not alſo in 
length: ſo that ſome lines are commenſurable always in length and rower; 
but others not always in power and length, unleſs. they have the ratio 
which a ſquare number has to a ſquare number, 

Now I fay alſo that the lines incommenſurable in length are not always 
alſo incommenſurable in power, ſince {ines commenſurable in power may 
not always have the ratio which number has to number ; and for this, being 
commenſurable in power, are incommenſurable in length : ſo that the lines 
incommenſurable in length are not always in power; but being incom- 
menſurable in length, they may be incommenſurable and commenfurable 
in power. 


M 2 But 


which number has to number; and it is as A to B ſo is C to D; 
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But the lines incommenſurable in power are always incommenſurable 
in length: for if they are commenſurable, they will alſo be commenſurable 
n power; but they are alſo ſuppoſed incommenſurable, which is abſurd; 

crefore the lines incommenſurable in power are always alſo in length. 


PR: 
If four magnitudes be proportionals, and if the firſt be commen- 
ſurable to the ſecond, alto the third will he commenſurable to the 
fourth; and if the firſt be incommenturable to the ſecond, alſo the 


third will be incommenſurable to the fourth. 


Let the four magnitudes A, B, C, D be proportionals; as A to B ſo let C be 
to D; and let A be commenſurable to B; I ſay alſo that C is commenſurable 
to D: for becauſe A is 5 to B, therefore A has to B the ratio 
which number has to number; and it is as A to B ſo is C to D; therefore 
alſo C has to D the ratio which number hos to number; therefore (by 6. 19.) 
C is commenſurable to D. But new let A be incommenſurable to B; I fay 
that allo C is incommenſurable to D: for becauſe A is incom- 1 
menſurable to B, therefore A (by 7. 10.) has not to B the ratio 7 | 


therefore neither has C to D the ratio which number has to 
number; for if C has to D the ratio which number has to num— | 
ber, alſo A will have to B the ratio which number has to num- KB CD 
ber (by 11. f.); and A will (by 6. ro.) be commenſurable to B, whick 
is abſurd, for it is ſuppoſed incommenſurable; therefore C has not to D the 
ratio which number has to number; therefore C is incommenſurable to D. 


—— 


Therefore if four mag: nitudes be proportionals, cc. Which was to be de- 
it onſtrated. 

LIMMA. It has been demonſtrated i in he arithmetical Soo (26. 8.) that 
ſimilar plane numbers hw e to one another the ratio which a ſquare nunbcr 


' 


. 
ö 
| 
, 


has to a ſquare number: and becauſe, if two numbers have to one another 
the ratio which a ſquare number has to a ſquare number, they are fimlr 
plane numbers; alſo it is maniteſt from theſe things, that thoſe are not fim!- 
lar plane numbers (that is, not having their ſides proportional to one ano- 
ther) which have not the ratio which a {quare number bas to a ſquare nuint- 

ber: 
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ber: for if they ſhall have , they will be ſimilar plane numbers; which 1s Book X. 
not ſuppoſed ; therefore plane numbers not ſimilar have not to one another 


the ratio which a ſquare number has to a ſquare number. 


„ 


To find two ſtraight lines incommenſurable to the propoſed ſtraight 
line; the one in length, but the other alſo in power. 


Let A be the propoſed ſtraight line : now it is required to find two ſtraight 
lines incommenſurable to A, the one only in length, but the other allo in 
power. For let two numbers B, C be taken, not having to one another the 
ratio which a ſquare number Has to a ſquare number, 1 | 
that is, not ſimilar plane numbers; and let it be made, 
as B to C fo is the ſquare of A to the ſquare of D, for 
(cor. to 6. 10.) we have taught his; therefore the 


ſquare of A is commenſurable to the ſquare of D: and | 
becauſe B has not to C the ratio which a ſquare num 


- 


7 


ber has to a ſquare number, therefore neither has the 1 4 
ſquare of A to the ſquare of D the ratio which a 25 
ſquare number bas to 3 quare number; therefore (by 9. 10.) A is incom- 
menſurable to D in length. Let E be taken, a mean proportional between 
A, D; therefore (by cor. 2. to 20. 6.) it is as A to D fo is the {quare 
of A to the ſquare E; but A. is incommenſurable to D in length; there- 
fore the ſquare of A is incommenſurable (by 10. 10.) to the ſquare of E, 
therefore A is incommenſurable to E in power; therefore to the propoſed 
ſtraight line, the rational 7:72 from which we ſaid (5. def. 10.) the mea- 
ſures a to be taken, as to A the ,raigbt line D is commenſurable in 


power, that is, rational commenſurable only in power, but E is irrational 


(for he calls thoſe /{es univerſally irrational which are incommenſurable both 
in length and power to the rational lines). Which was to be demonſtrated. 
F 
Magnitudes commenſurablè to the fame magnitade, are alſo com- 
menſurable to one another, 


For 


AT 5 


| 
| 
| 
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For let each of the magnitudes A, B be commenſurable to C; I ſay alfy 


—— that A is commenſurable to B. For becauſe A is commenſurable :o C. 
therefore A has to C the ratio which number has to number; let it have 


that which D has to E: again, becauſe B is T 
commenſurable to C, therefore C has to B the 
ratio which number Has to number; let it have 
that which F has to G; and ratios how many | 
ſoever being given, that which D has to E and 

F to G, let (by 4. 8.) the numbers H, K, L be 1 
taken in an uninterrupted ſeries in the given ratio, * 


1 


Q 


EEE 


ſo as to be, as D oEſoisHtoK, and as F to G ſo is K to L. Now 
becauſe it is as A to Cloris D to E, but as D to E fois II to K. 
therefore it is as A to C ſo is H to K: again, becauſe it is as C to B 
fo is F to G, but as F to G ſo is K to L, therefore it is as C to B f 


is K to L; but it is alſo as A to C ſo is H to K; therefore it is, by 


equality, as A to B ſo ig H to L.: therefore A has to B the ratio which 
the number H has to the number L; therefore (by 6. 10.) A is commen- 
ſurable to B. Therefore magnitudes commenſurable to the ſame magnitude, 
are commenſurable to one another, Which was to be demonſtrated, 


„ ICH: 


If there be two magnitudes, and the one be commenſurable, but 


the other incommenſurable to the ſame magnitude, the magnitude: 


will be incommenſurable. 


Let there be two magnitudes A, B, and another C; and 


let A be commenſurable to C; but et B be incommenſurable 


to C; 1 fay that A is incommenſurable to B: for if A is com- 
menſurable to B; but alſo C is commenſurable to A (by hyp.); 
therefore (by 12. 10.) C is commenſurable to B; which is 
not ſuppoſed. . 


F EU C II. 8 


r R O b. iv. 
If there be two commenſurable magnitudes, and one of them 


be incommenſurable to any magnitude, alſo the remaining one will 
be incommenſurable to the ſame magnitude, 


Let there be two commenſurable magnitudes A, B ; but let 
one of them A be incommenſurable to any other C: I fay alto 
that the remaining one B is incommenſurable to C. For it ] 
} is commenſurable to C; but allo (by hyp.) A is com- 
menſurable to B; therefore alſo A is commenturable to C 
(by 12. 10.): but it is alſo incommenſurable, which is impoſſi- 1 
ble; therefore B is not commenſurable to C; therefore in- ACB 
commenſurable. Therefore, if there be two commenſurable magnitudes, and 
one of them be incommenſurable to any magnitude, allo the remaining one 
will be incommenſurable to the ſame magnitude. Which was to be demon- 
trated; - 

LIMA. Two unequal ſtraight lines being given, to find by what the 
greater exceeds the leſs in power. 

Let AB, C be the two unequal ſtraight lines given, of which let ine 
greater be AB; now it is required to find by 


what AB exceeds C in power. Let a ſemi- 
circle ADB be detcribed upon AB; and let AD 
be placed (by 1. 4.) in it, equal to C; and 
let DB be joined: now it is manifeſt (by 31. 3.) 


that the angle ADB 1s a right angle, and that AB (by 47. 1.) exceeds in 


power AD, that is C, by the ſquare of DB. 


In like manner allo, two ſtraight lines being given, a lie equal in power 


to them is found, Lt AD, DB be the two given ſtraight lines; and let it 
be required to find a line equal in power to them; for let them be put, fo 
that they may contain the right angle ADB; and let AB be joined: 
again it is evident that (by 47. 1.) AB is the line equal to AD, DB in 
power. 


FR H 


If four ſtraight lines be proportionals, and if the firſt be more in 


power than the ſecond, by the ſquare of a ſtraight line commenſu- 


ria ble 
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rable to itſelf in length, alſo the third will be more in power thu 
the fourth by the ſquare of a ſtraight line commenſurable to itſelf 
in length; and it the firſt be more in power than the ſecond, by 
the ſquare of a ſtraight line incommenſurable to itſelf in length, 
alſo the third will be more in power than the fourth, by the ſquar. 
of a ſtraight line incommenſurable to itſelf in length. 


Now let the four ſtraight lines A, B, C, D be proportionals, as A to Þ 1, 
is C to D; and let A be more in power than B by the ſquare of E, but ( 
more in power than D by the ſquare of F: I fay that if A is commenti, 
rable to E, allo C is commenfurable to F; but if A is incommenſurable to 
E, alſo C is incommenſurable to F. For becauſe it is as A to B ſo is C to 
D, therefore (by 22. 6.) it is as the /qxare of A. to the /quare of B, ſo 
the /quare of. C to the ſquare of D; but (by hyp.) the 7 
ſquares of E, B are equal to the ſquare of A; and the 
ſquares of E, D are equal to the /quare of C; therefore f 
it is as the ſquares of E, B to the ſquare of B fo is the 7 
ſquares of F, D to the ſquare of D; therefore, by diviſion, + 
it is, as the /quare of E to the /quare of B ſo is the /quare. 
of F to the ſquare D; therefore (by 22.6.) it is as E to | 1 | | 
B ſo is F to D; by inverſion, therefore, as B to E ſo is ABE CDT 
D to F: but it is as A to B ſo is C to D; therefore, by equality, it is 4s / 
to E ſo is C to F; therefore (by 10. 10.) it A be commenſurable to E, 

C is commenſurable to F; and if A be incommenſurable to E, alſo ( 
incommenturable to F. Therefore if four ſtraight lines be proportionals, . 
Which was to be demonſtrated. 


— un woetanitonaice <a 


0 p. XVI. 

If two commenſurable magnitudes he put together, alſo the whole 
will be commenſurable to > of them; but if the whole be com 
menſurable to one of them, allo the magnitudes from the begin- 
ning will be commenſurable. | 


For let the two commenſurable magnitudes AB, BC be put togethe: 


1 ſay that the whole AC is commenſurable to each of the magnitudes 
| AB, BC. 


OE 2 Ro 


oF EVCETD. 


* 4 % ' 4 df * . = To + ! 1 3 
AB, BC: Fol Decaàule AB, BC Are -COIIPENIUTAaDIiC lome SHAILE Book |S 


nitude will meaſure them; let it ineafure them, ndl let it 


2 
. 


now becauſe D meaſures AB; BC, allo ic wilktneyure 
AC; but it alſo meaſures AB; BC; therelore D wealures AB; BC, £ 


and AC; therefore AC. is commenſurable to each of the h 


B 

| * 2 % 2 * \ by " Sh 3 92 . * o » 8 . * i 4- * / 4 d 2 d 
tudes AB, © 1 df But nos let KX De Commenturable SS, One O01 { 10 4 

a * : G A T3 T3 * 5 I. : 5 Gp «i * a TIF 8 1 T : | 
maguitudes A5, 10 » tet It #74 CO, nne 10 | * . 3 110 9 1 1 4 

5 ; A. 1» 
4 e*\ 4 lt AB Bi | CY. Pf fk i * TEL X mo 14 172 In . | » \ 0 4 \ 1 0 * 
mat «| 2 14 ay 3 2, Ale Coinrrlenlurabdle. 01 }CLC ELEC * 5 1.3 i | 
* #4. 4 8 o 1 " he e . $% 7» eee ae he 3 » 1 1 5 5 1 * 8 % 1 7 * * 
COININCALUTADIC, IONIC: niagnitude Will meaſure them - let ik nicalure th. m, 

CG . 


and let it be D: now becauſ D meaſures AC, AB, therelore it wiil meaſure 


the remainder. BC; but it allo meaſures AB; therefore D will rneature 
AB, BC; therefore AB, BC are commenſurable. Therefore if two commen- 
ſurable magnitudes be put together, alſo the whole will be conmenturable 


170 


to each of them, &c. Which was to be demonſtrated. 


P.R GOP XVII: 


If two incommenſurable magnitudes be put together, alfo the 
whole will be incommenſurable to them; but if the whole be 
incommenſurable to one of them, alto the magnitudes from the 


beginning will be incommenſarable. 


For let the two incommenſurable magnitudes AB, BC be put together ; 
I fay that alſo the whole AC is incommenſurable to each of the magnitudes 
AB, BU. For it CA, AB are not incommenturable, ſome mag- 0 
nitude will meature them; let it meaſure them; and let it be, if | | 
poſſible, D: now becaule D meaſures CA, AB, therefore it will £ 
meaſure the remainder BC; but ic meaſures alſo AB; therefore 
D meaſures AB, BC; therefore AB, BC are commenſurable : but 
they are alſo ſuppoſed incommenſurable, which is impoſſible; B+ 
therefore any magnitude will not meaſure CA, AB; therefore 
CA, AB are incommenſurable. Certainly, in the fame manner, 
we ſhall demonſtrate, that alſo AC, CB are incommenturable ; 


+ 


therefore AC is incommenſurable ro each of the magnitudes A D 
AB, BC. Eut now let AC be incommenſurable to one of the magnitudes 
AB, BC, and firſt to AB ; I ſay that allo AB, BC are incommenturable : 

OO 5M | for 
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applied. to the greater, equal to the fourth part of the {rare of the 
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for if they are commenſurable, ſome magnitude (by 1. def. 10.) will mex- 
fore them; let it meaſure them, and let it be D: now becauſe D meaſure 
AB, B©, therefore it will meaſure the whole AC; but it alto meaſures Ah; 
therefore D meaſures CA, AB; therefore TA, AB are commenſurable : bu: 
they were allo ſuppoſed incommenſurable, which is impoſſible; therefor: 
any mien e will not meaſure AB, BC; therefore AB, BC are incommen— 
ſurable. Certainly, in the ſame manner, we ſhall demonftrate, that 10 AC 
13 income ble to BC, alſo AB, BC will be incommenſurable. There 
for wo incommenſurable magnitudes be put together, &c. Which was 
ty be demonſtrated. 


Lemma. If to any ſtraight line a parallelogram 


1 
be applied, deficient in figure by a ſquare, the figure bs | [ 
applicd is . 15 the rectangle contained by the L = 
ſegments of tlic e line made Ly ie a 7 N 
plication. 


For to any b line AB let the parellelogram AD be applicd, de! 
cient in figure by the fquire DB: I fay that AD is equal to the a 
contained by AC, CB. And it is evident of itleif: for becauſe DB is 
ſquare, DC is equal to CB; and AD is the rectangle contained by AC, CB. 
Therefore if a parellelogram be applied to any ſtraight line, &c. Whic! 
was to be demonſtrated, 


PRO FP Ii. 


If there be two unequal {ſtraight lines, and a parallelogram b. 


leſſer, deficient in figure by a ſquare, and divide it into parts com- 

menſurable in length, the greater will be more in power than t. 

leſſer by the uu of a le commenſurable to itſelf in length; 

es x yp 1 141 142 44 _— 75 2 ae . ge ? 

it the greater ſhall be more in power than the Icticr, by the u 

of a {ne commenturable to itſelf in len: gth, and a paralle logram DE 
0 

A © 15 » Wo, s renn © 2 oo ' *\ Pr * « 4 . 0 

applied to the greater, equal to the fourth part of the ſquare of tit 

leſler, deficient in figure by a ſquare, it will divide it into / 

commenturable in length. 


: · = vs 3 x 
Let A, BC be two unequal ſtraight lines, of which BC #s the greater: 


and let a parallelogram be applicd to BC equal to the fourth part of.. 


>» 


LY 


— 
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ſquare ol the leſſer A, that is, to the /quare of the half „ Gefcient J 
110 ure by 4 ſquare (by 20. 0), and let it be the ro tomnlepyonin ther 
BD, DC; and let BD be commenſurable in leneth to he: Iny tha 

is more in power than A by the ſquare of a % conmenturihte to itſo! 


r | 


in length. For let B be cut in halves in the point E, and ake F Ce! 


„ FUF eee 4 
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line DC nas been cut into cqual /erments at“, but into 
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| 
tOgetner vithi the [QUAPC ot , IS E jua! to the. FE YET Tey, & 
and the quadruples % are equal; therefore four tincs the | 
rectangle . by BD, DC, together with four tines. the 1 | 
| | J 


1 
[quan ED, is equal to four times the-ſquare of. 1,4: but | 


the "Ee rc of A is equal to the rectangle contained by BD, DC Þ 


alen tour times (by conſt.) ; but 05 y 4. 2.) ther ſquare of DEF 14. 
is equal to the /quare of DE laben four times; for DF is tlie = 


U 


double of DE, and the ſquare of BC is equal to the /quare 


of EC taten four times; for again, BC is double of EC: 1 1 | 8 
therefore the ſquares of A, DF are equal to the ſquare p DL; =! 
ſo that the /quare-ol BC.is-greater than tlic /quere of A by the /quarc | | 


of DF; therefore BC is more in power than A by the j, of DF. 
It muſt be demonſtrated al that BC is commenturable to DF: for becauſe 
(by hyp.) BD is cominensirable to C ein length, therefore. allo (by 16. | 
F [ 
1 


10.) BC: is commenſurable to De in length; but DC (by 6. 10.) is com- | 


, 
menfurable in length to CD, BFE, for CD is equabto EF; thereſorc alto 4 
BC is commenſurable in length to BI, CD; fo that alto (by 16. 10.) CB 

is commenſurable in length to the remainder DE; therefore BC is nore 

in power that A by the 1quare of a lie cohnmenſurable to ittelf th 

length. But now let BC be more in power than A by the ſquare Of | 


4 ſtraight line commenſurable to dels in length; ant let a paralleJooram 
be applied to BC equal to the fourth ert of the fquare of A, - deficient 
in figure by a ſquare, and let it be ha contained by BD, DC: it mu 
be demonſtrated that DB is commenſurable ro DC in length. For the 
fame things being conſtructed, in lie manner we ſhall demonſtrate 
that BC is more in power than A by the /qzare of f, but (by hyp.) 
BU is more in power than A by the ſquare Ct 2 {me commenſurahle 


VT 


'Y! Fas! . 9 
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Book X. to itſelf ia length; therefore BC, FD are commenſurable in length; £ 
— that alſo (by 16. 10.) BC is com nenſurable in length to both the remain- 
ders BF, DC together: but BF, De both together are commenſurable ir 
length ro DC, for BF is equal to DC; therefore alſo BC is commenſu- 
rable in leng.h to DC;  doubtleis, thereiore, (by 16. 10.) BD is com- 
menſurable in length to DC. Therefore if there be two unequal itraigh; | 
lines, &c. Which was to be demonſtrated. 


R 


IF there be two uncqual ſtraight lines, and a parallelozram be 
applied to the greater, equal to a fourth part of the /quare of the 
lefler, deficient in figure by a ſquare, and divide it into par 7; 
incommenſurable in length, the greater will be more in power 
than the leſſer by the {rare of a June incommenſurable to itlelf 
in length; and if the greater ſhall be more in power thin the 
leſſer by the /quare of a line incommenſurable to itſelf 22 Ange, 
and a parallelagraim be applied to the greater, equal to the fourth 
part of the /quare of the leſſer, deficient in figure by a ſquare, it 
weil! divide it into parts incommenſurable in length. 


Let A, BC be the two unequal ſtraight lines, of which BC zs the greate. 
let a parellelogram be applied to the fraight line BU equal to the four! 
part of the {quare of the leſſer A, deficient in figure by a ſquare, and let! 
be that contained by BD, DC; and let BD be incommenturable to BG :r: 
length: I ſay that BC is more in power than A by the /quare of a 
zncommenſurable to itſelf in length, For the fame things being conftructec 
as in the former propeſilion, in like manner we ſhall demonſtrate that 5 
is more in power than A by the ſquare of DH: then it muſt be demonſt: at. 
that BC is incommenſurable in length to DF. For becauſe BD 7s inco!n- 


menſurable to DC: 7 length, alſo (by 17. 10.) BC is incommenſuray:s : 
DC in length; but DC 15 commenturible to BF, DC: both together; ti 

. 5 by 6 9 CI 
o 14 8 i : » ' pe - * | : 2 ; N 2 ; 7 | " 2 3 
fore allo (by 14. 10.) BC is 1ncom nenfurable % length to BF, DC bott 
together; 10 that alfo (by 17. 10.) BC is incommenſurable in length to. 


1 


remainder FD, and BC is more in power than A by the /qzare of FD; these. 
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ſore BC is more in power than A by the ſquare of a /zze incom- 0 Book X. 
menſurable to itſelf i length. Now again, let BC be more in 


———_—— 
* 


power than A by the ſquare of a ine incommenſurable to itſelf 1 
in length; and let a parallelogram be applied to BC equal to the f 
forth part of the ſquue of A, deficient in figure by a ſquare, | 
and let it be the refangle contained by PD, DC: it mult be | 1A 
demonſtrated thit BD 7 incommenturable in length to DC. | 


For the fame things being conttructed, in like manner we ſhall 


demonſtrate, that BU 1s more in power than A by the ſquare | 


o DF: but (by hyp.) BC: is more in power than A by the B 
ſquare of a line mcommnfuable to 1c i lenzth ; therefore BC is incom- 
menſ{urable in length to DF; fo that alſo. (by 17. 10.) BC is incommenſu- 
rable in len to tie renainder BF, DC boch together: but BF, DC both 
together is commentur bie in length to DC; chercfore alſo BC (by 14. 10.) 
is incoinmenſurable in len geh to De; lo that alſo by diviſion, (by 17. 10.) 
BD is incommenſurabl in length to DC. Therefore if there be two unequal 
ſtraight lines, &c. Which was ro be demonſtrated. 

SCHOLIUM. 1. Since it has been demonſtrated (cor. 9. 10.) chat the 
fraight liues commenſurable in length, are alio_univerfaily commenſurable 
in power; but that thoft commenturable in power are pot univerſally com- 
menſtu able inJength, but may certainly be both commenturable and 1ncom- 
menſurable in length: it is evident that if any line be commenſurable in 


length to the propoſed rational line, it is called rational, and commentu- 


X Ts» + 1 » + 1 3 $ ; . — 77 * ; 4. 1 X y l % * — | | ö 
rable to it not only in length but alſo in power; for the ſtraight lines com- 13 
7 X — iv v*/ mg 7 3 Pg e -— 0 1811 0 5 M4 : + Pk we A » as 
menſurable in length, arc allo univerſally commenſurablé in power; but 
if 4 v7 IF 6 i > Irv YN tan: 5 8 | Y pv 17504 24 . I. ae 2a Sarwar os T2 . 
It any line DE CONMNENAN ADC TO The ppropolzgd rational line in power, H. 1 
Tf 4 1 7 X . £'> . 1 42 > #1 - 1 118 'S r T4 a v»* -\ 3 ; *\ xr) % #5 
alſo happens to be fo'in length, it is alio thus fail to be rational, and com- 
menſurable to it in length ard power but if, again, any line bots com- 
Me £14 =Y 1 I; LI EAFTA P ; 1 175 ral F IE" 1 ky * 1/4 171 F e e . [ 
kr Ctra. 10 LiI1C Dropolce rationa 1e In PONT, 14 fo w# 1110 LP LW UNESY IG * | 


* | * - N 77 * 2 7 7 217 2 77 | » * 4 . , . . * + — þ : i . 5 - . . | o | 
in lengtli, it is allo Thus aid to be rational commenfiraie culy in bewer. | — 4 


4 % > 7 1 f 11 1 1 In A {4-4 * 2 1111 % * k % TF x 2 1 5 n 1 5 © 
SCH R. — o 1 CALLS CLIU ITE : F121 mes RAT oN A 323 v 148 22 CiTtaCh 
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coinmentur. ble to the bropohd ration line in lenoth and power, er 11 
4 4 
F N . * 4 2 9 | j 1 4 * _ * - 7 *% * - : » 2 # * SY 4 * * l * * "4 1 . 
power only: but there are allo o her ſtraight lines Whicu are incommenlu— 
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rable in length to the. propotec ratz onal Ine, and CONVDEDIIFAIOL? ONLY 1 
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power; and again, on. this account they are fad to be rational and cons 


—— 
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menſurable to one another in as far as they are rational; but the are, i 


"=. 


Book X. 
——— 


ſtraiczht lines AB, BC commenſurablè in length. I ſay that AC 
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to be commenſural>}ic to one another either indeed in length and power, or 


* * * 89 Ss þ y - as on : a * P *7> Py Þ p - ! 
in power only; and it in length, tliele rational lines are allo ſald LI DE 
th. + : 1 : : ) a 
. 9 Y " ® 8 1 4.5 1 - f n ? * 1 * » Þ P /'» % % 
Wanne ura 118 111 Le, It 1 ein 4 underſtood that they Are In ON EE 3 but 
Corinne 14 0 * * % C5 3 C7 - 3 
29 F7© "is J 5 1 , 3 3 * ! } * 9 * 1 * * > TP fs ++ 
16 thele fHrautrht tines: are cömmenlurable to one - anotnet only I!1 POWer, 
14 To A He 748 Ky * © 1 1 * 4 a [ * E % * 19117111 nt „41 I, F Vs q A © = — 
allo the rational Ines 2a aid to be conmmmemurabie ONLY IN POWC! 2 Dult 
: 1 - ; > * . = 4 ' 5 1 4\ oF OP 4 „ © oh i * % £a FLY v +4 
that rational lines are coaumnenſurable, is manifeſt from this; for becaut. 
a LL 5 110 " : _ 11 Iv * 8% * q % + % * l 1 * . * jo ® 4 1 bl 3 * 
rational lines are ſuch as are commenſurable to the propoſed rational line; 
' * 2 MTS R » £4 * . — , 1 BY. 4 + ; 1 * 2 5 p % 3 4 $* 4 
but (by 12. 10.) magnitudes comment ble o the lame magnitude are 


commenſurable to one another; therefore raunal lines are commenſurable. 
Which was to be demonitrated. 
F. XX. 


The rectangle contained by rational ſtraight lines commenſu— 
rable in length according to any of the aſoreſaid ways, is rational. 


For let the rectangle AC be contained by the rational 74 D 


kc 

2 
ö 

WI 


is rational. For let the ſquare AD be deſcribed upon AB; 
cherefore AD is rational: and becauſe AB is commenſurable to 
BC in length, and AB is equal to BD, therefore alſo BD is 
commenturable to BC in length; and it is (by 1. 6.) as BD 
to BC ſo is AD to AC; but BD is commenſurable to BC; | 
therefore (by 10. 10) DA is commenſurable to AC: but DA ö 
15 rational; therefore alſo AC is rational. Therefore the, &c. Which . 
to be demonſtrated. | 


FRO FP. XXI. 


It a rational vectaugli be applied to a rational Araigbt line, ii 
makes the breadth a rational /e, and commenſurable in length 
to the ue to which the redangle is applied. 


For let the rational rectangle AC be applied to the PRraight line AB 


rational, according to any of the aforeſaid ways, making the breadth 


PC; I ſay that BC is rational and commenſurable to AB in length. 
For 


C 4 4; 95 


For let the ſquare AJ dis de ſeribed upon AB; therefore Wraps 5 3 Book X. 


AD is rational: but (by hyp.) AC is allo rational; there- 
fore (by L. ſch. 19. 10.) AD is connnen! Urable to AC; ; and | 
it is (by 1. 6.) as DA to AC fo is DB to BC ; therefore DB 


is commenſurable ro BC: but PID 15 equal to BA; therefore 
alſo AB is commenſurable to BC: but AB 1s rational; there 1 3 
fore alſo BC 1s ration l, and commenturable in length to AB. OS. 


Therefore if, &c, Which was to be: demonſtrated. 

LEMMA. A ſtraight line in power equal to an irrational ſpace, 18 
irrational. | 

For let A be in power equal to an irrational ſpace; that is, 
let the ſquare of A be equal to an irrational ſpace; I fay that FR - 
A is irrational. For it A is rational, alſo the ſquare of it will | 
be rational; for it is ſo: in 3 definitions; but it is not; therefore A 18 
irrational. Which was to be demonſtrated. 


„„ „ 
The rectangle contained by rational ſtraight lines cominenturable 
only in power, is irrational; and a ſtrai, che" line in power equal to 


it, is irrational; and let it be called medial. 


For let the rectangle AT be contained by the rational ftraight lines AB, EC 
commenſurable only in power; I ſay that AC is irrational, and that: the 
ſtraight line in power equal to it is irrational; but let it ebe called medial. 
For let the ſquare AD be deferibed upon AB; 8 AD is rational: 


and becauſe AB is incommentfurable to BC in length, for they are ſuppoſed 
commentiurable only in power; and AB 1s Gy to BD; 1 
therefore DB is incommenſurable alſo to BC in len th; and 
"t 8 (by T. 6.) as PB to BC ſo is AD to AC; thereiore A A 
is mncom 9 ble to AC: but AD is rational, therefore AC 
18 irration al; ſo that alſo (by 11. det. 10.) the /rargot 
15 in power equal to AC, that is, the line Producing a 1quare | 
fn ro it, 15 irrational; but let it DC called v4 medial, be- 12 
„ 


cauſe the ſquare of, it is equa! to the rectangle contained by 
AB,CB, and is a mean Proportion: al between AB, BC. Which was to be 


demopſtr ated. 
SCHOLIUM 
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Book X. ScHOLIUM. A medial line, in power equal to a ſpace contained by 
rational lines commenſurable only in power, is irrational. For let a ſpac 

be contained by the rational fraight lines A, B, commenſurable only in 
power: it muſt be demonitrate that ſucꝶ a ſpace is irrational. | 
For let C be taken, a mean pro ortional between A, B; there- | 
fore (by 17. 6.) the reZanzl2 contained by AB is equal to tlie 
ſquare of C; ſo that C 15 equal in power to the rectaugle con- f 
tained by A, B: therefore it is as A to E ſo is the ſquare of A 
to the ſquare of C; for as the firſt to the third ſo is the /quare 


99 3 "by ra Fats Bi at 4 5 22 1 
of the Er to the ſavare of the ſecond; for this has been de- 
| 


2 


4 * ws * "ha C * 
monſtrated in the corollary to the twentleth of the ſiyth ele- X C 


Nod 
— 


ment: but A is incommenſurable to B in length ; therefore alſo the > ſquare 
of A is incommenſurable to the Fquare of C: but the ſquare of A is ration; 
therefore the rectangle contained by A, B is irrational; therefore C is By 5 
tional; but it has been called medial, becauſe being irrational it is a mean 
proportional between two rational lines A, B. 

LTMuMA. If there be two ſtraight lines, it will be as the firſt to the 
ſecond lo is the /quaze of the firſt to the rectaugle contained by the two ſtraiglit 
lines. Let there be two ſtraight lines FE, EG: I ſay that it —.— 9 
is as FE to H fo is the ſquare of FE to the rectaugle contained | 

by FE, EG. For let the ſquare DF be deſcribed upon FE, 28 
and let GF be completed: then becaule it is (by 1. 6.) as DE. | 
to EG ſo is DF to FG; and DF is the ſquare of FE; but FG is 
the rectangle contained by DE, EG, that is, by FE, EG; there- 


fore it is as FE. to E.G fo is the [quare of FE to the rectangle 


contained by FE, EG; in like manner allo as the rectangle con- 


tained by GE, EF is to the ſquare of EF; that is, as GF to DF ſo is GE to i», 


VE 
The ſquare of a medial line applied to a rational line, makes th 
breadth a rational /e , and incommenſurable 3 in length to the /4 © 
which it is applied. 


Let A be a medial line, and CB a rational line; and let af. pace BD be 
applied to BC, equal to the ſquare of A, making the breadth C D; 1 laß 
that CD is a rational /ine, and eee TE x Si in length to BC. bo, 

bec aule 
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becauſe A is a medial line, it is in power (by 22. 10.) equal to a CHace con- Book x 
tained by rational lines commenſurable only in power: let it be in power equal 
to GF; but it is allo in power equal to BD; therefore BD is equal to GE: 
but it is alſo equiangular to it; but (by 14. 6.) the ſides of equal and 
equiangular parellelograms are reciprocilly proportional, the fides about 


— — 4 


the equal angles; therefore there is this proportion, as BC to VG fo 
is EF to CD; it is therefore allo (by 22. 6.) as the /qnare of BC 75 to the 


/quare of EG ſo is the ſquare of LF to the /74are of C D: bur the [4 


— 


N TH 

BC 1s commenſurable to the ſquare of EG, for each of them is. 12tio 
ere 7 1a „ 7 3* 3 3 4 10 1 Fan RR 1 , 
therefore (by 10. 10.) the ſpars of LI is commenlurable to EC Þ 
the quare of CD: but the ſquare ol EV 1s rational; therefore 
the ſquare of CD is rational; and therefore the ſtraiglit line 
CD is rational: and EF is incommenſurable to EG in length, 
tor they are commenſurable only in power (by 22. 10.) ; but | 

R SEA | : 5 1 
as EF to EG, lo (by the foregoing lemma) is the ſquare of —— 


EF to the rect angle contained by FE, E.G; therefore the ſquare 7 
of EF is {by 10. 10.) incommenſurable to the reftansle con- 
tained by FE, ELG: but the ſquare of CD is commenſu— | 
rable to the ſquare of EF, for they are rational in power ; , ” 
but the refangle ccutained by DC, CB is commenſurable to that contained by 
FE, EG, for they are equal each to the ſquare of A; therefore the ſquare 
of CD is incommenſurable to the reHangle contained by DC, CB (by 13. 
10.): but as the ſquare of CD to the rectangle contained by DC, CB fo (by 
foregoing lemma) is DC to CB; therefore DC is incommenſurable to CB in 
length ; therefore (by 6. def. 10.) CD is rational, and incommenturable in 
length to BC. Which was to be demonſtrated. | | 


„n 


The ftrargbt line commenſurable to a medial, 1s a medial line. 


Loet A be a medial line, and let B be commenſurable to A; FT {ry that alſo 
B is a medial line. For let the rational line CD be taken; and let a right- 
angled ſpace CE, equal to the ſquare of A, be applicd to CD, making the 
breadth ED; therefore (by 23. 10.) ED is rational, and incommenſu— 
rable to CD in length: and let a right-angled ſpace CF, equal to the 
1quare of B, be applied to CD, making the breadth DF: now becauſe 
O A-15 
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Book x. A is incommenſurable to B, (by 9. 10.) alſo the /quare — 
korn of A is commenſurable to the /quare of B; but EC is equal 4 
to the /quar? of A, and CF is equal to the ſquare of 
3; therefore EC is commenſurable to CF: and it is (by | 
1. 6.) as EC to CF ſo is ED to DF; therefore ED 7 — A 
A 's commenturable to DF in length; therefore (by 23. | 
10.) ED is rational, and incommenſurable in length to DC; | 
erefore alto (by 13. 10.) DF is rational, and incommenſu- 
zahle in length to DC; therefore CD, DF are rational lines, Ho 
commenturable only in power: but (by 22.10.) the rectan- F E 
ge contained by rational ſtraight lines commenſurable only in power, 
rational, and the line equal to it in power is irrational; and the line equal 
to it in power is called medial; therefore the line equal in power to the 
rectangle contained by CD, DF is medial: but B is equal in power to the 
reftangle contained by CD, DF; therefore B is medial. 

Cor. But from this it is evident, that a hace commenſurable to a media 
ſpace is medial; for ſtraight lines are equal in power to them which are 
commenſurable in power (by 22. 10.); of which the one is medial; fo that 
alſo (by this) the remaining one is medial. But in like manner as has beer: 


C 


— 


ſaid concerning rationals, it alſo follows concerning medials, that a a¹αν 
line commenſurable in length to a medial is ſaid to be a medial, and con:- 
menſurable to it, not only in length, but alſo in power; ſince univerſally che 
lines commenſurable in length, are always in power alſo: but if any ine be 
commenſyrable to a medial in power, and if alſo in length, they are then 
ſaid to be medials commenſurable only in length and power; but if in power 
only, they are ſaid to be medials commenſurable only in power. Again, 
there are alſo other ſtraight lines, which are incommenſurable in length t© 
medial /ine, and only commenſurable in power; again, alſo, they are {ai 
to be medials, becauſe they are commenſurable in power to a medial line, 
and commenſurable to one another; in as far as other medials are conmen- 
furable to one another, eicher in length, and certainly alſo in power, 0: 
in power only: and if in length, theſe ſame lines are ſaid to be medlab 
commenſurable in length, it following, that they are alſo in power ; 
but if they are commenſurable only in power, alſo thus they are (ai 
to be commenſvrable only in power. It muſt be thus demonſtrated, 1:5 


| me 4 121 


EU ULI. 


99 
medials are commenſurable ; becauſe medial lines are commenſutable to Book X. 
ſome medial line; but thoſe that are commenſurable to the ſame, are com- ; 
menſurable to one another; therefore medials are commenſurable. 


FFM 
The rectangle contained by medial ſtraight lines commenſurable 
in length, is medial. 


For let the re ctangle AC be contained by the medial ſtraight 4 
lines AB, BC, commenſurable in length; I ſay that AC is 
medial. For let the {quare AD be deicrived upon AB; there- | 
fore AD is medial: and becauſe AB is commenſurable in S 
length to BC, and AB is equal to BD, therefore alſo BD 7, 
is commenſurable in length to BC; fo that allo AD is com- 
menſurable to AC; but AD is medial; therefore (by cor. to 3 
24. 10.) AC is alſo medial. Which was to be demonſtrated. 


FN I. 
The rectangle contained by medial ragt lines commenturable 
only in power, is either rational or medial. 


For let the rectangle AC be contained by the medial ſtraight lines AB, BC 
commenſurable only in power; I fay that AC is either rational or medial, 
For let the ſquares AD, BE be deſcribed upon AB, BC; therefore each of | | 
the /quares AD, BE is medial: and let the rational line FG be put; and 3 
(by 45. 1.) let the right-angled parallelogram GH be applied to FG, equal 

to the /quare AD, making the breadth FH; but let the right-angled paral- 
lelogram MK be applied to IM, cqual to AC, inaking the breadih IIR; 


and beſides, in like manner let NL be applied to KN equal to the /quare 1:4 
BE, making the breadth KL: therciore (by 14. 1.) FH, HK, KL arc in — 


2 ſtraight line : now becauſe cach of the ſquares AD, BE is medial; and 
AD is equal to GH, and BE to NL; therefore each of the refangles 
HG, NL is medial, and is applied to the rational line FG; therefore (by 
23. 10.) each of the lee FH, KL. is rational, and incommenſurable in 
: length to FG. Now becauſe AD is commenſurable to BE, thercfore 
allo GH is commenſurable to NL; alſo (by 1. 6.) therefore it is as GH 
| 'Q"2 | 10 
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to NL fo is FH to KL; therefore (by 10. 10.) FH 


Bock X. F H K 7 
— — s coannenſurable in length to KL; therefore FH, KL 2 N 
are rational lines, commenſurable in length; there | 
ſore the rectangle contained by FH, KL (by 20. 10.) 
is rationa!: and becauſe BD is equal to BA, but 1 „ 2 
OB to BC, therefore it is as DB to BC ſo 7s AB ES 4 
to BO; but (by 1. 6.) DB to BC fo is DA to AC; 1 | 
and as AB to BO ay is AC to CO; therefore it is as 5 Bi -.- 


CO to AC ſo is AC to AD: but AD is equal to | 
GH, and AC to MK, and CO to NL; therefore | 
it is as GH to MK ſo is MK to NL; and there- — + 
fore (by 1.6.) it is as FH to HK ſo is HK to KL; 
therefore (by 17. 6.) the refangle contained by FH, KL is equal the /quare 
of HK: but (by 20. 10.) the rectangle contained by FH, KL is rational 
therefore alſo the ſquare of HK is rational; therefore HK is rational: aue 
if HK is commenſurable in length to HM, that is to FG, NH is rational; 
but if it is incommenſurable in length to FG: KH, HM are rationa! 
commenſurable only in power; therefore (by 22. 10.) HN is medial 
therefore IN is either rational or inedial: but NN is equal to AC; there 
fore AC is either rational or medial. Therefore the rectangle contained by 
medial fraight lines commenſurable only in power, is either rational cr 
medial. Which was to be demonſtrated. | 


EN XXVIt 
A medial fpace does not exceed a medial ſpace by a rational Jp: Ice 


For, if poſſible, let the medial ſpace AB exceed the maceiel- Dore AC by 
the rational Pace DB: and let the rational line EF be taken; and (by 45. 1 
let the rigat-angled parallelogram FI be applied to EF, equal to M. 
making the breadth EH; and let FS be taken away, equal to AC; -there- 
fore the remainder DB is equal to the renainder KH: but (by 
BD is rational; therefore KH is rational. Now becauſe each of 
ſpaces AB, AC is medial, and AB is equal to FH, and AC to FG, there. 
fore each of the fpaces FH, FG is medial; and they are applied to i: 
rational line EF; therefore (by 23. 10.) each of the lines EH, FG 
rational, and incommenſurable in length to EF: and becauſe DB is ration 
and it is equal to KH, therefore alſo KI is rational; and it is applied © 


} 
» F4\ £2 
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the rational line EF; therefore (by 21. 10.) GH is 
rational, and commenturable in length ro EF: but 
alſo EG 1s rational, and incommenſurable in length 
to EF; therefore (by 13. 10.) GE is incommenſu- 
rable in length to GH : and it is (by 1. 6.) as EG 
to GH ſo is the /quare of EG to the refangle con- 
tained by EG, GH ; therefore (by 10. 10.) the 
ſquare of IG is incommenſurable to the refangl? 
contained by EG, GH : but the ſquares of EG, GH 
are commenſurable to the /quare of EG, for they 
are both rational; but the rectan 
EG,GIH taken twice is comment rectangle 
LG, GII, for it is the double of it; therefore the ſquares of EG, GH are 
incommenſurable to the reZangle contained by EG, GH taken twice (by 4. 
19.); therefore, alſo, both taken together, the Squares of EG, GH, and the 
rect ingle contained by EG, GH taten twice, which (by 4 
of EH, are incommenſfurable (by 17. 10) to the /quares of 


4 | 
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contained by 
ſurable to the 
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but the ſquares of EG, GH are rational; therefore (by 10. def. 10.) the 
ſquare of EH is irrational; and therefore EH : iS irrational; but it is allo 


which is impoſſible. 


face. 


rational, Therefore a medial h does not exceed 


medial hace by a rationa Which was to be demonſtrated, 


. 
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To find medial #raight hits, commenturable only in power, con- 


taining a rational Ipace. 
Let two rational ftraight lines A, B be put commenſurable only in power, 
and let C be taken a mean proportional (by 12. 6.) between A, B; and let 


it be made as A to E lo i5 C to D: 


A id 1 Ber A | 1e 


A, B are rational ines, 
commenſurable only in power, thereicre the refangle con- | 
tained by A, B, that is the ſquare of C, is medial (by 22 4 
10.) ;* therefore C is medial; and becauſe it is as A to B fo | 
is C to D, and A, B are commenſurable only in power, [ 
therefore (by 10. 10.) alſo C, D are co: Se e in power 


| only ; and C is A 11: „ th zere! Ore (by 24. 10.) Dis a 


y* . - 5 | 2 
medial line; therefore C, D are medial lines, comimenſurable 134 ö | 
En e | 4 * Fs Wo 8. 22 1 
only in power. Now | Lay RE they CUNT: Ain a ational / Aces AC BD 
| or 
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For becauſe it is as AtoBſois C to D, therefore it is alternately, as A to 
Clois B to D; but as A to C fo is C to B; therefore as C to B ors 
B to D; therefore (by 15. 6.) the rectangle contained by C, D is equal to 
the ſquare of B: but the ſquare of B is rational; therefore the re/a7gle 


contained by C, D is rational. Therefore medial fraight lines, commentu- 


rable in power only, containing a rational ace, have been found. Which 
was to be done. 


RO Po 


To find medial Iles, commenſurable in power only, containing 
a medial ſpace. 


Let A, B, C be taken, three rational ſtraight lines, commenſurable in 
power only; and let D be taken, a mean proportional between AB; and 
let it be made as B to C ſo D to E. Becauſe the rational lines A, B are 
commenſurable in power only, therefore (by 22. 10.) the refangle contained 
by A, B, that is the ſquare of D, is a medial pace; therefore is D a media 
line: and becauſe B, C are rational lines, commenſurable in power only; 
and it is as B to C ſo is D to E; therefore D, E (by 10. 10.) 
are commenſurable only in power: but D is a medial lixe; 4 
therefore (by 24. 10.) allo E is a medial line; therefore D, E bits T 
are medial lines commenſurable only in power. Now I ſtay | | T- 
alſo that they contain a medial ſpace. For becauſe it is as B 
to C fo 75 D to E, therefore alternately as B to D fo 7s 
to E; but as B to D (by conſt.) ſo is D to A; therefore 
alſo, as D to A ſo i C to E; therefore the refangle contained | 
by A, C is equal to the rettangle contained by D, E: but (by 11 
22 10.) that contained by A, C is a medial ſpace; therefore ADB © = 
alto that contained by D, E is a medial ſpace. Therefore medial lines con- 
inenturable in power only, containing a medial /pace, have been found. 


PT 


Which was to be done. 


LEMMA. 1. To find two ſquare numbers, ſo that alſo the number com- 
pounded of them may-be a ſquare number, , Let two numbers AB, BC 5 
Pp; now let them be either even or odd: and becauſe (by 24 and 26. 9.) 
either an even number be taken from an even number, or an odd . 


7 of 
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ker from an odd 1957, the remainder is even; | 
therefore the remainder AC is even: let AC be cut A... Di. C. . B 
in halves in D; but let AB, BC be eicher ſimilar 

plane numbers, or ſquares, which are alſo fimilar plane numbers; there- 


fore (by 6. 2.) the number made by AB, BC, together with the ſquare of 


CD, is equal to the ſquare of DB; and the number made of AB, BC is a 
ſquare ; ſince it has been demonſtrated (by 1. 9.) that if two ſimilar plane 
numbers, multiplying one another, make any number, the number pro- 
duced is a ſquare: GD ciore there have been found two ſquare numbers; 
the one made of AB, Bf”, and t] ic ſquare of CD; which being compounged 
or put together, make the fquare of BD. Which was to be done, 

Cor. And it is maniſe{t that, again, two ſquare numbers have been 
found, the /quare of BID, and the grare of CD; lo that the exceſs of them, 
the number made by AB, BC, is a ſquare, when AB, BC are ſimilar plane 
numbers: but when they are not ſimilar plane numbers, two ſquare numbers 
have been found, the /quere of BD, and the ſquare of CD; the excels of 
which, the number made by AB, CB, is not a ſquare, 

LEMMA. 2. To find two ſquare numbers, ſo that the number com- 
pounded of them may not be a ſquare number. For let the number made 
by AB, BC be a ſquare, as we have laid (in the foregoing lemma) ; and let 
CA be even, and let CA be cut in halves in D: now it is evident that the 
ſquare number made of AB, BC, together with the fquare of CD, is equal 
to the ſquare of BD: let unity DE. be taken away; therefore the. ſquare 
made of AB, BC, together with the ſquare of CE, is leſs than the ſquare 
of BD. Now I ſay that the ſquare made by the zumbers AB, BC, toge- 
ther with the ſquare of CE, will not be a ſquare. For if it ſhall be a 
iquare, it is either equal to the ſquare of BE, or leſs; for it is not greuter, 


unleſs unity be divided, or the number made by AB, BC, -with the ſquare 


of CD (which is the /qzare of BD), be equal to the Auer made by AB, BC 
with the /74272 of CE; Goto of woicy is impofible. Firſt, if poſiible, let. 
the number male by AB, EC, with the /quare of (E, be equal to the /q2re 
af BE; and let GA be the double of unity DE. Now becauſe the whole 
AC is the double of the whole BD, of which the part taken away AG is 
double of the part texen away DE, therefore allo (by 7.7.) the remain- 
der CG is double of the remainder CE; therefore CG has been cut in 
nalves in E.; therefore (by 6. 2.) the number made of GB, BU, with the 
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Book Xx. Hare of CE, is equal to the iure of BE. 

put alſo the mmber made of AB, BC, with A.. G., HI. D. E. F... C. . E 
the /qzare of CE, is ſuppoſed equal to the 
Cars of BE]; therefore the number made by GB, BC, with the ſquare of CI, 
is equal to the number made by AB, BC, with the ſquare of CE; and the com. 
mon /quare of CE. being taken away, AB is found equal to GB; which 1: 
abſurd. Therefore the number made by AB, BC, with the ſquare of CE, 
not equal to the ſquare of BE. Now 1 ſay that neither is it leſs than the 
ſquare of BE; for, if poſſible, let it be equal to the ſquare of BF; and put 
HA the double of DF : again, HC will be found the double of CF, . 
that alſo HC has been cut in halves in F; and for this (by 6. 2.) the 
number made by HB, BC, with the ſquare of CF, is equal to the /qzare 0 
BF: but the number made by AB, BC, with the ſquare of CE, is alſo ſup- 
poſed equal to the ſquare of BF; therefore the number made by AB, BU, 

with the ſquare of CE, will be found equal to the number made by GB, BC. 

with the ſquare of CF; which is abſurd. Therefore the number made © 
AB, BC, with the ſquare of CE, is not equal to a number leſs than the ſquare 
of BE : but it has been demonſtrated, that neither 7s it equal to the gu 
of BE, itſelf, nor to one greater than it; therefore the number made of 
AB, BC, with the Vie of CE, is not a ſquare number. Although it is wy 
ſible to have demonſtrated what has been ſaid, by more methods; let w 


has been ſaid ſatisfy us, the inveſtigation being rather long, that we may 
lengthen 1t out farther. 


| „„ 
To find two rational /nes commenſurable only in power, ſo 


the greater may be more in power than the leſs, by the Auale of a 
line commenſurable to itſelf in length. 


For let any rational line AB be taken, and (by cor. to lemma 1.) e. 
CD, DE be two ſquare numbers, ſo that CE, the exceſs of then, = 
not be a ſquare; and let the ſemi-circle AFB be deſcribed upon A, 4c 
let it be made (by cor. to 6. 10.) as DC to CE fo is the {quare of AB tO 
the /quare of AF, and let FB be joined. Now becauſe it is as the {q\2!” 

of BA to the ſquare of AF ſo is DC to CE, therefore the /quare of 
has to the /quare of AF the ratio which the number DC has to then. 


[ 
dis 
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ber CE; therefore (by 6. 10.) the ſquare of BA is commenſurable to 
the ſquare of AF: but the ſquare of AB is rational (by 8. def. 10.) ; 
therefore (by 9. def. 10.) the /quarz of AF allo is rational 
(by 6. def. 10.) AF is rational. And becauſe 
DC has not to CE the ratio which a ſquare 


and, therefore, 


number has to a ſquare number; neither, 
therefore, (by conſt.) has the ſquare of BA tg 
the ſquare of AF, the ratio which a ſquare 


number has to a ſquare number; therelore A. R 
(by 9. 10.) BA is incommenſurable in length Die, Tones" 1 


to AF; therefore (by 3. def. 10.) AB, AF are rational lines commenſurab! 
in power only. And becauſe it is as DC to CE. lo is the ſquare of BA to 
the ſquare of FA; therefore, by converſion, (by 19. 5. and +47. 1.) as CD 
to DE ſo is the /quare of AB to the /quare of BF: but CD has to D the 
ratio which a ſquare number has to a ſquare number; therefore the ſquare 


* 
— 


of AB has to the ſquare of BF the ratio which a ſquare number has 


to a ſquare number; therefore (by 9. 10.) AB is commenſurable in length 
to BF; and (by 47. 1.) the quare of AB is equal to the {ſquares of AF, FB; 
therefore AB is more in power thin AF by the {quare of BF, a line com- 
menſurable to itſelf in length. "Therefore two rational fraizht lines AB, AF 
commenſurable only in power have been found, ſo that the greater LA is 
more in power than the leis AF by the Ju re of the line H commenſu- 
rable to itſelf in length. Which was to be [demonſtrated] done, 


EMO PA NAXE 
To find two rational res commenſurable only in power, ſo 
| J 
that the greater may be more in power than the lels, by the {gquare 
of a liue incommenſurable to itſelf in length. 


Let the rational line AB be taken; and (by 2. lem. 30. 10.) let CE, ED 


be two ſquare numbers, ſo that CD, the number compounded of them, may 
not be a ſquare; and let the ſemicircle AFB be deferibed upon AB; and 


the /auare of AF; and let FB be joined. Certainly in the fame inner we 
ſhall demonſtrate, as in the propoſition before this, that AB, AF are rational 
Rraight lines commenſurable in power only; and becauſe it is as DC to C1, 


Pp iy 


let it be made (by cor. to 6. 10.) as DC to CE. fo is the /quare of AB co 
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ſo is the ſquare of AB to the quare of AF, therefore, by hi as CD 
to DE ſo is the /quare of AB to the ſquare of 


BF : but (by the conſt.) CD has not to DE * 


number; neither, therefore, has the quare of 
AB to the /quare of BF the ratio which a ſquare 

74 
number has to a ſquare number; therefore (b A _ 
9.10.) AB is incommenſurable in length to BF; 
and AB is more in power than AF by the ſquare of the line BF incommen - 


ſurable in length LO It ſelf; thereſore AB, BF are rational nes, commen- 
ſurable only in power; and AB is more in power than AF by the ſquare 
of BF a line incommenſurable to itfelf in length. Which was to 8 donc. 

LEMMA. Let there be two ſtraight lines in any ratio, it will be as the 
ſtraight line to the ſtraight line ſo is the rectangle contained by the two lines 
to the ſquare of the leaſt. For let there be ſtraight lines 13 0 
AB, BC in any ratio; I ſay that it is, as AB to BC ſo is the | 
reftangle contained by AB, BC to the ſquare of BC. For let DB 
the ſquare BDE be deſcribed upon BC, and let the paral- | 
lelogram AD be completed. Now it is evident (by 1. 6.) 
that it is as AB, BC ſo is the parallelogram AD to the paral | -| 
lelogram BE; and AD is the rectangle contained by AB, BC, 
for BC is equal to BD; but BE is the /quareof BC: there- — 
fore as AB to BC lo is the rectangle contained Dy AB, PC to the gu,˖d - 
of BC. Which was to be demonſtrated, | 


P R O P. XXXII. 


To find two medial Haig lines, commenſurable only in power 


cContaining a rational ſpace, ſo that the greater be more in power 


than the leſs by the ſquare of a Ane commenſurable to itſelt in 


length. 


Loet A,B be taken, (by 30. 10.) two rational lines commenſurable on! 
in power; ſo that A, being greater, may be more in power than the le 
B, by the ſquare of a line commenſurable to itſelf in length; and let the 
ſquare of C be equal to the rectongle contained by A, B; but the Tecs. 


Ci Ontagtne: 


-” 


o 
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contained by A, B is medial (by 22. 10.) ; therefore the He of C is Book X. 


medial; therefore allo C is a medial % , but let the refangle contained 


by C, D be equal to the ſquare of B; but tlie rare of Bis rational; there 
fore the reclangle contained by C, D is rational alſo: and becauſe it is (by 


lem. foreg.) as A to B io is the reffengie contained by A, B 
B; but the 7 gs coutamed by &, B is equal to the ſquare of C; and the 
reftangle contained hy C, D is equal to the nr of B; therefore as A to B 


ſo is the ſquare of C to the reffangl!? coutaiied by C, D: 


to the Ros of 


(by lem. foreg.) as the ſquare of C to the refangle contained 7 
by C, D ſo is C to D; therefore alſo as A to B ſo is C to | 


D: but A is commenſurable only in power to B; the 


: 24, 1 CS * . 5 g 
fore 110 (by .. OD Eis commenlurable to 10 IN POW! 


only; and C is a weatal line; therefore (hy 24. 10.) D alſo | | 
is a medial ine: and becavle it is as A to B ſo is C to D; Bs | | 
and A is more in power than B by tae /quare of a line ACBD 


commenſurable to itſelf in length; therefore. allo (by 15. 10.) C will be 
more in power than D by the quare of a line commenſurable to itſelf 118 
length. Therclore C, D, two medial lines, have been found, commenſurable 
only in power, containing a rational ſpace; and C is more in power tha 

D by the ſquare of a lin connnenturable to itſelf in length. 


be done. 


But in like manner it will be demonſtrated that 


Which was to 


two meatal fliraight [Ines 
may be found, commenſuradle only in power, containing a rat! oat ſpace; fo 
that the greater may be more in power than the leſs by the 75 uare of a Jin 
incemmenſurable to itfelf iu lengin, when A is more in power han B by toe 
-* ſquare of a lize inconmenturable to it cfelf in length. | 

LEMMA. If there be three ſtraight lines in any ratio, it will be as the 
firſt to the third fo is the rectangle contained by the firſt and the middle one 
to hat contained by the middle one and the [leaſt] Mo Let there be three 
{iraight lines AB, BC, CD in any ratio: 1 tay 
that it is as AB to CD ſo is the redlangle contained 
by AB, BC to: that contained by EC, CD. For 
from the point A, let AE be drawn at right angles 
to AB, and put AE, equal to BC ; and through the point E. let EG be 
drawn parallel to the ſtraight line AD, and through the points B, C, D let 
FB, HC, GD be drawn parallel to AE. And becaulc it is (by 1. 6.) as 
P 2 | \ AB 


10 


To to 
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AB to BC ſo is the parallelogram AF to the parallelogram BH; but as 
BC to CD ſo is BH to CG; therefore, by equality, as AB to CD ſo is 
the parallelogram AF to the parallelogram CG; and AF is the rectangle 
contained by AB, BC, for AE is equal to BC; but CG 1s the reFonz!e 
contained by BC, CD, for BC 1s equal to CH. Therefore if there be 
three ſtraight lines in any ratio, it will be as the firſt to the third fo is the 
x angle contained by the firſt and middle to that contained by the middle 
>: and third. Which was to be demonſtrated. 


R 0. XXXIII. 

To find two medial lines, commenſurable only in power, con- 
taining a medial ſpace, ſo that the greater may be more in power 
than the leſs by the ſquare of a line commenſurable to itſelf , 
length, | 


Let the three rational ſtraight lines A, B, C be taken, (by 30. 10.) com- 
menſurable only in power, ſo that A may be more in power than C by tlie 
ſquare of a line commenſurable to itſelf in /ength; and (by 14. 2.) let the 
/quare of D be equal to the rectangle contained by A, B: but (by 22. 10.) 
the rectangle contained by A, B is a medial ſpace; therefore the ſquare ©: 
D is a medial ſpace; and therefore D is a medial line: but let the rectangie 
contained by D, E. be made (by 45. 1.) equal to the-refangle contained by 
E, C; and becauſe it is (by 1.6.) as the refangle contained by A, B to 
that contained by B, C ſo is A to C; but the /quare of D is equal to the 
rectangle contained by A, B; and the reFangle contained by D, E is equal to 
that contained by B, C; therefore it is as A to C ſo is the /quare of D to 
the recfangle contained by D, E: but (by lem. to 32. 10.) as the ſquare of 
D to the recfangle contained by D, E. ſo is D to E; there- 5 
tore alſo as A to C fo is D to E: but (by conſt.) A is com- RF [ 
menſurable to C only in power; therefore D (by 10. 10.) | : 
is commenſurable to E in power only: but D is a medial | 
line, therefore (by 24. 10.) E is a medial line: and becauſe 8 
it is as A to C ſo is D to E; and A is more in power ADBEC 
than C by the ſquare of a line commenſurable to :itfelf in length; there- 
fore D allo will be more in power than E (by 15. 10.) by the ue ot 
a /fraight line commenſurable to itſelf in lengib: now 1 ſay alſo that che 


"a / 
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refangle contained by D, E is a medial ſpace; for becauſe the rectaugle con- 
tained by D, E is equal to that contained by B, C; but the rectangle con- 
tained by B, C is a medial ace; therefore allo the rectangle contained by 
D, E is a medial ſpace. Therefore two medial Jin D, E have been found, 
commenſurable only in power, containing a media] Pace, fo that the greater 
is more in power than the leſs by the ſquare of a line commenſurable to itſelf 
in length. Which was to be done. But, again, in like manner, it will be 
demonſtrated that two medial flraight lines commenſurable only in power, may 
be found, containing a medial ſpace, fo that the greater may be more in power 
than the leſs by tlie ſquare of a line incommenſurable to itſelf % length. 
LEMMA. Let ABC be a right-angled triangle, having BAC the right 
angle; and let the Free AD be drawn: I ſay that the re aug. 
contained by CB, BD is equal to the ſquare of AB ; and that the rectangle 
contained by BC, CD is equal to che ſquare of CA; and that the refangi: 
contained by BD, DC is equal to the /qrare of AD; ; 175 that the reggie 
contained by BC, AD is equal to the rectaugle contained by BA, AC. And 
firſt, thar the d contained by CB, BD is equal to the Fare of AB: 
For becauſe in a right-angled triangle a perpendicular AD has been drawn 
from the right-angle to the baſe, therefore (by 8. 6.) the triangles 
ABD, ADC are ſimilar both to the whole ABC and to one another; and 
becauſe the triangle ABC 1s fimilar to the triangle ABD, theretore it is (by 


1. def. 6.) as CB to BA ſo is BA to BD; therefore (by 17. 6.) the refarg!. 
contained by CB, BD is equal to the ſquare of AB: certainly, for the fame 
reaſon allo, the re Tang! e cont ed by BC, CD is E „ 1 


equal to the ſquare of AC. And becauſe (by cor 
$.6.) if in a right-angled triangle a perpend:- 
cular be drawn from the right angle to the baſe, 


the fraight line drawn is a mean proportional be- N 


tween the ſegments of the baſe; therefore it is, a: 3 BD to DA ſo is AD te 
DC; z therefore the re angle contained by F BD, L Dis eg to the . [QUT e Ot 
DA: I ſay that allo the rue contained by BC, Al is equal to the refauple 
contained by BA, AC: for TRE auſe, as we have laid, ABC is ſimilar to 
ADB, therefore it is as BC to CA fo is BA to AD; but (by 16. 6.) if four 


= ESDRYY = DW SOD. 34 Fo * * 1 . * : — r 
ſtraigh 18 lines be proporti ON: Is, tlie rectangle contained by the extreme: 


CF 
equa] to the rectangle conte ined by the means; therefore the reclaugie (Ct 
tamed by BC, AD is equal to the rectangle contained by BA, AC. And 1 


we ſhall deſcribe the right-angled p deat EC, and complete AE, 


Baok X. 
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T ſay that EC will be equal to AF; for each of them is the double of the 
triangle ABC; and EC is the rect angle contained by BC, AD, and AF 
that contained by AB, AC; therefore the rectangle contained by BC, AD is 
equal to the reangle contained by BA, Ac. Which was to be demon- 
ſtrated. EE 

LIMA. 2. If a ſtraight line be cut into unequal parts, it will be as the 
ſtraight line to the ſtraiglit line lo is the reftangle contained by the whole 
and the greater part to Hat contained by the whole and the leſſer part. 

For let any ſtraight line AB be cut into unequal parts at E; I ſay that as 
AE to FB fo is the refengle contained by BA, AE to that 


A. "WB 
contained by BA, BE. For let the ſquare ACDB be de- 
{ſcribed upon AB ; and through the point E let EF bedrawn 
parallel to either of the lines AC, DB: now it is evident | 
(by 1. 6.) that as AE to EB ſo is the parallelogram AF 5 2 
to the p- arallelogr am FB; and AF is the rectaugle con- 2 F P 


tained by BA, AF, for AC is equal to AB; but FB is that contained by 
AB, BE, for DB is equal to AB; therefore as AE to EB ſo is the refang!: 
contained by BA, AE to that contained by AB, BE. Which was to be 
demonſtrated. 

LEMMA. 3. If there be two unequal fraight lines, and the leſſer of 


them be cut into equal parts, the rectangle contained by the two ſtraight 


lines will be double of that which is contained by the greater, and the halt 


of the leſſer. Let AB, BC be the two unequal ſtraight K F G 
lines, of which let AB be the greater; and let BC [I | 


be cut in halves at D: I ſay that the refangle contained 
by AB, BC 1s double of that contained by AB, BD. 

For from the point B let BE be drawn at right angles A D C 
to BC, and let BE. be put equal to BA, and let the figure be deſcribet : 
now. becauſe it is (by 1. 6.) as DB to DC fo is BF to DG, therefore, by 
compolition, as BC to DC id is BG to DG; and BC is the double of 
DC ; therefore alſo BG 1s the double of DG; and BG is the refangle con- 
tained by AB, BC, for AB is equal to BE; but DG is the eHang 
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contained by AB, BD, for BD is equal to DC, and DF to AB, W hich 
as to be demonſtrated. 


PROP. 
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PRO P. XXIV. 
To find two ſtraight lines, incommenſurable in power, mah ing 
the pace compounded of the ſquares of thein rational, but the 
rectangle contained by them a medial pace. 


Let AB, BC be taken, (by 31. 10.) two rational lines commenturable only 
in power, lo that the greate r AB may be more in power than the lets BC by 
che ſquare of a line incommenſurable to itfelf ix length ; and let BC be cut in 
halves in D; and (by 23.6.) let a parallelogram be applied to AB equal to 
=; ſquare of either of the Leet D, DC, deficient by a ſquare ſigure; and 

t it be the refFengle contained by AE, EB; and let the ſemicircle AFB be 
. upon AB; and er F EF be drawn at right 
angles to AB; and r AF, FB be joined. And 
becauſe the two ſtraight lines AB, BC are unequal, 


and AB is more in power than BC by the ſquare 


Sad 


? 


of a line incommenſurable to itſelf iz length; and becarſe a parallelogram 


has been applied to AB, « equal to the fourth part of the ſquare of the leffer 


! 


IJ . 1 — . — . : 
BC, that is to the ſquare ol the half of it, deſicient by a ſquare figure ; and 


makes the veckangle contained by AE, EB; therefore (by 19. 10.) AE is 


e en to EB: and becauſe it is (by 1. 6.) as AF. to EB lo 7s the 


\ 


rectangle contained by BA, AE to that contained by AB, BE,; but the 


AF; and that contained by AB, BE is equal to the ſquare. of BF; there- 
fore the ſquare of AF is incommenturable to the /qzare of BF; therefore 


AF; FB are incommenſurable in power: and becauſe AB is rational, there- 


the ſquares of AF, FB is rational: and again, becauſe the recaugle cculalned 
by AE, EB is equal to the /qrare of EF; but the rectangle contained by 
AE, EB is ſuppoſed equal to tlie /quare of BD; therefore FI: is equal to 
BD; therefore BC is the double of EE; 0 2 that alſo the reclangle contained 
by AB, BC is double of the reFangle contained by AB, LF (by 1. 6. ) : but 
the rectangle contained by AB, BC is a n 1 1556 (by 22. 10.) therefore 
allo the rectangle contained by AB, EF- is a Es IE We but the vecftaugle 
contained by AB, EF is equal (by 1. lem. foreg.) to that contained by AF, I, 
therefore the rectangle contained by AF, FB is a medial Space; but the 


Pace compounded of the ſquares of them has been demonſir— ted 7% be 
| | | rational, 


rectangle contained by BA, AE is (by 1. lem. foreg.) equal to the /qrare of 


fore alſo the {quare of AB is rational; fo that alſo the ſpace compounded of 
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rational. Therefore two ſtraight lines AF, FB have been ſound incommen— 
ſurable in power, making the pace compounded of the ſquares of them 
rational, but the reFangle contained by them a medial ſpace, Which was g 


be done, 


PK OU XXAV. 
To find two ſtraight lines, incoinmenſurable in power, making 
the ſpace compounded of the tquares of them medial, but the 
redonste contained by them a rational /þace. 


Let AB, BC be taken (by 32. 10.), two medial lines commenſurable on! 
in power, containing a rational ſpace, the rectaugle contained by them, {6 
that AB may be more in power than BC by the ſquare of a line inconuncn— 
ſurable to itſelf i length; and let the femicircle ADB be deſcribed upon 
AB; and let BC be cut in halves at E,; and (by 28. 6.) let a parallelograin, 
the refangle contained by AF, FB, be applied to AB, equal to the /quare oi 
BE, deficient by a ſquare figure; therefore (by 19. 10.) AF is incommen- 
ſurable in length to FB; and from F let FD be drawn at right angles t 
AB, and let AD, DB be joined. Becauſe AF is incommenſurable in lengt“ 
to FB; therefore (by 1. 6. and 10. 10.) allo the refangle contained by 
15 „AF is incommenſurable to the recfangle contained by AB, BF: but (by 

. to 34. 10.) the refangle contained by BA, AF is equal to the /q#4r? 

{ AD, and the reFangle contained by AB, BF to the /quare of BD; there- 


800 the ſqusre of AD is incommenſurable to the ſquare of BD; therele 
AD, BD are incommenſurable in power: and 


becauſe the ſquare of AB is a medial pace, there- {> 

tore alto the /pace compounded of the ſquares of Pet N 3 
AD, DB 1s medial; and becauſe BC is the dou- A * 
ble of DF, therefore alſo the reFangle contained by AB, BC is double (by 
1. 6.) of that contained by AB, DF; fo that alſo it is commenſurable: bu: 
the reftangle contained by AB, BC is rational, for it is ſuppoſed ſo; there- 
fare alſo that contained by AB, DF is rational; but (by 3. lem. 24. 10.) the 
rectangle contained by AD, DB is equal to that contained by AB, FB), 
that 1110 the rectangle contained by AD, DB is rational. Thereſore two ſtraig! 
lines AD, DB have been found, incommenſurable in power, making 
ſpace compounded of the ſquares of them medial, but the rectangle con 
tained by them a rational pace. Which was to be done, 


PROP, 


0 Ee 0:1 43-4; | Ty 


PR O b. XXXVI. 

To 03 two ſtraight lines, incommenſurable in power, making; 

both the ſpace compounded of the ſquares of them incdial, and 

the rectaugle contained by them medial, and beſides incommentu- 
rable to the {pace compounded of the ſquares of them. 

Let AB, BC be taken (by 23. 10.), two medial lines, commenſurable on!; 
in power, containing a medial ſpace, fo that AB may be more in power tha 
BC by the ſquare of a line inconmmenſurable to itfe:f 72 /ength ; and let the 
ſemicircle ADB be deſcribed upon AB; and let the reſt be made in like 
manner as in what has been ſaid above (34. 35.) . And becauſe AF is incom 
menſurable in length to FB, alſo AD is incommenſurable to DB in power; 
and becauſe the ſquare of AB is a medial /pace, there fore allo the /pace com- 
pounded of the /quares of AD, DB is medial; and becauſe the reale 
contained by AF, FB is equal to the ſquare of either of the /izes BE, DF, 
therefore DF is equal to BE; therefore BC is the double of FD; fo that 
alſo the rectangle contained by AB, BC is double of the refangle contained by 
AB, DF: but the rectangle contained by AB, BC is a medial ace; there- 
fore alſo the redtangle contained by AB, DF is a medial pace, and (by 1. 
lem. 34. 10.) is equal to t contained by AD, DB; allo the rectangle con- 
tained by AD, DB is a medial pace. And becauſe 
AB is incommenſurable in length to BC; but CB 7 7 
is commenſurable to BE; therefore alſo AR is en] 
incommenſurable in length to BE; fo that alfo (by 
t. 6. and 10. 10.) the fquare of AB is incommentiurable to the reCtanzle 
contained by AB, BE: but the ſquares of AD DB arc equa} to the gre of 
AB; and the rectangle contained by AB, DF is equal to 173 it contai; 
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AB, BE, that is, to hat contained by AD, DB; therefore the ſpace Cos 
pounded of the ſquares of AD, DB is incommenturable to tlie rectangle con- 
tained by AD, DB. Therefore two ſtraight lines have been found, incom- 


menſurahle in power, making both the /pace compounded of the gu of 


them medial, and the rectangle contained by them medial, and beſides incom- 


menſurable to the ſpace compounded of the ſquares of them. Which was 
'9 be done. 


Q Sag 
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If two rational e commenſurable only in power be put together, 
the whole is irrational; and let it be called a BINOMIAL Ine. 


For let the two rational {izzs AB, BC, commenſurable only in power, be 
put together; I lay that AC is irrational. For becauſe: AB is incommen— 
ſurable to BC in length, for they are commenſurable only in power; but 
'AB to BC ſo (by 1. 6.) is the rect nge contained by AB, BC to the /quare of 
BC; therefore (by 10. 10.) the redlangle contained by AB, BC is 0 
incommenſurable to the /quare of BC: but the rectangle contained | 
by AB, BC taken twice is commenſurable (by 6. 10.) to the recfangle 


contained by AB, BC ; but (by 16. 10.) the ſquares of AB, BC are 


commenſurable to the /quare of BC; thercſore the rectangle con- A 
rained by AB, BC agen twice is incommenſurable to the /quares of AB, BU 
and, by compoſition, (by 16. 10.) the rectangle contained by AB, BU 79%, 


twice, with the /quares of AB, BC, that is (by 4. 2.) the rare of AC, 
incommenturable to the 9 ce compounded of the /q#ares of AB, BC: but 
the ſpace compounded of the ſquares of AB, BC is rational; theretore tt 


{quare of AC is irrational; ſo that alſo AC is irrational; but let it be call. 


hp was 
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| / Þ.- MANA VAIL 
It two medial J commenſurable only in power be put togetine: 
| containing a rational /pace, the whole is irrational; and let it bc 
called a IRS T BIMEDIAL Ane. 
For let two medial lines AB, BC, commenſurable only in power, be pu! 
together, containing a rational pace; 


* 


t | E 
; 1 ſay that the whole AC is irratich. 
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becauſe AB is incommenſurable in length to BC, alſo the 


ſquares of AB, BC are incommenlurabie to tlie rectangle contained by 
AB, BC-taten twice (by 13. 10.) ; therefore, by: compoſition, (b) 
16. 13.) the ſquares of AB, BC, with the rectangle contained by 
AB, BC taker twice, which is (by 4. 2.) the ſquare: of AC, 
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Cl 
are ſuppoſe. az Contammg a ratlona! ace; therefore THE ſquare e 
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irrational; therefore AC is irrational; and Jet it be called a firſt bimedial. = 


9 


Jiue. 
PR O P. „ . J 


If two medial /e, commentura 


le ofly in power, be put to- 


- 


(Her * 1 180 4 > ih. . $6 ; "> = | oY 12 10 1 R 4 1 
gether, Contammnig a medial bac, the WIIOle 18 IFFALLQNAL;; And let 


Go 


. 12 1 3 5 I ha 
it be called a SECOND BINMEDIAL Ine. 


For let two medial lines AB, BC, commenturable only in power, be pr: 


\ — 11145 Gr * . % 174 5 1 7 5 4 1 % Y « ' 
together, Contalmng a medial ſpace, ] ILY Hat AG is irrational. Let Lit 


rational line DE be taken; and (by 45. 1.) let the parolleiorram D by 
applied to DE, equal to the ſquare of AC, making the bicadth DG: au 


becauſe (by 4. 2.) the /qyare of AC is equal to the /puzres of AB, BC, and 
the refangle contained by AB, BC taten twice; now let Eil be applied to 
DE, equal to the ſquares of AB, BC:; therefore the renminder FII is 
equal to the rectangle contained by AP, BC aten twice: and becauſe 
each of the lines AB, BC 1s medial, therefore the ſquares of AB, BC 
are medial: but alſo the rectangle contained by AB, BC, taken twice, 
is ſuppoſed medial; and EH is equal to the ſquares of AB, BC; 
and HF is equal to the rectangle contained by AB, BC faten twice; 
therefore each of the /paces EH, HF is medial; and | 
R 8 . 5 yo D H 

they are applied to a rational line D.; therefore (by 1 
23. 10.) each of the lines DN, HG is rational, and in- 
commenſurable in length to DF. : and becauſe AB is in- 8 0 
commenſurable in length to BU; and it is as KB to BO | | 
ſo (by 1. 6.) is the /quare of AB to the rectangle. con- | FB 
tained by AB, BC; therefore (by 10. o.) the reckangle | 


contained by AB, BC is incommenſurable to the ſquare e ee 
| | J IX a A 


———— ů ů — — 


of AB: but (by hyp.) the ſpace compounded of the 
ſquares of AB, BC is commenſurable to the /quare..of AB ; and then 
angle contained by AB, BC talen twice is commenſurable to tha con- 
tained by AB, BC; therefore (by 14. 10.) the pace compounded of the 
ſquares of AB, BC is incommenſurable to the rectangle contained by KB, BC 


boom 


faken twice: but EH is equal to the /quares of AB, BC, and HEY is equa 
to the rectangle contained by AB, BC taken twice; theretore 1H 1s incom- 
menſurable to HF; fo that alſo DH is incommenturable in length to 110; 


Q 2 | but 
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Book X. but they have been demonttrated to be rational; therefore DH, IG arc 

| YO rational lines commenturable only in power; ſo that (by 37. 10.) DG i: 

| irrational; but DE is rational: but the rectangle contained by a rational and 
irrational line is irrational; therefore the ſpace DF is irrational; and there. 
fore the line in power equal to it is irrational : but (by conſt.) AC is the 4% 
in power equal to DF; therefore AC is irrational; and let it be called a 
{ſecond bimedial /ne. 

ScnoLriuM. But he has called it a ſecond bimedial line, becauſc the 

recklangle contained by them contains a medial ace, and not a rational; but 
a medial is in a fecond place to a rational. But it is manifeſt that the 
reftangle contained by a rational and irrational line is irrational: for it it 13 
rational, and has been applied to a rational line, allo (by 21. 10.) its othe; 
{ide would be rational; but it is alſo irrational, which is abſurd : therefors 
the refZangle contained by a rational and irrational line is irrational, 


f > — — — —— — 
: * "a a 


„„ 

{f two ſtraight lines, incommenſurable in power, be put togethot 
making the pace compounded of the ſquares of them rational, but 
| the rectangli contained by them a medial ſpace, the whole ſtraight 
| line is irrational; and let it be called a GREATER ie. 


For let the two ſtraight lines AB, BC, incommenſurable in power, be pus 
together, making the propoled ſpaces ; I ſay that AC is irrational, Sor 
becaule the refangle contained by AB, BC is a medial /pace, there- 
tore allo the refangle contained by AB, BC traben twice (by cor. lf 
24. 10.) is a medial ſpace; but the ſpace compounded of the ſquares 5 
of AB, BC is rational (by hyp.) ; therefore the refangle contained 
by AB, BC taken twice is incommenſurable to the /pace compounded 
of the /quares of AB, BC; fo that alſo the ſquares of AB, BC, 8 
with the rectangle contained by AP, BC vaten twice, which (by 4. 2.) is tt 


s * 
. 
ki. Wa 


the ſquares of AB, BC: but the ſpace compounded of the ſquares of AB, 
is rational; therefore the {quare of AC is irrational; fo that allo AC 1s ira. 
tional; and let it be called a greater Jie. 
_SCHOLIUM, But he has called it a greater line, becauſe the rational. 
the quares of AB, BC, are greater than the medial the rectangle contain 
by AB, BC taken twice; and it is neceſſary that the naming be ordered H 


. 11 


— 


the relation of the rational parts. But it muſt be thus demonſtrated, 
that the /7zares of AB, BC are greater than the r:anpgle contained 
by AB, BC taten twice. Now 1t is evident that AB, BC are BF 
unequal ; for it they were equal, allo the /qz&res of AB, BC would 
be equal to the refanzle contained by AB, BC taken twice; and the * 
rectangle contained by AB, BC would be rational, which is not ſup— 
poſed; therefore AB, BC are unequal: let AB be fuppoled the 
greater, and put BD equal to BC; therefore (by 7. 2.) the ſquares 
of AB, BD are equal to the rectangle contained by AB, BD alen 
twice, and the ſquare of AD : but DB is equal to BC; therefore 1 
the /quares of AB, BC are cqual to the rectangle contained by 

AB, BC taken twice, and the /qxare of AD; fo that the ſquares of AB, BC 
are greater than the re&angie contained by AB, BC taken twice, by the 
ſquare of AD. Which was to be demonſtrated, 


PR „„ | 
If two ſtraight lines, incommenturable in power, be put together, 
making the /pac- compounded of the ſquares of them medial, but 
the redangle contained by them a rational pace ; the whole ſtraight 
line is irrational, and let it be called a line in power equal to a rational 
and medial /pace. 


Forlet the two ſtraight lines AB, BC, incommenturable in power, 
be put together, making the propoſed /paces ; I fay that AC is irra- 1 
tional. For becauſe the ſpace compounded of the ſquares of AB, BC © 
is medial, and the reffangle contained by AB, BC taken twice is a 
rational ſpace, therefore the ſpace * compounded of the ſquares of 
AB, BC is incommenſurable to the refangle contained by AB, BC 
taken twice; ſo that alſo, by compoſition, the ſquare of AC is (by 17. 10.) 
tacommenſurable to the rectangle contained by AB, BC ten twice: but 
the refang/e contained by AB, BC taken twice is rational; therefore the 
Jauare of AC is irrational: therefore AC is irrational; and let it be called 
a line in power equal to a rational and medial /pace, | 

SCHOLIUN., 


1 


A 


But he has called it a Iine in power equal to a rational 
and medial Hphace, becauſe it is in power equal to. two ſpaces, the one 


rational, and the other medial; and on account of the pre-exiſtence of the 


rational, he has named the rational firſt, 


PROP. 


Book X. 
— — 


113 OT HE EFLEMENTS 


Rook: X. „F ‚ II. 


If two ſtraight lines, incommenſurable in power, be put together, 


making both the ſpace compounded of the {quares of them medial, 
and the rectangle contained by them a medial ſpace, and befides 
incommenſurable to the ſpace compounded of the ſquares of them; 
the whole ſtraight line is irrational, and let it be called a /%e in power 
equal to two medial /paces. 

For let the two ſtraight lines AB, BC, incommenſurable in power, be put 
together, making both the ſpace compounded of the ſquares of AB, BC 
medial, and the. rectangle contained by AB, BC a medial ſpace, and belides 
incommenſurahle to the ſpace compounded of the ſquares of AB, BC; I lay 

that AC is irrational. For let the rational /;zze DE. be put; and (by 45. 1.) 
let the reFZangle DF be applied to DE, equal to the ſquares of AB, BC ; al 
GH, equal to the re&anple contained by AB, BC taken twice; therefore the 
vole DH 1s equal (by 4. 2.) to the ſquare of AC: 


: n 
and becauſe the ſpace compounded of the ſquares of A * 
AB, BC is medial, and equal to DF, therefore alſo * = 1 
DF is medial, and it is applied to the rational J%e DE; maya: 

| E F<: ak 


therefore (by 23. 10.) DG 1s rational, and incommen- 
ſurable in length to DE. Certainly, for the ſame reaſon, alſo GK is rational, 
and incommenſurable in length to FG, that is, to DE: and becauſe the 
ſquares of AP, BC are incommenſurable to the re/Zangle contained by AB, BC 
taken twice, DF is incommenſurable to 1G ; fo that alſo (by 1. 6. and 10. 
| | 10.) DG is incommenſurable to GK; and they are rational; therefor: 
DG, GK are rational ines commenſurable only in power; and therefore (by 
| 37. 10.) DK is the irrational line called a binomial, and DE is rational; 
4 therefore (by ſchol. of 39. 10.) DH is irrational; and the line in power equal 
to it is irrational: but AC is equal in power to DH ; therefore AC is irra- 


| tional, and let it be called a line in power equal to two medial ſpaces. 

SCHOLIUM, 1. IIe calls it a line in power equal to two medial /pace-, 

| | becauſe it is in power equal to two medial ſpaces, the ſpace compounded 

of the /quares of AB, BC, and the refangle contained by AB, BC Vale, 
twice, 


SCHOLIUM, 
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SCHOLIUM. 2, But that the ſaid irrational lines are 
into the ſtraight lines of which they are compounded, making the propoſed 
kinds, we ſhall now demonſtrate, premilſing this lemma. 


LEMMA. Let the i raight line AB be taken, and let the whole be . 
cut into unequal /egmerts at each of the points C, D; but let AC 
be ſuppoſcd greater than DB: I ſay that the /qrares of AC, CB 
are greater than the /quares AD, DB. For let AB be cut in halves 
at E.; and becauſe AC is greater than DB, let the common part 


D© be taken away; therefore the remainder AD 


— 


is greater than 
the remainder CB: but AE. is equal to EB; therefore DE is leſs 


than Ch: ; therefore the points C, D are not equaliy diſtant from 
the Pein of ſection in halves: and becauſe the rectangle (Dy . . A 
contained by AC, CB, with the ſquare of EC, is equal to the fquare of EB; 


1 
1175 | 40 ; 11 Y 
is equ. 
1 R yen © ee 'S B * 3 Ef ? y " 2200 
to the fquare of EB ; therefore the reFanole cont gate 


ut the rectangle contained by AD, BD, with the ſquare of DF, 
; Tang. ned by AC, CB, with the 


/quare of LC, is equal to the rectangle contained by AD, DB, with the /quare 
ot -DE;, of which the gare of DE is leſs than the ſauare of EC; there: 
tore the remainge! te: rectangle contained by. AC, CE, is lefs tlian tlie 
rectangle contained by AD, FR, {0 that allo the e contained by 
AC, CB faken twice is leſs than | 
twice: take them from tre ſquare oy AB; therefore the remainder; Lic /pac? 


£ 1 © j . 4 o 1 ; 
Wola balelth = | NAT: THS [r194/7 3; 11 Af * . * . 3 * PA _ 
COLNPOUTIUCE Co PIC /fHEPFIS OL AC, CB, 15 greater than tlie pd c CONN - 


: rectangle contained by KD, DB rake: 
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pounded of the /qveres of AD, DB 
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at D; which is not ſuppoſed, for C, D are difſerent points; therefore AC 
is not the ſame as DB: certainly, on this account, alſo the points C, D 
arc not at an equal diſtance from the point of ſection in halves; therefore by 
whatever ſpace the ſquaics of AC, CB differ from the ſquares of AD, DB, 
by the ſame alſo the rectangle contained by AD, DB au twice differs fron 
the reclangle contained by AC,CB taken twice; becauſe the ſquares of AC, CB, 
with the refangle contained by AC, CB taken twice, and the /quares of 
AD, DB, with the rene contained by AD, DB taken twice, are equal to 
the /quare of AB: but the ſquares of AC, CB differ from the ſquares of 
AD, DB by a rational ſpace, for they are both rational ; therefore alſo the 
rectangle contained by AD, DB, taten twice, differs from the rectangle con- 
tained by AC, CB taten twice, by a rational /pace, being medial ſpaces : 
but (by 27. 10.) a medial ſpace does not exceed a medial ſpace by a rational 


ſpace; therefore a binomial line is not divided at different points ito 7/5 


names, therefore only at one. Which was to be demonſtrated. 


PK OP, MA. 


A firſt bimedial Ine is divided into its names in one point only. 


Now let AB be a firit bimedial line divided at the point C, ſo that 
AC, CB may be medial lines, commenſurable only in power, containing 
rational /pace; I ſay that AB is not ſo divided at another point. For, it 
poſſible, let it be divided alſo at D, ſo that AD, DB may be medial lines, 
commenſurable only in power, containing a rational /pace; therefore 
becauſe by whatever ſpace the rectangle contained by AD, DB | 
zaken twice, differs from the rectangle contained by AC, CB taken #C 
twice, by the ſame alſo the Squares of AC, CB differ from the * 
ſquares of AD, DB: but the rectangle contained by AD, DB taken 
twice differs from the re&angle contained by AC, CB taken twice, | 
by a rational /pace; for they are both rational; therefore alſo the A. 
ſquares of AC, CB differ from the ſquares of AD, DB by a rational ſpace, 
being medial /paces, which is abſurd ; therefore a firſt bimedial line is not 


divided into its names at different points, therefore: only at one. Which 
was to be demonſtrated. 
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A ſecond: bimedial Ie is divided into its names in one point only. 
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For, if poſſible, let it be divided at D, ſo that AC my not be the fin 


3 


with DB, but that AC may be greater by hypotheſis; certainly it is na- 


niſeſt that alſo the ſquares of AC, CB are greater than the ſquares of A0, B, 
as we have demonſtrated above (at lem. 47% lo.) and: that AD, DP arc 
medial lines, commenſurable only in power, containing a medial 2 Os L Ci 
the rational /tze EF be put, and let the paralielograin IK be applied to I 
(by 45. 1.) equal to the ſquare of AB, and let EG be taken away equal to 
the ſqugres of ACS CB; therefore the remamaer IK is equal (by 4. 2.) to 


* „ * 


the redlauglè contained by AC, CB laben twice. Now again let EL. be taken 


away, equal to the /guares of AD, DB; which have been demonſtrated 7 be 
leſs than the /quazes of AC, CB; therefore alſo the remainder MK 5 305 
to the reFangle contained by AD, DB taken twice : and becauſe the ſquares 


of AC, CB are medial. proces, - therefore EG is a medial ace 
applied to a rational /ize EE; therefore. (by 23 


; And it 15 
85 II is rational, and 
incommenſurable in length to Fi, Certainly, for the ſane renſon, allo IIN 
is rational, and incommenſurable in length to 1 fe an. 1 

E NH N 


becauſe AC, CB are medial Iines commenſurable on! Y 1 
in power, therefore AC is incommenſurable in length 1 


to BC; but as AC to CB ſo (by 1. 6.) is the /quare of 
AC to the fecangle contained by AC , CB; therefore (by | 8 
10. 10.) the ſquare of AC is incommenſurable to the > YI 
rectangle contained by AC, CB: but (by 16. 10.) the 


[quares of AC 8 B 2 Ar 44> 1171 » a Ira / 7731 8 | 
J qt B are commenſurable to the /auar2 of as 
Ty ; 4 FIG K A 


AC, för AC, C B are commenturable in power; but 
the refangle contained | by AC, CB laben twice is commenſurable to the 
rectangle contained by AC, CB; therefore the ſquares of AC, CB are incom- 
menſurable to the reclaugle contained by AC, CB taken twice: buc FG is 
equal to the /quares of AC, CB; and IIK is equal to the refonrle contained 
by AC, CB taten twice; therefore EG is incommenturable to MK: ſo that 


R allo 
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alſo EH is incommenſurable in length to HN; and they are rational "there- 
fore EH, FIN are rational lines commenſurable only in power: but if two 
rational lines commenſurable only in power be put together, the whole is 
the irrational liue (by 37. 10.) c led a binomial; therefore Tos is a bino- 
mial line divided in H: certainly, in the ſame manner, EM, MN will 
be demonſtrated % % rational lines commeniurable only in power; and 
the binomial line EN will be divided at different points, the point II and 
the point M (impoſſible by 43. 10.); and EH is not the ſame line with 
MN, fince (by lem. 4.3. 10.) the ſquares of AC, CB are greater than the 


ſauares of AD, DB but the Hu of AD, DB are greater than the rectangle 


contained by AD, DB taken twice (by ſchol. to 40. 10.) therefore alſo the 
qus res of AC, CB are greater by much; that is, E. G is greater than the 
rectangle contained by AD, DB taken twice, that is, than MK; fo that ali 
(by 1. 6.) EH is greater than MIN ; therefore EF 1s not the fame with N12, 
Which was to » be demonſtr ated, 


I. 


A GREATER Ve is divided into its names in one point only. 


Let AB be a GREATER line divided in C, ſo that AC, CB may 5 
be incommenſurable in power, making the ſpace compounded of the | 
1 of AC, CB rational, but the re&angle contained by AC, CB bs 
a medial pace ; I ſay that AB is not /o divided in another point. p 
For, if poſi ble, let it be divided in D, fo that alſo AD, DB may & 
be incommenſurable in power, making the /pace compounded of 
the /quares of AD, DB rational, but the refangle contained by them A. 


a medial /pace.s and becauſe by whatever Hoc the ſquares of AC, CB dif 
from the /quares of AD, DB, by the fame alſo the rectangle contained b; 
AD, DB 7zaxen twice differs from the rectangle contained by AC, CB 7a! 
twice; but the ſquares oi AC, CB excecd the ſquares of AP, D by 
tonal pace, for they are both rational; therefore alſo the rectfangle con- 
tain?d ty KD, DB taken twice exceeds the OO contained by Rs CB 
taken twice, by a rational ſpace, being medial paces, which (by 27. 10. 
inpaſſible therefore A GREATER line is not Grided liats its names at Giffere 
points. W hich was to be demonſtrated. 
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into its names in One point only. 


Let 5 B be a line containing in power a rational and medial /ece, divided 


? . my \\ 7.3 # 22 * 3 a 1 0 125 ' 7 

in C; 9.0 at AC, CB may be incommenſurable in power, making the ace 
E = T3 £ : \ 3 1 * * 1 *- a. * © » . £3 5 Cs £ 7 

Compo ed of the ſquares of AC, CB medial, but the refanvle contained 


3 


by AC, 795 a ration ate: 1 lay that AB. is not / divided in another 


point. For, if poſſil ple, let it be divided in D, fo. that AD,DB m3 Y 


be incommenturable in power, Making the ſpace compounded of the 7 


ſquares $ of AD, ons medial, but the 7e&anzle contained by AD, PD a 
rational /pace. Now becauſe, by whatever. pace the rectangle con- 
tained by AD, DB Caen twit e diſters [r0! tlie red as; ole contained by 


AC, CB 7aken twice, by the ſane alſo the ſquares of AC, CB differ 
from the /qzares of AD, ad ; but the refaugle contained by AD, DB 4 


taken. twice exceeds the ref angle contained by AC, CB lagen twice 


by a rational /pace; EOS allo the ſquares of AC, CB excecd the ſquares 


of AD, DB by a rational ſpace, being medial fpaces, which (by 27. 10.) is 
umpoſtibic. Therefore a line containing in power a rational and medial ſpace 
is not divided 720 its names at different points; therefore it 15 % divided | in 


one only. Which was to be demonſtrated. 


FRO P MI. 
A line containing in power two medial ſpaces is divided into its 


names in one point only. 


Let AB be a line containing in power two medial ſpaces divided in C, 
tat AC, CB may be incommenſurable in power, making both the ſpare 
compounded of the /quazes of AC Cb medial, and the refans/s contained 
by AC, BC a medial. ſpace, an«l beſides the ſpace: compounded of the /quares 
f them incommentfurable to the 10 compounded of the redlangle con- 

ed by them; I fay that AB is not divided in another point, making the 
ſpaces propoſed. For, if poſſible, let it be divided in D, ſo that again AC 
may, by no means, be the fame with DB, but that AC be the greater by 
ſuppoſition; and let the rational line EF be put; and let the parallelograin 
FG be applied to EF, equal to the Crater of AC, CB; but HK, equal to 
the en contained by AC, CB taken twice; therefore the whole EK is 
R 2 equal 


7% y * 
1005 2 
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x. equal to the ſquare of AB (by 4. 2.): now, again, let EL be applied to 
— FF, cqual to the ſquares of AD, DB ; therefore the remainder, (by 4. 2.) 
the reftangle contained by AD, DB token twice, is equal | 


to the remainder MK: and becauſe the pace come Lip . — * 
pounded of the /quares of AC, CB 15 ſuppoſed medial, 

therefore alſo EG is a medial face; and it is applied = 
to a rational /ize EF; thercfore (by 23. 10.) the line | 
HE. is rational and incommenſurable in length to EM, Cty 
Certainly, for the ſame reaſon, alſo FIN is rational and 

incommmenſurable in length to EH: and becauſe the BD 


. | F 16 K A 
ſpace compounded of the ſquares of AC, CB is incom- | 


menſurable to the rectangle contained by AC, CB talen twice; therefore 


alſo EG is incommenfurable to HK; fo that alio. (by 10. 10.) the Vine 
EH is incommenſurable to HIN; and they are rational; therefore EH, HH: 
are rational lines commenſurable only in power; therefore FN is a binon:1a 
line divided in H. Certainly, in like manner, we ſhall demonſtrate, that 
it is alſo divided into its names in M; and EH is not the ſame with MN 
(as in 45. 10.); therefore a binomial line is divided into ils names at dif- 
ferent points, which (by 43. 10.) is abſurd; therefore a line containing in 
power two medial ſpaccs, is not divided 7to its names at different points ; 


therefore it is divided in one point only. Which was to be demonſtrated. 


SECOND DEFINITTION:S; 

1. The rational line being ſuppoſed, and the binomial line being divided 
into its names, the greater name of which line is more in power than the leſs by 
the /qxare of a line commenſurable to itſelf in length; if the greater nam. 
be commenſurable in length to the propoſed rational line, let the whole line be 
called a FIRST BINOMIAL., 2. But if the leſſer name be commenſurable 
in length to the propoſed rational line, let it be called a sE ON HN o- 
MIAL. 3. But if neicher of the names be commenſurable in length to 
the propoſed rational Ii, let it be called a THIRD BINOMIAL, 

4. Now, again, if the greater name be more in power than the les 
by the ſquare of a line incommenſurable to itſelf in length, if indeed t“ 

greater name be commenſurable in length to the propoſed rational line, 
let it be called a THIRD BINOMIAL. 5. But if the leſs be %, a FIFTH 

binomial, 6. But if neither of them be ſo, A $1XTH binomial, 

| SCHOLIUM, 
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places thoſe three firſt in order, of which the greater is more in power than 
the leſs by the ſquare of a line commenſurable to itſelf % length; and the 
remaining three ſecond in order, of which he greater is more in power than 
the leſs by the /quare of a line incommenſurable zo 7tfelf in length; becauſe 
a commenſurable zzagiunttade is prior to an incommenſurable magnitude: and 
beſides be places that line firſt, of which the greater name is commenſurable 
to the propoſed rational /zze; but that ſecond, of which the lels name is com- 


* 44 4 / TY o a. = 1 f 44 ” 14 » . 1 „ 
menſurabie Id le 77 O PHed 1 ational line ; becaule, TY 


W 
my 


ain, the greater. is prior 
to the leis, as containing the leis in it; but that line third, of which neither 
of the names is commenſurable to the propoſed rational %e and in like 
manner of the other three in order; calling the firlt of the laid ſecond order, 
the fourth; and the ſecond, the fifth; and the third, the fixth. 


„; LE. 


To ind a firſt binomial /e. 


Let two numbers AC, CB be taken (by cor. to lem. 1. 30. 10.), ſo that 
AB the number compounded of them may have to EC the ratio winch a 
ſquare number 445 10 d iquare number, but not have to CA the ratio which 


a ſquare number her to a ſquare number; and let any rational line D be 


put; and let I be commenſurable in length to D; ther- — 8 
fore (by 6, def. 10.) EF is rational: and let it be made 7 
(by cor. to f. 10.) as the number AB to AC ſo is the /punre . 


— 


of EF to the /quare 54 (3; but AB has to AC the rat C 3 


? ns 5 ! C3 4 } J af « #% 15 94 11 + * » * j „ 15 * 7 7 4 - 1 
which a number hes to a number; therefore the [QUATE OL - | 


% * * " Weg * * by Y - ® 5 7 
EF hes to the guar? of G the ratio which number has to 


DEM 
FG is rational: and - becauſe” BA has not to AC the ratio wluch a ſquare. 


ALLELES. 


6 


number; ſo that che j, of EF 15 commenſurable to the 


. 
yo? 


ſquare of FG (by 9. ic; and EF is rational; therefore alſo 


number has to a ſquare number, therefore neither Hs the ſquare of EF to 
the ſcriare of FG the ratio which a ſquare number has to a ſquare number; 
therefore (by 9. 10.) EF is incommenſurable in length to FG; therefore 
EF, FS are rational /izes commenturable only in power ; therefore (by 37. 
10.) EG is a binomial ine: I fay allo that 77 i a firſt. For becauſe it is 
as the number BA to AC ſo is the ſquare of EF to the ſquare of FG; 


bur 


ScnoLIUM. There being then ſix of the ſtraight lines thus taken, he Book X. 


» 


— 


* — nn Tn > ans RM = naw 8 
he 0 — **— > 


Book X. 


/quare of EF; therefore, by converſion, it is as AB to BC lo 7s the ſquare 
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but BA 7s greater than AC; thereſore alſo the /qxare of EY 7s greater than 
„ lh. 


the ue of FG: now let the /qzares of F G, 11 be equal to the /qr:272 of 


EF: and becauſe it is as BA to AC 1o is the /qrare of EF to the /qrare of 
FG, therefore, by converſion, (by cor. to 19. 5.) it is as AB to BC fo is 
the /quare of EF to the /quare of II; but AB has to BC the ratio which a 
ſquare number has to a ſquare nuniber, therefore allo the ſquare of EHu 


«2 


to the /quare of H the ratio which a ſqurre der has: to a ſquare num- 


ber; therefore EF is commenſurable in length to H; therefore EF is more in 
power than FG by the /quare of a line commenſurable to itſelf in length: 
and EF, FG are rational /imz2s; and EF is commenſurable in length to D; 
therefore EG (by 1. of 2. def. 10. ) is a firſt binomial line. Which was to be 
demonſtrated. 


5 N U F. 1. 


To find a ſecond binomial ine. 


Let two numbers AC, CB be taken (by cor. to lem. 1. 30. 10.); ſo that 
AB, the number compounded of them, may have to BC the ratio which 
ſquare number has to a ſquare number, but not have to CA the ratio which 
a ſquare number has to a ſquare number; and let the rational line D be put; 
and let FG be commenturable in length to D; therefore FG is rationa! : 
and let it be made (by cor. to 6. 10.) as the number AC to AB ſo is tlic 


ſquare of GF to the ſquare of FE; therefore (by 6. 10.) the ſquare of G 


is commenſurable to the ſquare of EF ; therefore (by 6. | G 
def. 10.) FF. is rational : and becauſe the number CA has n 

not to EA the ratio which a ſquare number has to a ſquare : | St 
number, therefore neither has the ſquare of GF to the /quare C + 
of FF, the ratio which a ſquare number has to a ſquare num- : | 
ber; therefore (by 9. 10.) GF is incommenſurable in length: | | ' 
to FE; therefore EF, FG are rational lines commenſurable : | | | 


only in power; therefore EG (by 3 37. TO. J is a binomial ine 
now it muſt be demonſtrated that it is alſo a ſecond Zinemial line, For. be- 
caule, by inverſion, it is as the number BA to AC ſo 7s the ſuare of EF to 
the /quare of FG; but BA 7s greater than AC; therefore the #e hs Of EE 


1% greater than the ſquare of FG : let the ſquares of FG, H be equal to the 


07 
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of EF to the ſquare of H : but AB has to BC the ratio which a ſquare num- 


ber has to a lquare number; therefore the /qrare of EF has to the ſquare 
of H the ratio which a ſquare number has to a ſquire number; there- 
fore (by 9. 10.) EF is comme! iurable in length to H; 1o that EF is more 


KS: 1 1 * y * * * 1 * is a *£"Y 1.7 SLES 214 2 70 h * 7 # i 

in power than FG by the ſquare of a line conmenturable. to itſelf ih length: 
p wa ab C NE Fi * v < - F'Y S $* - 18 = 

and EF 8 FG arc rational lines commenſurable only in power; and FG the 


leſſer name is commenſurable in length to D the rational /e put: there- 
fore (by 2: of 2. def. ro.) EG is a ſecond binomial line. Which was to 


be demonſtrated. 
1 EI. 
To find a third binomal e. 


; . — bs te. TE N _ at 2 „ | > Bo 6 
Let two numbers AC, CB be taken, ſo that the number AB com- 
1 


x } : ng 1 i 5 . 5 ws 3 1 / n 7 3 F 3 3 Dn « : 
pounded of them may have indeed to BC the ratio which a ſquare num- 


— 1 ' : . . ** 1 l 
ber has to a ſquare number, but not have to AC the ratio which a ſquare 


number has to à 1quare number; and let ſome. other DD be put, not a 


ſqua e nuinber, and let it not have to either of the numbers BA, AC che 


ratio which a ſquare pears Ls to a ſquare number; 550 let . ſome 


1 . {} , 0 1 - ].. > 1 * 1 . > * * 7» 5 3 
rational itraiglit © $113 Put; and let it be made 5 to KB 0 is the 
1 — * o ; 1 y TI 6 ! a " $44 4 4 53 * 18 . ” 
ſquare of: L to the ſquare of FG ; Tlleretore the PROD of E. 15 5 

1 RF * 51 2 C f 4 * Air 1 8 ear 91 | . „ *#3 
rable to the Jquare of--Þ G 3 but E is rational; Tierectore (by 6. 10.) 


— , . : : FF HOES 5 S Þ e Mr ot 1 
FG 1s rational: and becauſe D has not to AB the ratio Which a qu. ire number 


vs X P o * a * 5 £3. $* FY Fs » f o . **/S i Sy . '$ 
has to a IQUAre number, NCR! has C11C Iquare Ot F. tO Ti KQULUFC o! FG the 
a | 11 3 '# | 8 Nun Be * {11 7. «\ n }-Y 7.» 1\ S £ % }. — | * . 4 * I IN - 4 : -v 1 
rario WIIC 1 1 * + 48 141 2 1410 1 14 5 LO 'Y eile ui E | 3 Tire 4 1010 4 18 1e 9111 


menſurable in length to FG (by 9. 10.) But, again, let it be made as 


LY 
the number AB to AC ſo is the /qugre of FG to the /yuare of GH; 
therefore the ſquare of FG is commenturable to the ſquare of GI; bui 


FG is rational; therefore aifo_ Git is rational: and 


becauſe AB has not to A the ratio Which a ' 
{quare BENE has to a ſquare number, neither I T 
has the A of FG to the ſquare of G the 4 5 
ratio which a ſquare number 525 to a ſquare num- : | 


- . 7 hs ky 2 - 5 —_ $ £% £Z\ ® 2 . - 2 » L l | 
ber; therefore FG is incommenfurable to 8 : 4 
* f 17 — ih. IP 3 5 E ht | 
in length (by 9. 10.) ; therefore LG, GA are ra- : 
CY * / a = 
o 


| 
| 

1 p ' , F Y * 1 1 3 3 N 4 1 42 0 . * * * ' | 

tional Ines commenturabdle Cit: in potter; THETC=- / 3 


fore FEI is (by 37. 10.) a binomial 77 now 1 


Book X. 
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1 Book x. ſay alſo that it is a third Þ1190;::al line. For becaut it is as D to AB fo; 
, the. 


— 
e —ä— — 


ſquar2 of E to the ſquare of FG; and as BA to AC ſo is the ſquare of 
FG to the ſquare of GH ; therefore the hu of FG is greater than the 
ſquare of GH : now let the /qz2res of GH, K be equal to the ſquare of FG; 


therefore, by converſion, it is as AB to BY ſo is the ſquare. of FG to che 


=y 
* 


| ſquare of K: but AB has to BC the ratio which a ſquare number has to 4 
ſquare number; therefore alſo the ſquare of FG bes to the ſquare of K the 
ratio which a ſquare number has to a ſquare number; therefore FG is con- 
menſurable in length to K; therefore FG is more in power than GH by the 


* ſquare of a line commenſurable to itſelf in length: and FG, GH are rationa! 
[ | lines, commenſurable only in power; and neither of them is commenſurablc 
1 8 5 4 6 , . . . a 
| to E in length; therefore FH is (by 3. def. 2. 10.) a third binomial 7:2 
| Which was to be demonſtrated. 
| | „N E --Lb 
. To find a fourth binomial Je. 


Let two numbers AC, CB be taken, fo that AB may have to neither of 
them ti:* ratio which a ſquare number has to a ſquare number; and l 
the rational line D be put; and let EF be commenſurable in length 
D; therefore alſo EF 1s rational : and let it be made as the number AB to 
AC fo is the /quore of EF to the /quare of FG; therefore alſo the ſquzre 
of E is commenſurable to the ſquare of FG; therefore the ſtraight line 
FG is rational: and becauſe BA has not to AC the ratio which a ſquzre 
number Vs to a ſquare number, therefore EF by 9. 10.) is incommenſi. 


rable in length to FG; therefore EF, FG are rational lines commentura-: 


pn 


ble only in power; ſo that EG is a binomial line: now I fay that t 1: 


alſo a fourth Z:nomial line. For becauſe it is as BA to AC G 
fo is the ſquare of EF to the ſquare of FG; but BA is 2 
greater than AC; therefore alſo the iure of FF is orcater D 75 
than the /quare of FG : now let the /quares of FG, H be i F 
equal to the /quare of EF; therefore, by converſion, as the C | | | 
number AB to BC fo ig the /quere of EF to the /quare ; | 1 4 
of H: but AB has not to BC the ratio which a ſquare : | | 
number Has to a ſquare number; therefore EF is incom- A PE H 


menſutab!e 


menſurable in length ty II: t. 


cored, hy 90 


1 Cs | 3 LY 
* : 3 
the /qzare of a line tincommenturable to elit in ene. un e, are 
* 4 p * . » £* * * 74 I . | ! ” 4 e E 
rational lines commenturable only. in power; and li is comment:trable in 
length to D; therefore (by 4. def. 2. 19, LG isa froirth binenial, 
E | 3 
Which was to be done. 
PN LIII 
* * 3 ] ; "at #F* - ! o : . ; * Ts 
10 und DEED binomial ee. 
0 , orte 6 - : ' * . 
Let two numbers Ac, CB. be taken, fo that AB may have to neither of 
4 2 a ” e, ol * : 1 * 
them the ratio which a iquare number has t. 3 | and 1 
any rational firaght line D be put, and let FG be comm: ral LD us 


length; therefore FG is rational; and let it he made as CXA to A 


*4 . 0 0 x 1 * £4 * A - | | 5 - -& * y , 1 N ' * 
the , E 01 68 tO die I! c Ol E.; rennen 


becaule C& has not to AB the ratio which 


LiGuare number has to a ſau 
number, ncither has the ſquare of G to the [quare of FE, the ratio Which 
a ſquare number H to a ſquare number; therefore EF, 3G are rational lines 
commenſurable only in power; therefore (by 27. 1.) EG 15 a binomial line, 
Now I fay that it is alſo a fifth Cm, lines. For becauſe 6 
it is as CA to AB ſo is the %a of GF to the Jquare f = | 
FE, therefore, by inverſion, as AB to AC to 75 the are | 
of FE to the ſquare of GF; therefore the /quare.of EF 5 | +F 
is greater than the Vi , of GF; now let the ſquares of 3 | | 
FG, II be equal to the /qxare of EF ; therefore, by con- 9 | 
verſion, it is as the number AB to BC ſo is the ſquare of i 
EF to the /quare of H: but AB has not to BC the ratio : 55 I 11 


which a ſquare number has to a ſquare number; neither therefore has the 
ſquare of EF to the /quore of H the ratio which a ſquare number has to 
a ſquare number; therefore EF is incommenſurable in length to IT; 10 
that EF is more in power than FG by the ſquare of a ne incommentiit- 
rable to itſelf % lengib: and EF, FG are rational lines commentiirable 
only in power; and FG the leſſer name is commenſurable in. length to D 
the ratic al lie put: therefore (by 5. def. 2, 


10.) 1G 1s a fifth binomia! 
ime, Which was to be done. 
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* 
To find a tixth binomial line. 


Let two numbers AC, CB be taken, ſo that AB may have to neither o. 
them the ratio which a ſquare number has to a ſquare number; and let ther: 
allo be another number D, not being a ſquare, nor having to either of che 
numbers BA, AC the ratio which a ſquare number has to a ſquare number 
and let any rational ſtraight line E be put; and let it be made as D to AB 
ſo is the ſquare of E to the ſquare of FG ; therefore E is commenſurable 
in power to FG; and E. is rational; therefore alſo FG 1s rational: and 
becauſe D has not to AB the ratio wiuch a ſquare number has to a lquare 
number, therefore neither has the /quare of E ro the ſquare of FG the ratio 
which a ſquare number has to a ſquare number; therefore (by 9. 10.) E 1s 
incommenſfurable in length to FG: now again, let it be made as BA to AC io 
is the /qrare of FG to the /quare of GH; therefore the /quare of FG is com- 


menſurable to the /4uare of GH: but the ſquare of FG is rational; therefore 


allo the /quare of GH is rational; thereſovie GH 1s rational: and becaule EH. 
has not to AC the ratio which a ſquare number has to a ſquare numbes 
neither has the ſquare of FG to the ſquare of GH the ratio which 
ſquare number has to a ſquare number; therefore FG is incommenſurab 
in length to Gl ; rhereiore FG, GH are rational lines commenturav 
only in power; therefore FH (by 37. 10.) is a binomial dine Tow 


muſt be demonſtrated that it is a ſixth binomiet line. For becauſe ft 1s as 


D to AB fo is the quare of E to the ſquare of FG; 
and it is alſo as BA to AC ſo is the /quare of FG 


to the /qucre of GH ; therefore by equality it is, E 7 

as D to AC fo is the /q4uare of E to the ſquare of ö . 
GH: but D has nor to AC the ratio which a /quare ' C : | 
number has to a /qz472 number; neither, therefore, : : | f 
has the /quare of E to the /quare of GH the ratio : f | 
which a ſquare number has to a /quare number; A 5 5 5 


therefore E 1s incommenſurable in length to GH: 

but it has alſo been demonſtrated 7 be incommenſurable to FG therefor 
eis incommenſurable in length to each of the lines FG, GH : and beg 
it is as BA to AC fo is the /quare of FG to the ſquare of GH, thereto!” 


e 


che /quare of FG 1s greater than the , e of G: now ler ure. 
of (3H, K be equal 0 the /quare of 1183 therefore, by converiion, as AB 
to BC ſo is the /quare of FG to the % e of K: but AB has not to 38 
the ratio which a ſquare number has to a {quare number; ſo that nes 
ther has the ſquare of G to the ſquare of K the ratio 1/1 
nuinber Das to a [quare number ; therefore FG 15 NCconumnentaraible-in lender! 
to K; therefore FG is greater in power than GH by the tquare 6f 
incommenſurable in length to itſelf ; and FG, GH are rational lines co: 
menſurable only in power; and neither of the lines 16, GH is con. 
menſurable in length to E the rational line put; therefore (by 


6. def. 2. 16.) 
PF 

FH is a fxth binomial lie. Which was to be done. 
LrMMa. Let AB, BC be two ſquares, and let them be put ſo that DB 


may be in a ſtraight line with BE; therefore (by 14. 1.) FB is in a {trail 


line with BG; and let the parallelogram AC be completed: I ſay that AC 


is a ſquare, and that DG 1s a mean proportional between AB, BC ; and 
beſides, that DC is a mean proportional between AC, C 


- 3 
3. For becauſe 


DB is equal to FB, and BE equal in length to EG, therefore the whole 
DE is equal to the whole FG: but DE, is equal to (ach of the lines 
AK, HC ; therefore alſo each of the lines AF, KC _ RES 
is equal to to each of the lines. AK, IIC; therefore 1 eee —＋ 
AC is an equilateral parallelogram, and it is alſo OF rag] — 
rectangular; therefore AC is a ſquare: and becauſe | | | 
| ' 
| 


it 18 as FB 10 PG {0 75 DB 10 BI; but (by 12 6.) 
as FB to BG ſo is AB to DG; and as DB: ro 


B to BE. | 
ſo is DG to BC; therefore: (by 1.1. F.) as AB to f _ F. IL 
D ſo is DG to EC; therefore DG is a mean proportional becuween AB, 
now I ſay that allo DC 1s a mean proportional between AC | 


becauſe it is as AD to DK fois KG to 4 Go for each is equa! to each; 
and, by compoſition, as AK to KD fo is KC to CG; but as AK, ro 1D | 
is (by 1.6.) AC to CD; but as KC to CG fo-is:DC:to CB; therefo 
TAMM1 s AC kö CD ſ5ö is CD ro CB; therefore CD 1s a mean 


tional between AC, CB. Which was propoſed to be deinonltrated 


RR OU BP; LV. 
If a ſpace be contained by a rational and firſt binomial Ye, the 
line equal in power to the ſpace is an irrational Vn called u binomial. 


* ; 1 
5 2 „01 


+ »# > 


4 f/ + ©, * 


„ 
0 , 


Beek X. 
Capped 


132 


THE ELEMENTS 


Yor jet the ſpace ABCD be contained by the rational line AB, and AD a firſt 
binomial line; I ſay that the line equal in power to the ſpace AC is an irra- 
tional /ize called a binomial. For becauſe AD is a firſt binomial line, let 
it be divided in E. into its names, and let AE be the greater name; now it 
is evident (by 1. def. 2. 10.) that AF, ED are rational lines commenſura ble 
only in power; and that All is more in power than ED by the [ſquare of « 
line commenſurable to itſelf 7 length; and that AE is commenſurable in 
length to AB the rational line put: but let ED be cut in halves in the pon! 


* 
* 


F; and becauſe AE is more in power than ED by the | 

. * : * N 333 ns ZR N l 

crane of a line commenturable in lengtò to itſelt, there- Al: 8 = 

* 2 | * | y * * 

fore if a parallelogram be applied to the greater line AE, | 
3 


_ _— = Sans N 7 > ow i 6. Jer . 1 
equal to th fourth part of che ſquare ot the leſſer, that 1 
is to the ſquare of EF, deficient by a ſquare figure, it has 


2 N 12 
I TE „ 3 | | 
will divide it (by 18. 10.) into /egmen!s commentura- © 1 
ble 5 | N 
dle in length; therefore let the rectaugle contained by | 
| AG, GE, equal to the /quare of IF, be applied to AE; Kok 
| 8 P 


therefore AG is commenſurable in length to GE : and 
through the points G, E, F let GH, EK, FL, be drawn parallel to either o. 
the lines AB, DC, and let the ſquare SN be made equal to the parallelo- 
gram AH, and the ſquare NQ <qual to GK; and let them be placed ſo 
that MN may be in a ſtraight line with NO; therefore (by 14. 1.) RN is 
in a ſtraight line with NP: and let the parallelogram SQ be completed 
therefore (by lem.) S 1s a ſquare: and becauſe the refengle contained b. 
, GE is equal to the /qrare of EF, therefore it is (by 17. 6.) as AG t 
F ſo is EF to GE; therefore (by . 6.) as AH 73 to EL fo is EL to Gk; 


— 


therefore EL. is a mean proportional between AH, GK: but SN is equi: 


| 
to AH, and GK is equal to QN; therefore EL is a mean proportional 
between SN, NO: but alſo (by lem.) MR is a mean proportional between 
tue ſame SN, N therefore MR is equal to EL: but MR is equal to 
FO, and EL to FC (by 31. 6.); therefore the whole EC is equal to MR, PO 
but allo AH, GK are equal to SN, NQ; therefore the whole AC is cqual 
to the whole 5Q, that is, to tne ſquare of MO; therefore the /ine MO 
equal in power to AC: I fay that MO is a binomial „ine. For becauſe AG 
is commenſurable to GE, 7» length, alſo AE. is (by 16. 10.) commenturab. 
an leugtb to cach of the lines AG, GE: but AE is ſuppoſed commentura” 


.S 


in length to AB; therefore alto (by 12. 10.) AG, GE are commenſurab! 


= 
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in /ezgth to AB; and AB is rational; therefore alſo each of the lines 
AG, GE is rational; therefore each of the parallelograms AH, GK is (by 
20. 10.) rational: and (by 10. 10.) AH is commenſurable to GK; but 
AH is cqual to SN, but GK to NQ therefore SN, NQ that is, the ſquares 
of MN, NO, are rational and commenſurable: and becauſe AI (by 37. 
10.) is incommenſurable i length to AG, and DE is commenturable to 
FF, therefore AG is incommenturable in length to EF; fo that alſo AH 
is incommenſurable to EL: but AH is cqual to SN, and EL to l 
therefore alſo SN is incommenſurable to MR : but as SN t MR fo is PN 

to NR; therefore (by 10. 10.) PN is incommenſurable to NR: now PN 
is cqual to MN, and NR to NO; therefore MN is incommenturable- 7 


NO; and each of them 15 r: non: i]; therefore dane are rational lines com- 
menſurable on! y in power; therefore (by 27. 10.) MO is a binomial tine 
and is equal in power to AC. Which was to be demonſtrated. 


CC 
It a ſpace be contained by a rational and ſecond hinomial /, 
the line equal in power to the ſpace is an irrational /7zc, called a firil 


bimedlal. 


For let the ſpace KBC D be contained by the rational lh, ,§ AB, and AD a 
ſecond binomial; I tay that the line equal in power to the ſpace AC is an 
irrational /ize, called a ſirſt bimedial. For becauſe AD is a ſecond binomial. 

„let it be divided in E into its names, ſo that AF. may be the greater 
name; thereſore (by 2. def. 2. 10.) AE, ED are rational lines commenturabl- 
0 in power, and ALF. is more in power than ED by the ſquare of a lin 
commenſurable to itſelf i /ength ; and ILD the leſſer name is cormentu- 
rable in length to AB : let ED be cut in halves at EY and let 


„ 


* K ine 
AG, GE, equal to the ſquare of E, be applied ro AE, deficient by a ſquare 


figure ; therciore (by. 18. 10.) AG 1s TT in length to 6E. and 
through the points G, E, E let GIII, EK, FL. be drawn parallel to AB, DC; 
and let the ſquare SN be made equal to the parallelogram AH, and the 


ſquare NQ equal to GK; and let it be placed fo that MN may be in 


ſtraight line with NO; therefore alſo (by 14. 1.) RN is in a ſtraight linie 
with NP: and let the ſquare S be coinpleted. Now it 1s evident freun 


0 
13 
\ 4141 


q ws 


length to NO, and the /quare of MN is commenſurable to the Iquare of 
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Book Xx. what has been demonſtrated before, that MR is a mean proportional betweer, 
| SN, NQ, and equal to EL; and that the line MO 1s equal in power to 
the ſpace AC: now it muſt be demonſtrated that MO is a firſt bimediul 


line: for becauſe AF, (by 37. 10.) is incommenſurable in length to ED; 
but ED is commenſurable to AB; therefore AE is incommenſurable 11; 
length to AB (by 14. 10): and becauſe AG is commenſurable to GEF. 
length, therefore alſo (by 16. 10.) AE is commenſurable in length to each, 
of the lines AG, GE; and AL 1s rational; therefore alſo each of the {2 
AG, GE is rational: and becauſe AE is incommenſurable in length to 
AB; but AE is commenſurable to each of the lines — 
E 


AG, GE; therefore AG, GE are incommenſurable to A. = 1 
AB in length; therefore BA, AG, GE are rational lines 

gommenſurable only in power, ſo that (by 22. 10.) each 2 — 
of the /paces AH, GK is medial; fo that each of the T ASQ 
Squares SN, NQ 1s medial; therefore the lines MN, NO * 155 
are alſo medial: and becauſe AG is commenſurable in 1 | 
in length to GE, therefore (by 1. 6. and 10. 10.) allo L b 


AH is commenſurable to GK, that is, SN to NQ; that 
is, the /quare of MN to the ſquzre of NO; ſo that MN, NO are com- 
menſurable in power: and becauſe AE is incotnmenſurable in length © 
ED; but AE. is commenſurable to AG, and D to EF; therefore AG is 
incommenſurable in length to EF; fo that alſo AH is incommenſurable tv 
EL; that is, SN to MR; that is (by 1. 6.) PN to NR; that is, MN 3s 
incommenſurable in length to NO: but MN, NO have been demonſtrated 
as being medial and commenſurable in power; therefore MN, NO are 
medial lines commenſurable only in power: now I ſay that they alſo con- 
rain a rational pace; for becauſe DE. is ſuppoſed commenſurable to each of 
the lines AB, EF, therefore alſo FF is commenſurable in lengto to ERK; 
and each of them is rational; therefore (by 20. 10.) EL is rational, that is, 
MR; but MR is the ref#angle contained by MN, NO: but if two medial 
lines commenſurable only in power, containing a rational ſpace, be put 
rogether, the whole is an irrational line, and is called a firſt bimedial % 
therefore MO 1s a firſt bimedial line, Which was to be demonſtrated. 


PROP. 
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N I. 


If a ſpace be contained by a rational and a third binomial /e, the 
line equal in power to the ſpace is an irrational line, called a ſecond 
bimedial. 


For let the ſpace ABC D be contained by the rational /ine AB, and AD 
a third binomial % , divided at E. into its names, of which let AE be the 
greater: I ſay that the line equal in power to the ſpace AC is an irrational 
line, called a ſecond bimedial. For let the ſame things be conſtructed with 
thoſe before: and becauſe AD is a third binomial Jie, therefore (by 2 
def. 2. 10.) AE, ED are rational {izes commenſurable only in power, and AE 
is more in power than ED by the Auore of a line commenturable to itſelf 7% 
length, and neither of the /ines AF, ED is commenſurable in length to AB. 
Certainly we ſhall demonſtrate, in the ſame manner with — 
what has been demonſtrated before (prop. laſt.), that MO 41 FD 
is the line equal in power to the ſpace A C, and that 


: : | | 
MN, NO are medial lines: now it muſt be demonſtrated = | 

RE 25 | | ROO nh 
allo that MO is a ſecond Zimedial. And becauſe DE. us 5 


* - i : i TP -— : — 2 
inconunenſurable in length to AB, that is, to EK; but * 10 0 
3 © 1 | "yn 1 S a — i e 

DE. is commenſurable to EF; therefore Þ.Þ 1s incom- N 


ESP 
in power; therefore EL is a medial ſpace, that is, MR : and it is con- 
tained by MN, NO; therefore the re&angle contained by MN, NO is medial; 


therefore (by 39. 10.) MO is a {econd bimedial line. Which was to be 
demonſtrated. 


menſurable in length to EK; and they are rational; 


therefore FE, EK are rational //zes commenſurable only 0 


ER OP. n. 

If a ſpace be contained by a rational, and à fourth binomial 
line; the line equal in power to the ſpace is an irrational /ze, called 
a greater Ane. 

For let the ſpace AC be contained by the rational line AB, and ADa 
fourth binomial line, divided in E into its names, of which let AE be 
the greater; I ſay that the line equal in power to the ſpace AC is an irra- 
tional line, called a greater line. For becauſe AD is a fourth binomial line, 


therefore 


Book = 
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therefore (by 4. def. 2. 10.) AE, ED are rational liues commenſurable on!:; 
in power, and AE is more in power than ED by the ſpar; * 6751 
menſurable to itſeif in length, and AE. is commenſur. ble in length to AP. 
Now let DE be cut in halves at F; and let the parallclogram, 
contained by AG. GE, be applied to Al, equal to the /7uare of 

Ly e therefore (by 19. 10. ) AG is incommenſurable i; 
to GH: let GH, EK, bL be drawn parallel to AB, and let the reſt be 285 * 


- 
& 
# 
— — 
— 
—— 


as in the propſetions before this. Certainly it is evident that MO i, $16 1; 12 


equal in power to the ſpace AC: but it mult be de- 2 
monſtrated that MO is an irrational line, called a greater AE ) | 
line. For becauſe AG is incommenſurable in length to 1 | 
G., allo (by 1. 6. and 10. 10.) AH is incommenſu- 5 TO? 9 FN "We 
rable to GK ; that is, SN to NO therefore MN, NO ,,___ 
are incommenſurable in power : and becauſe AE is com... 25 
menſurable in length to AB, AK is rational; and it is oy ES 23 9g 
equal to the /quares of MN, NO (by conſt.); therefore | | 

allo the ace compounded of the /quares of MN, NO is 85 8 


rational: and becauſe DE is incommenſurable in length to AB, that is, © 
IX; but DE is commenſurable to EF; therefore EF is incommenſurable 

length to EK; therefore KE, EF are rational lines commenſurable only in 
power; therefore (by 22. 10.) LE is a medial pace, that is, MR: and it 
is contained by MN, NO; therefore the rectaugle contained by MN, NO 1: 
medial; and the ace compounded of the /quares of MN, NO is ration; 


and MN is incommenſurable in power to NO. But if two ſtraight lines 


incommenſurable in power be put together, making the /pace compounds 


ol the ſquares of them rational, but the rectangle contained by then? 


medial, the whole (by 40. 10) is an irrational line; and it is a greater 
line; therefore MO is an irrational line; and it is called a greater line, and 
it is equal in power to the ſpace Ac. Which was to be demonſtrated. 


b OP; LIK; 7 
If a ſpace be contained by a rational, and a fifth binomial % 
the line equal i in power to the ſpace is an irrational /ine, called a line 


Equal in power to a rational and medial /þace. 


For let the ſpace AC be contained by the rational line AB, and AD 
fifth binomial line, divided in E into its names, ſo that AE may be the 
| | | greate! 


greater name: | ſay that the line equal in power to the f. 1 ice bs is an irra⸗ 
tional /ine, called a line equal in power to a rational any media pace. Fo, 
let the ſame things be conſtructed with What has been demonſtrated before. 
certainly it is manifeſt that MO is equal in power to the ſpace AC. But it 
mult be demonſtrated that MO is a line equal in power to a rational and 
medial /pace. For becauſe AG is 1ncommentur: able 57 85 


g 
3 : T 
length to GE, alſo (by t, 6. and 10. 10. Allis incoim- RK — 8 [2 EY 
menſurable to HE ; that is, the /quare.of MN to the 1 25 
ſquare of NO; therefore MN, NO are inconunenſu— || <1 


rable in power: and becauſe AD 1s a fifth binomial Jie, 


and ED is the leſſer ſegment of it, therefore (by 5. def. 
—— = eds 


2. 10.) ED is commenturable to AB- in length; but „ 
AE is incommenſurable in length to ED; therefore 
alſo AB is incommenſurable in length to AE; therefore 8 5 


BA, At are rational lines commenturable only in power; therefore (by 29 


. 
*. a 4 7 


10.) AK is a medial /pace, that is, the /pace compounded ol the tquares of 


MN, NO: and becauſe DE is commenſurable in length to AB, that is, to 
Es * DE is commenſurable to E » tl acretore EF js commenturable allo 


to ILK; but EK is rational; therefore (by 20. 10.) alto EL is rational, that 
18, . that is, the recangle contatired by N N. NO; therefore MN, NO are 


incommenſurable in power, m. VHS 
them medial, but the rectaugle contained by them rational: therefoie BIO i 1 
line equal in power to a rational and medial /pace, and it is equal in power to 


the ſpace AC. Which was to be demonſtrated. 


P R O P. IX. 


If a ſpace be contained by a rational, and .a fixth binomial line 
the line equal in power to the ſpace is an irrational /e, called a 
Un — in power to two mi dial ſpaces. 


For let the ſpace ABCD 8 3 by the rational l AB, and AD a 


Ixth binomial line, divided in E into its na; nes; fo that AF * he che 
greater name: I fay chat the line equal in power to AC i an irrational lie, 


' 


which 1s equ a in power to two medial /paces. For let the func ain, 3-06 
conſtructed with what has been demonſtrated before: certainly it sante 
© chat 


the hace compounded of-the gu res orf 


138 "THE ELEMENTS 


vi 
' 
4 


har MO is equal in power to AC, aid that MN is incommenſurable it; 
power o NO: and becauſe FA is inconnmenſurable in length to AB, there - 
fore A, AB ard rational lines commenſurable only in power; there- 
fore (by 22.10.) AK is a medial pace, that is, the ſpace compounded vi 


the ſquares of MN, NO: again, becauſe ED is incom- _ 
menſurable in length to AB, alſo FE 1s incommenſu- A, ET 
rable to EK; therefore alſo FE, EK are rational lines | 
commenſurable only in power; therefore EL 15 a medial MET Be 


B HK1 Cc 


7 5 de | 0 11 42 1 > An; £23 9 8 * f 
ſpace, that is, MR; that is, the rectangle contained by FE 0 
| 


MN, NO; and becauſe EA is incommenſurable to FF, - | 0 
LV 11—ä—ůůr;«SEʒͥIçeM dwz— 
allo AK 16 eee . but RAK is the A | 
ſpace compounded of the /quares of MN, NO; and EL. | = 
7, 


g J N 1 . 1 © 3 5 1 } 
is the reffangle- contained ” MN, NO; therefore the 8 4 


ſpace compounded of the ſquares of MN, NO is incommenſurable to the 


rectangle contained by MN, NO; and each of them is a medial ſpace ; anc. 
MN, NO are incommenſurable in power; therefore MO (by 42. 10.) is 


line equal in power to two medial ſpeces, and is equal in power to the 
AC; W. hich Was t B. m0 n{trated. 


LEUMA. If a raab line be cut into unequal ſegments, the 1 
1 uares of the uncqual '/erments are greater than the rectangle con- | 
rained by the unequal ſegments Zaken twice. Let AB be a {traight 

une, and let tit be cut into une; 141 ſegments at C, and let AC. be L. 
the greater; 1 ſay that the /qxares of AC, CB are greater than the | 
rectangle contained by AC, CB taxen twice. For let AB be cut 

in halves in D: now. becauſe the Araight line has been cut into A 


equal ſegments at D, and into unequal /ezments at C, therefore (by 5. 
the recluugle contained by AC, CB, with thie ſquare of CD, is equal to 
ſguure of AD; to that the vetfaugle contained by AC, CB is leſs than 
ſquare of AD; therefore the reFangle contained: by AC, CB taken twit 
cf; than the double of the-/quare of AD: but (by 9. 2.) the 1 5 
„CB are double of the ſquares of AD, DC; therefore the ſquares 
„ CB are greater than the rectangle contained by AC, CB taken twice 


— 
1 
W Nic Was Ts di demonſtrated. 


FF LK. 
The /r of a binomaal li, applied to a rational line, mas 


] } = _= Y:: ® „ 3 * 
a , * &%.} 0 2 $* 5-T" R 7 +% 47 * 2 * 
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E _ — - N = n — — — by 1 _ — — — — — - — 
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. 


ws © 


Let AB be 4, binomial line, divided in C into its names, lo tat A n 
may be the greater name; and let DF a rational line be put; and let DEMG Mm 
be applied to DE, equal to the /qzare of AB, making the breadth DG: 

lay that DG is a firſt binomiel ine. For (b. 
to DE, equal to the hre of AC; but KL equal to t 


ther ſor d l) , ! > "23 » *;> 1 da 24.4 94 * 8 11 5 , r g ; [4 þ 

4 * * Af > % J\ 2 « * LIIC ! Iain LILY ICCTATITIC CONTATIOCNN f a * a # 
* * * 

7 1 * 

i 


p I 5 1 R Yb 2 3 AN 
i * I NT Mc De C11IT 111 iat! CH 111 } 


* 
n N * . # : : . 45 4 8 as" ; , 9 y " tes 
drawn Parallel to either of tlie Lues MI 5 Ol z Tlie reid 


3 w@ AN 


twice is tqual to 
* 


5 \ 4 NI 1 \ . ' . . - 

5 F 111 W 1 y » o w 4 i 2 1 „ 14 1 1 5 Fi $ 4% p 

felograms MO, NF is equal to tlie rectangle: contained by AC, ( 
* 455 - 


once: and becauſe AB is a binomial line divided into. its names 15 


therefore (by 37. 10.). AC, CB are rational lie commenturable- only in 
power ; theretore the /quares of AC, CB are rational and commenturabl, 
to one another; ſo that allo (by 16. 16.) the pace compounded of: ti 
ſquares of AC, CB is commiecnſurable to the ſurores of AC, B; theres. 


9 Pa 997 5 7 n » / * * . » i” , * 08 \ J 4 * KS ” * 1 24 ] p 
Lie Pic compounded of tne LKOURTCS of * 1. 8 ratt ona, and 18. egg 


—— 


2 1 * * . * . : * . . 13 0 
to DL; therefore DL is rational, and is applied to the rational line Dt 


therefore (by 21. 10.) DM 1s rational and commenturable in length to DI. 


- * 14 3 1 4 * / * 7 70 - * . — 5 . , | 1 * : 
Again, becauſe AC, CB are rational. lines commenſurable only in Power, 
ore fahre 102 0 a * 9 BD a R - » x 1 . 11 ss 3 g . 5 - J : 
therefore the rectangle contained by AC, CB taken twice is medial, that is, 


F; andit is: lied tothe ratic Lu MI erer Ne 
M I Alle 1233 applies tO the rationdt zue I,; there Or (by 1 N is 
* P * 
- : 4 # l A » 4 % e * . . 1 — ; N [ 7 0 * x - * y ] 
IS rational, and me Oni e Murdible IH IC! il 10 3 i& 4 4 that 2 b 1 71 ] 'S, v 
%. 
l . 7 - * - LL” * 25 % $ *% — 1 * * 3 7 3 ! | * , 1 . = 7 
MD is allo rational and commentſurable in length to | 
I 5 
b | ! $4 * sf - 3 % % \ , * 4% 3 2 » 4 4 2% / 
4 = ctuheretöre (5 13. 1 Lo} | } 4 13 * 1 iin Min 4 k # 
” 1 1 \ A 77 * : ' | : ' 4 
in lengen to 18; and they are rationa S Kieileioie f f i; 
4 1 4 
"its. F # m % 7 . F "I 5 
1 1 » 2 © x i 3 .,% @ 4% * - 7” . * ; * x © a — ? : 
DM, MG are rational line cofmmenſurable onle in ol 
DOWCI > TACFEIOCE TOY 27. 105+ 4x14 DINONMIUE 41hE, 
8 . 3 | ee ES RG CN 2 nl en 
NOW it mult be demonſtrated that 11:18: a Hit bin 11 j 
5 F 11 . ada UN Rn 7 * * +} 5 4a” * , 3 2 , 5 ; f by 
Lit. Or Deca ule (OD) SET}, LI -£ * 10. CILC rea tene b * KW \ 
13 A mean Proportiona! between the KIHAT CFO Ay A 33. LHETCIOTE 10910180 
18 2 mea 66 tie A Herueen tl 1 | KT. herefore tt: 1314 ' @ 
a JICUN Prot ITLIONAL between AL it, NI; TRNEFEIOTE ids as 711 | 8 


MO to KL; that is, (by 1. 6.) as DK to MN fo is MN to K; tha 


2 140 VII. i 4 F# © a Þ 


Sa * F . „ at og BET, ee | 5 
fore (by 17. 6.) the rectangl. Contained 57 2 1% N 1 1 COLLIE 04 5 & 01 


\ # T * 7 — Wo >, . 1 ' 
MN: and becauſe the ſquare oi AC is commenturable to 1 quatre of 
CB, therefore alſo (by 14. 10.) DH is commenturable to Kt. ; fo that alſo 


DK is commenſurable in length to KM : and becauſe (by lon.) the V 
of AC, CB are greater than the refangle contained by AC, CÞ ako twice 
therefore alſo DL. is greater than M; ſo that alſo DM is greater than [VIC 


4 g I 
1 5 And 
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DM eis incommenſurable in length to MG ; and they 


and the reaangle contained by DK, KM is equal to the /quare of MN, 


that is, to the fourth part of the {quare of MG; and DK is commenſurable 


in length to KM : but if there be tvo unequal ſtraight lines, and a paral- 


lelogram be applied to the greater, equal to the fourth part of the ſquare 


of the leſſer, deficient by a ſquare figure, and divide it into commenſurable 
parts, the greater (by 18. 10.) is more in power than the leſs by the /qa: 
of a line commenſurable in length to itſelf; and DM, MG are rational line 
and DM, being the greater name, is commenſurable in length to DE. the 
rational line put; therefore (by 1. def. 2. 10.) DG is a firſt binomial 7;x-. 
Which was to be demonſtrated. 


FRO N. LAX: 
The /uare of a firit bimedial line, applied to a rational Ine, makes 
the breadth a ſecond binomial /e. 


et AB be a firſt bimedial line, divided into its medial ſegments in © 
of which let AC ze the greater; and let the rational line DE be put; and I: 
the parallelogram DF be applied to DE, equal to the ſquare of AB, makine 
the breadth DG: I ſay that DG is a ſecond binomial line. For let ti! 
fame things be conſtructed with thoſe in the propaſition before this; an 
becauſe AB is a firſt bimedial line divided in C, therefore (by 38. 1 
C, CB are medial lines commenſurable only in power, containing a ration. 


ſpace ſo that alſo the /quares of AC, CB are medial ſpaces ; therefore DL : 


a medial ſpace, and it is applied to a rational line; therefore (by 23. 1c. 
MD is rational and incommenſurable in length to DE. Again, becauſe 
the reFangle contained by AC, CB 7aten twice is rational, alſo MF 7s ration: 
and jt is applied to a rational /ize ML; therefore alſo 8 
(by 21. 10.) MG is rational, and commenſurable in 4 ——ů— 


length to ML; that is, to DE; therefore (by 13. 10.) 


are rational; therefore DM, MG are rational lines com- 
menſurable only in power; therefore DG is a bino- 
inal line. Now it muſt be demonſtrated that it is 
allo a ſecond binomial line. For becauſe (by lem. to.61. 10.) the 
of AC, CB are greater than the rectangle contained by AC, CE 74%! 
:wice, therefore alſo DL. #s greater than MF; ſo that alſo DM 1s great 
8 chat 


3 
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than MG : and becauſe the /427e of AC is commenſurable to the ſquare of Rook x 
BC, alſo DH is commenſurable to KL; fo that alſo DK is commenſfurable == 
in length to KM; and the vedtangle contained by DR, KM is (by conſt.) 
cqual to the /quare of MN; therefore (Oy 1 8. 10.) DM 1s more in powe 

than MG by the ſqu-re-of "a line commenturable 5 /englh to itſelf: and MG | : 
is commenſurable in length to DE; therefore (by 2. def. 2. 10.) DG is a 

ſecond binomial line. Which was to be demonſtratéd. 


PROP: 41XH. 
'The ſquare of a ſecond DUNC 1 Al line, applicd tO a rational (i; 


* 
99 


makes the breadth a third binomial Ze. 


Let AB be a fecond bimediai Ve, divided into its medial /zaments in C 


ſo that AC m ay be the greater ſegment; and let. DE be any rational line ; 


and Jet the parallelogram DF be appiied to DE, equal to the /qzaze of AP, 


making the breauth DG : I ſay that DG is a third binomial Ile. 


For Tos 
the ſame things be conſtructed! with thoſe 


in the propyfitions demonſtrated 
before. And becaule AB? 15 a {fecond bimcdial line, divided in C 


therelore 4 
(by 39. 10.) AC, CB are medial lines commenturable only in power, con- 
aining a medial ce, lo that allo the pace compounded 
of the [quares of AC; CB is medial; auc it is equal to Ar S220 
DE; tliereforc allo DL is a medial dee; and it 18 — 
applied ton rational line DE; therefore (by 23. 10.) PE-XF r 
MD is rational, and incommenſurable in length to DE. | | 5 
Certainly; ſor the {ime teaſon, atio Mis rational, and E 
incommenſurable in length to ML, that is, o DE. E. HII. O F 


therefore cach of tlie he, DM, MG: 1s r. 


2 Fail 1 es eee nd 3 
Klonal and incommenturable in 


length to DE. Aud becauſe AC is incommenſurable in length to CB; 
(by 1. 6.) as AC to CB ſo is the /quare of -AC to the 


and 
rectangle Contained 
by AC, CB; ſo that alſo the ſpace compounded of the ſquares of AC, CB 
is incommenſurable {by 14. and 16. 10.) to the refaugle contained by 
AC, CB talen DHA that is DL to MF; ſo that DM is incommenturable 
to MG; and they are rational; therefore DG is a binomial ue Now it 
muſt alſo be demonſtrated that it is a third #1memial line. Certainly, in like 
manner as in the propeyſitions before ibis, we ſhall conclude that DM -1s 
greater than MG ; and that DK is commenſurable to KM; and that the 


rectan ole 
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6 Book X. rectangle contained by DK, KM is equal to the ſquare of MN; and that 
* ey therefore (by 16. 10.) DM is more in power than MG by the ſquare of a 
| line commenſurable to itſelf 7» length : fo neither of the lines DM, MC; 
1 is commenſurable in length to DE; thereſore (by 3. def. 2. 10.) DG is 2 


| | third binomial line. Which was to be demonſtrated. 


1 R R Or. Ii. 


7 The /quare of a greater line, applied to a rational Ine, makes the 
K | 2 l 5 pe, 

| | breadth a fourth binomial V. 

| Let AB be a greater line, divided in C, ſo that AC may be greater than 
1 1 a a b . 

if CB; but let DE be any rational line; and let the parallelogram DF be 
| | | applied to DE, equal to the ſquare of AB, making the breadth DG : I fay 


1 that DG is a fourth binomial 7ize. For let the fame things be conftructed 
N with thoſe in the propeſiticns before. And becauſe AB is a greater line 
divided in C, (by 40. 10.) AC, CB are incommenſurable in power, making 
indeed the /pace compounded of the ſquares of them rational, but the rectangle 
contained by them medial: now becauſe the ſpace compounded of the tquares 
of AC, CB is rational, therefore alſo DL 1s rational; therefore (by 21. 10.) 
DM is alſo rational and commenſurable in length to D. 


Again, becauſe 


the rectaugle contaime 7 by 4 AG; CB taken ty, ice, that 15, N E. ö medial, and 
is applied to a ration 4] Ts ML, therefore (by 23. 95 MC 3c ration add 


incommenſurable in length to DE; therefore DM is incommenſurable in 
length to MG; therefore DM, MG are rational 105 commenſurable 
in power; therefore (by 37. 10.) DG is a binomial ine. 


demonſtrared that it is allo a fourth Linchial line. Cer- 


only 
Now it muſt be 


tainly, in like manner as in the propoſitions before, we 1 
ſhall conclude that DM 1s greater than MG, and that 17 
the rectangle contained by DK, KM is equal to the = | 4 8 ; 
ſquare of MN: now becauſe the ſquare of AC is incoin- | 
menſurable to the /quare of CB, therefore (by 10. 10.) | 4 


alſo DH is incommenſurable to KL, fo that allo KD is „„ 
incommenſurable to KM : but if there be two unequal ſtraight lines, and if 
a parallelogram be applied to the greater equal to a Roth part of the 
{quare of the leſſer, deficient by a ſquare figure, and if it divide it into 
Segments incommenſurable in length to itſelf, the greater (by 19. 10.) 


More 
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More in Power than the leſſer by the ſquare of a tine ncommaenſatable to Beok X. 


itſelf in length; thereſore DM will be more in power than MG by the /qzare 


- wy a YR J % {> 7 1 1 : , a . * 15 1 14 : i\ $*;;% . : FE, . — 
of a line incommenturable to itfelf: and DM, MG are rational lines com- 
» + *; -» . = 1 * ” —_ K 4 a N 1 . *. 4 . 5 4 ++ 0, 1 8 [ 5 _ q hy 3 
meniurable only in power; and Dis conunenſurable 7x length to DE, the 


"yn 


* . i s #1 78 1 * : o 7 0 * o oy * 
rational line put: therefore (by 4. def. 2. 10.) BG is a fourth binomial line. 
U | 14 28 
Wich was to be demonſtrated. 


1 L11C Jt) S. Ott iii CL 111 DJ . ay ad rationat and medial /pace, 
* 73 ' 3 — 0 T.. FEES, * 
ap; blicd to a rational makes the breadth a fifth binomial [te 
Let AB be a line equal in power to a rational and medial pace, divided 
in C into ſtraight lines, ſo that AC may be the greater; and > the rational 


line DE be put; and let DF be applicd to DE, equal to the auare of AB, 


i 


% 


making the breadth DG: I lay that DG is a fifth bi N line. For let 
the ſane things be conſtructed as in th prop 1 before this. Now becauſe 
AB is equal in dx er to a rational and medial pace, divide d in C, therc- 
fore (by 4 b. 10.) AC, CB are dee e in power, making the ſpace 
compoundad lol the {quares of tm medial, but the refarg/e contained by 
them rational: then becanfe the h compounded of the 7 Yaresof AC, CB 
is medial, therefore alto DL is medial; ſo that DM is rational (by 23. 10.) 
and incommenſurable in length to D: again, becauf 
the refangle contained by AC, C taker twice 15 3 A 
that is, MF; therefore (by 21. 10.) M is rationa] BY 
og . | GD | * . DE—=-tFATT 
and commenſurable in lengih to DE, ; therefore {by-13, | bj (1-4 
10.) DM is incommenſurable i length to MG; there- | 
fore DM, MG. are rational lines commenſurable only in Hes 
power; therefore (by 37. i.) DG is a. binomial Ine. 
Now I ſay alto that it is @ filth 6720, il line. For in like manner it will be 


EE J7/Cͤ ³Üöꝛͤ © ESPE a T8 ng DR A &. A 3 1 33 
demonſtratedd that hne FEE AH ls Conta. Fl DY LI I, £4 49 un O Lie ee 
j £ 4 


8 8 1. 17 Fg ge f hs, 2 % 6 s ? b 4 J 5 . . 4 2 
MN, and that DK is incommenſurable in length to KRM; therefore (by 
19. To M 18 FOG L123 1 WPF than is F 5 18 1 r nell 


4 
menturable IH LET . l + 4» 4nd LI, 40 411 : x (LICI 20 HIICS \ OVNNLLTIER HI - 
C? . 
I ” - : r # 4 | & g — % 1 1 Fl 5 7 re 1 DE - 
rable only In POWel , LESS! a \ T3 1FLC 10 110 r 15 COR IL ITH-ULL Gian 419 14 tO n 
- 


, 0 ; #® 3 \ o * n ; . 3 9 y , > A KF wt 710 * I 
therefore (by WW def. 2. 10. Ut is a DI: binomtal 2%. Viuch Was to DC 
demonſtrated, 


PROF. 
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RO P. EVI. 
The fquare of a line equal in power to two medial /paces, applicd 
to a rational / , makes the breadth a ſixth binomial e. 


Let AB be a line equal in power to two medial ſpaces, divided in C, 
and let DE be the rational line; and let DF be applied to DE, equal to the 
ſquare of AB, making the breadth DG: I ſay that DG 1s a fixth binomial 
line. For let the ſame things be conſtructed with thoſe before: and becauſe 
'AB is a line equal in power to two medial ſpaces, divided in C; therefore 
(by 42. 10.) AC, CB are incommenſurable in power; making both the 
ſpace compounded of the ſquares of them medial; and the reffangle cn 
tained by them medial; and beſides, the ſpace com- 
pounded of the ſquares of them, incommenfurable ſokdod Ar—— 
the refangle contained by them: ſo that, according to | 
what has been demonſtrated be fore, each of the ſpaces ' P 
DL, MF is medial, and is applied to the rational ine 
DE; therefore (by 23. 10.) each of the lines DM, MG 
is rational, and incommenſurable in length to DE: and 
becauſe the /pace compounded of the /quares of AC, CB is incommenſuta— 
ble to the rectangle contained by AC, CB taten twice, therefore DL is in- 
commenſurable to MF; therefore (by 10. 10.) DM is alſo incommenſu- 
rable to MG in length; therefore DM, MG are rational {ines commenſurable 
only in power; therefore DG is a binomial line. I ſay alſo that it is a ſixth 
binomial line, For again, in like manner we ſhall demonſtrate as in the 
propoſitions before this, that the rec angle contained by DK, KM is equal to 
the ſquare of MN, and that DK is incommenſurable in length to KM : 
certainly, for the ſame reaſon, alſo DM is more in power than MG by the 
ſquare. of a line incommenſurable to itfelf in length; and neither of the 


1 oO» 


lines DM, MG is commenſurable in length to DE, the rational line put : 


therefore (by 6. def. 2. 10.) DG is a ſixth binomial line. Which was to 
be demonſtrated. | 


. LXVII. 
A line commenſurable in length to a binomial line, is alſo itte“ 
a binomial line, and the ſame in order. 
Let 
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Let AB be u binomial lie, and let CD be commenturable in length to Bock X. 
AB; I ſay that CD is a binomial line, and the faine in order with AB. For 
becauſe AB is a binomial ine, let it be divided into its names in E, and let 
AE be the greater name; therefore (by 37. 10.) AF, EB are rational lines 
commenſurable only in power: let it be made (by 12. 6.) as AB to CD ſo 
zs AE to CF; therefore (by 19. f.) allo the remainder. IB is to the remain- 
der FD as AB to CD: but AB is commenturable in length to CD; there- 
fore (by 10. 10.) alſo AE is commenſurable % length to CF, and 5 
EB to FD; and AE, EB are rational lines; therefore allo CF, EI 
are rational. And becauſe it is as AE. to CF fo is EB to FD, | 
therefore alternately it is as AE to EB ſo ig CF to FD: but . 
AE, EB are commenſurable only in power; therefore alfo C, FD F 


are commenſurable only in power, and they are rational; there— E 
fore (by 37. 10.) CD is a binomial //ve. Now TI ſay that it is 
the ſame in order with AB. For AE is more in power than EB 
either by the /quare of a line commenſurable to itlelt 71 lenzth, 42-4 
or by the ſquare of a line incommenſurable : then if AE ſhall be E 
more in power than EB by the ſquare of a line commenſurable 8 
to itſelf in length, alſo CF (by 15. 10.) will be more in power than FD by 
the ſquare of a line commenſurable to-itfelf 5 and if AF. is commenturable 


to the rational line put, allo CF (by 12. 10.) is commenſurable to it; and 
for this reaſon cach of the lines AB, CD 1s a firſt binomial e, that is, 
the ſame in order: and if EB is commenſurable to the rational Jie put, 
alſo FD is commenſurable to the ſame ; and for this reaſon, again, it will 
be the ſame in order with AB; for each of them is a ſecond binomial line: 
but if neither of the lh, AE, EB is commenſurable to the rational lie put, 
alſo neither of the lines CF, FD will be commenſurable to it; and each is 
a third binomial line. But if AF. is more in power than EB by the ſquare 
of a line incommenſurable to itfelf in length, alſo CF will be more in power 
than FD (by 15. 10.) by che ſquare of a line incommenſurable to it{elf 77 
length; and if AE is commenſurable to the rational line put, alſo CF. 1s 
commenſurable to it; and each ef tbe lines is a fourth binomial live: but 
f EB, alſo FD; and cach will be a fifth: but if neither of the lines AE, EB, 


alſo neither of the lines CF, FD will be commenſurable to the rational J 
put; and each will be a ſixth. 5inomial line. So that the line commenſurable 
n length to a binomial Jie is a binomial line, and the fame in order. Which 
was to be demonſtrated. 


U PRO P. 


Bock K. 


ſquare of AE is commenſurable to the /quare of CF; therefore Ef 
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P R O P. LXVIII. 


A line commenſurable in length to a bimedial /ze, is a bunedia! 
line, and the ſame in order. 


Let AB be a bimedial line, and let CD be commenſurable in length to 
AB ; I ſay that CD is a bimedial line, and the ſame in order with AB. For 
becauſe AB is a bimedial line divided into its medial lines in E, therefore 
(by 38. and 39. 10.) AE, EB are medial lines commenſurable only in power; 
and let it be made as AB to CD ſo is AE to CF; therefore allo the remain- 
der EB (by 19: 5.) is to the remainder FD as AB to CD: but AB is coin- 
menſurable in length to CD; therefore alſa AE is commenſurable to CY, 
and EB to FD; and AE, EB are medial lines; therefore alſo (by 24. 10.) 
CF, FD are medial: and becauſe it is as AF. to EB fo is CF to FD; but 
AE, EB are commenſurable only in power; therefore alſo CF, FD arc 
commenſurable only in power; but they have been demonſtrated 7 be me- 
dial; therefore CD is a bimedial line. Now I fay alſo that it is the ſame 
in order with AB. For becauſe it is as AE to EB fois CF to FD, there- 
fore alſo (by 11. 5. and 1. 6.) as the ſquare of AE to the 


rectangle contained by AE, EB, ſo is the ur of CF to the 4 
rectangle contained by CF, FD; therefore, by alternation, as the 

Square of AV. to the ſquare of CF, fo is the refangle contained 35 

by AE, FB to the rectangle contained by CF, FD: but the F 


alſo the reclangle contained by AE, EB is commenſurable to the 
rectangle contained by CF, FD. Now if the rectangle con- 
tained by AE, EB is rational, alſo the rectangle contained by 
CF, FD is rational; and, for this reaſon, the /ine (by 38. 10.) 4 
is a firſt bimedial: or if the rectangle contained by AF, EB is GY: 
medial, alſo the rectangle contained by CF, FD is medial; and each (v0) | 
39. 10.) is a ſecond bimedial line; and, for this reaſon, CD is the fame 


in order with AB. Which was to be demonſtrated. 


R O P. -LXIX. 
A line commenſurable in length to a greater line, is itſelf a greater 


line. 


Let AB be a greater /ize, and let CD be commenſurable to AB; I 
that alſo CD is a greater /ize, Let. AB be divided in E; therefore (by 
| | __ 40. 
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40. 10.) AE, EB are incommenſurable in power, making the ſpace com- Book Xx. 
pounded of the ſquares of them rational, but the rectangle contained by 


them medial: and let the fame things be made with thoſe before. And 
becauſe it is as AB to CD fo is AE to CF, and EB to FD, therefore 
alſo as AE to CF ſo s FB to FD; but AB is commenſurable iz length 
to CB; therefore alſo each of the {ines AE, EB is commenſu— 

rable to each of the lines CF, FD: and becauſe it is as AE, to 

CF ſo is EB to FD, allo alternately as AE to EB lo is CF 

to FD; and therefore, by compoſition, as AB to BE fo is CD Br 
to DF; and therefore (by 22.6.) as the /quare of AB to the 1 
ſquare of BE lo is the /quare of CD to the iure of DF : cer- 1 
tainly in the ſame manner we ſhall demonſtrate alto that as the ED 
ſquare of AB to the ſquare of AE fo is the Square of CD to 
the ſquare of CF; therefore alſo (by 24. 5.) as the ſquare of 
AB to the /quares of AE, LB lo is the ſquare of CD to the $0 
ſquares of CF, FD; therefore alſo, alternately, it is as the * 
[quare of AB to the ſquare of CD fo are the /quares of AF, EB to the 
fquares of CF, FD : but the ſquare of AB 7s commenturable to the /quare 
of CD; therefore allo the ſquares of AF, EB ate commenſurable to the 
ſquares of CF, FD: and (by 45. 10.) the /qrares of AF, EB together are 
rational; alſo (by 9. def. 10.) the /qzares of CF, FD together are rational: 
but in like manner alſo the rectanple contained by AE, EB taken twice is 
commenſurable to the redangle contained by CF, FD taken twice; and (by 
40. 10.) the redtangle contained by AE, EB takez twice is medial; therefore 
allo (by 24. 10.) the reZangle contained by CF,FD taken twice is medial; 
therefore CF, FD are incommenſurable in power, making the Jpace com- 
pounded of the ſquares of them rational, but the reftangle contained by them 
medial; therefore (by 40. 10.) the whole CD is an irrational line, called a 
greater line. Therefore a line commenſurable in length to a greater Ine, 
is a greater line. Which was to be demonſtrated. 


i FCC 
A line commenſurable to a line equal in power to a rational and 
medial hace, is itſelf a line equal in power to a rational and me- 
dial ſpace. 
Let AB be a line equal in power to a rational and medial ce, and 
let CD be commenſurable to AB ; it muſt be demonſtrated that allo CD 
U 2 | 18 
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Book X. is a line equal in power to a rational and medial ſpace. Let AB Le 

divided into its ſtraight lines in E; therefore (by 41. 10.) AF, FB are 

incommenſurable in power, making the /pace compounded of the {ſquares 
of them medial, but the rectangle contained by them rational, 
And let the ſame things be conſtructed with thoſe before : 
certainly, in the ſame manner, we ſhall demonſtrate alſo that 
CF, FD are incommenſurable in power; and that the ſpace 
compounded of the ſquares of AE, EB is commenſurable to 
the ſpace compounded of the {quares of CF, FD, and the E. 
redtangle contained by AE, EB to the refangle contained by 
CF, FD; ſo that alſo the Space compounded of the ſquares of 
CF, FD is (by 24. 10.) medial, but the refangle contained by 
CF, FD rational : therefore (by 41. 10.) CD is a line equal | 
in power to a rational and medial pace. Which was to be de- AC 
monſtrated. 


F403 PF. Aat. 


A line commenſurable to a line equal in power to two medial 
ſpaces, is a line equal in power to two medial paces. 


Let AB be a line equal in power to two medial ſpaces, and let CD 4 
commenſurable to AB; now it muſt be demonſtrated alſo that CD is a line 
equal in power to two medial ſpaces. For becauſe AB is a 


line equal in power to two medial ſpaces, let it be divided ? 
into its ſtraight lines in E; therefore (by 42. 10.) AE, EB are 
incommenturable in power, making both the ſpace compounded 

of the ſquares of them medial, and the rectangle contained by . 


them medial, and beſides the pace compounded of the ſquares E+ 
of AF, EB incommenſurable to the reffangle contained by 
AE, EB. And let the fame things be conſtructed with thoſe — 
before : certainly we ſhall demonſtrate, in the fame manner, | 
alſo that CF, FD are incommenſurable in power ; and that . 
the pace compounded of the /quares of AF, EB is commenſu— * 
rable to the ſpace compounded of the ſquares of CF, FD, and the re 
contained by AE, EB to that contained by CF, FD; ſo that allo (by 24. 
10.) the pace compounded of the ſquares of CF, FD is medial; and the 


, 
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rectangle contained by CF, FD is medial; and beſides, Hat the Toy com— 
pounded of the ſquares of CF, FD is inco unenſtmable to the 7/angte 
tained. by CF, FD: therefore CD (by 42. 10:)-1s-a:line..« vet 1 power 
to two medial aces. Which was to be deinunitrated. 


(Cu- 


PRO D I 


A rational and medial pace being put together, ſour irrational 


[1:05 are made, either a binomial %%, or a firit bimedial le, or a 


greater n, Or allo a line equal in power to a rational and medial 
ſpace. 


Let AB be a rational, but CD a medial pace; I ſay that the line equal 


in power to the ſpace AD, is either a binomial /e, or a firſt bimedial ine, 
or a greater Jine, or a line equal in power to a rational and medial ce. 
For the pace AB is either greater or leſs than CD : let if be firſt greater, 
and let the rational line EF be put; and let EG be applied to EE, equal 
to AB, making the breadth EH ; and let HI, equal to CD, be applied to 
EF, that is, to HG, making the breadth HK : and becauic AB 1s rational, 
and .O is equal ” , therefore allo EG is rational; and it has been applied 
to the rational {72 EF, making the breadth FH; therefore FIT is rational 
(by 21. 10.) and commenſurable in length to EF : again, becauſe CD is 
medial, and HI is equal 70 77, therefore alſo HI is medial, and it is ap- 
plied to the rational %e EF 


1 
„that is, to HG, making the breadth IIK; 
therefore (by 23. 10.) HK is rational and incommenſurable in length to 


EF: and becauſe CD is medial; but AB rational, therefore AB is incoin- 


menſurable to CD; fo that allo EG is inconunenſurable to III: but as 
EG to HI to is (by 1. 6.) EH to HK; therefore alſo III is incom- 
menſurable in length to IIK; and they are both rational lines; therefore 
EH, HK are rational lines coinmenſurable only in power; therefore!“ K is 


a binomial {ze divided in II: and becauſe AB is greater 


a Ah 
than CD, and AB equal to EG, and CP to III, therefore | | 
alſo EG is greater than HI; and therefore alſo IH is greater 

than HK. Now certainly 


is more in power than IIK, — * 
ither by the ſguare of a line commenſurable to itſelt in 85 
1 


3 
K 


length, or by the /quare of a line incommenturavle : firſt let © F 

it be more in power Fac the ſquare. of a line commenſurable to 8 and 

jet the greater IE be commenſurable to IF, the rational ine put; there- 
1 a 
Orte 


Book X 
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ſpace EI 1s a firſt bimedial 7ize; fo that alſo the line equal 8 545 
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fore (by 1. def. 2. 10.) ER is a firſt binomial line; but EF is rational: 
but if a ſpace be contained by a rational and firſt binomial line, the line 
equal in power to the ſpace is (by 55. 10.) a binomial ; therefore the line 
equal in power to the ſpace FI is a binomial ; fo that allo the line equal in 
power to AD is a binomial. But now let EH be more in power than HK 
by the ſquare of a line incommenſurable to itſelf in length, and let the greater 
EH be commenſurable in length to EF, the rational line put; therefore (by 
4. def. 2. 10.) EK is a fourth binomial line, and FF 7s rational: but if a 
{pace be contained by a rational and fourth binomial line (by 58. 10.), the 
line equal in power to the ſpace is an irrational /ine, called a greater line; 
therefore the line equal in power to the ſpace ET is a greater line; fo that 

allo the line equal in power to the {pace AD is a greater line. But now let 
AB be leſs than CD; and therefore EG is leſs than HI; fo that alſo EH :': 
leſs than HR: but certainly IIK is more in power than EH, either by thc 
ſquare of a line commenſurable ix length to itſelf, or by the ſquare of a line 
incommenſurable: firſt, let it be more in power by the ſquare of a line com- 
menſurable to itſelf ; and let EH, the leſſer, be commenſurable in length 
to EF, the rational line put; therefore (by 2. def. 2. 10.) EK is a ſecond 
binomial line, and EF is rational: but if a ſpace be contained by a rationa! 


and ſecond binomial 77ze, the line equal in power to the ſpace is (by 56. 10., 


a firſt bimedial line; therefore the line equal in power to the 


in power to the ſpace AD is a firſt bimedial : but now let 5 
HK be more in power than EH by the ſquare of a line 
incommenſurable to itſelf in length; and let the leſſer EH 
be commenſurable ix /ength to EF, the rational line put ; 2M WM 
therefore (by 5. def. 2. 10.) EK is a fifth binomial line, and EF 15 rational: 
but if a ſpace be contained by a rational and fifth binomial line, the lin 
equal in power to the ſpace, is a line (by 59. 10.) equal in power to a 
rational and medial /ace; therefore the line equal in power to the ſpace Fl, 
is a line equal in power to a rational and medial pace; fo that alſo the line 
equal in power to the [pace AD, is a line equal in power to a rational an 1 
medial ace. Therefore a rational and medial ſpace being put together, 
four irrational lines are made, either a binomial line, or a firſt bimedial 4% 
or a greater line, or alſo a line equal in power to a rational and mec 
Pace, Which was to be demonſtrated. 


PROF. 
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Two medial ſpaces, incommenſurable to one another, being put 
together, the two remaining irrational //es are made, either a ſecond 
bimedial ine, or a line equal in power to two medial /paces. 


For let AB, CD, two medial /paces incommenſurable to one another, be 
put together; I fay that the line equal in power to the ſpace AD is either 
a ſecond bimedial ine, or a line equal in power to two medial ſpaces. For 
AB is either greater or leſs than CD: let AB firſt be greater than CD; and 
let the rational /ize EF be put; and let EG be applied to EF, equal to 
AB, making the breadth EIA; and HI, equal to CD, making the breadth 
HK: and becauſe each of the /paces AB, CD is medial, therefore alſo 
each of the /paces EG, HI is medial, and is applied to the rational /ize EF, 
making the breadth the lines EH, HK ; therefore (by 23. 10.) each of the 
tines EH, HK is rational, and incommenſurable in length to EF: and be- 
cauſe AB is incommenſurable to CD, and AB is equal to EG, and CD to 
HI, therefore alſo ILG is' incommenſurable to III; but as EG to HI fo 
is EH to HK; therefore IH is incommenſurable in length to HK ; there- 
fore EH, HK arc rational %% s commenſurable only in power: there- 
fore EK is a binomial line. But certainly FH is more in power than IIK 
by the ſquare of a line either commenſurable to itſelf in length, or of one 
incommenſurable : firſt, let it be more in power by the ſquare of a Ine com- 
menſurable to itſelf in length; and neither of the ine, EH, IIK is com- 
menſurable in length to EF, the rational line put; there— 


5 : 8 
fore EK is a third binomial line, and EF is rational: but | 
if a ſpace be contained by a rational and third binomia!l "1D 
| 1 


line (by 57. 10. ), the line equal in power to the ſpace, is a 
ſecond bimedial line; therefore the line equal in power to E = 
EI, that is, to AD, is a ſecond bimedial: but now let EH | 
be more in power than TIK by the ſquare of a line incommenſurable to 
itſelf in length; and each of the lines EH, HS is incommenſurable in 
length to EF; therefore (by 6. def. 2. 10.) EK is a ſixth binomial line: 
but if a ſpace be contained by a rational and fixth binomial ze, the line 
equal in power to the ſpace (by 60. 10.) is a line equal in power to two 
medial ſpaces; fo that the line equal in power to the ſpace AD, is a line equal 
in power to two medial /paces; Certainly, in the lame manner, we ſhall demon- 
| | | ſtrate, 
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Book X. ſtrate, that, if AB be leſs than CD, the line equal in power to the ſpace AD is 


— 


either a bimedial line, or a line equal in power to two medial paces. There- 
fore two medial ſpaces, incommenſurable to one another, being put together, 
the two remaining irrational /izes are made, either a ſecond himedial line, or a 
line equal in power to two medial ſpaces. Which was to be demonſtrated. 

Cor. The binomial line, and the irrational lines aſter it, are not the ſame 
with the medial /;ze, nor with one another: for the /qzare of a medial, ap- 
plicd to a rational line, makes the breadth rational, and incommenſurable in 
length to that to which it is applied (by 23. 10.); but the /quare of a bino- 
muial line applied to a rational line, makes the breadth a firit binomial Iihe, (by 
61. 10.) : and the /quare of a firſt bimedial lu, applied to a rational line, 
makes the breadth a ſecond binomial line (by 62. 10) ; but the Square of a 
ſecond bimedial /zze, applied to a rational line, makes the breadth a third 
binomial ine (by 63. 10.) : and the ſquare of a greater line, applied to a 
rational Zire, makes the breadth a fourth binomial line (by 64. 10.) : but the 
ſquare of à line equal in power to a rational and medial Space, applied to a 
rational line, makes the breadth a fifth binomial (by 65. 10.) ; and the 
fquere of a line equal in power to two medial /paces, applied to a rational 
line, makes the breadth a ſixth binomial line (by 66. 10.) Now becauſe the 
ſaid breadths differ both from the firſt, and from one another, from the firſt 
becauſe it is rational; certainly from one another, becauſe they are not the 
ſame in order; it is manifeſt that the irrational lines themſelves differ 
from one another. 

ScnoLium. There are ſeven ſenaries up to the things thus far mentioned, 
The firſt of which ſenaries demonſtrates the generation of them (in 37. 38. 
39. 40. 41. 42.) ; but the ſecond, the diviſion of them, that they are divided 


in one point only (in 43. 44. 45. 46. 47. 48.) ; but the third, the invention 


of a binomial ine, firſt, ſecond, third, fourth, fifth, ſixth (in 49. 50. $1. 
$2.53. 54.) : after which, the fourth ſenary demonſtrates the diſtinction of 
the irrational lines, how they differ; for, uſing the binomial line, he de- 
monſtrates the difference of the fix irrational lines (in 55. 56. 57. 58. 59. 
60.) ; he adds the fiſth and ſixth; demonſtrating in the fifth the applica- 
tions of the /quares of the irrational lines, what irrational lines the breadths 
of the ſpaces applied make (in 61. 62. 63. 64. 65. 66.) ; and in the ſixth, 
how the lines commenſurable to the irrational /ines are of the ſame ſpecics 
with them: again, in the ſeventh, he demonſtrates clearly to us the d. 


ference: of them (in 72. 73.) 
| But 
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But alto an arithmetical proportion appears in theſe irrational lines; and Bock X. 


the mean proportional taken, between the ſegments of any irra- 
tional line, in arithmetical proportion, is itfelf a line of the ſame 
ſpecies with thee between the legments of which it is a mean pro- 
portional: and firſt, that the arithmetical mean is in theſe. For 
put AB, any binomial line, and let it be divided into its names in iD 
C; it is evident that AC is greater than CB: let AD be taken 
from AC equal to CB, and let CD be cut in halves in E; it is „ 
manifeſt that AF, is equal to EB: let FG be put equal to either I 

of them ; certainly it is evident that by what AC differs from FG, by the 
ſame EB differs from CB; for AC difers from FG by EC; and by the ſame 
alſo FG differs from CB,; which 1s the property of an arithmetical propor- 
tion. But it is manifeſt that FG is commenſurable to AB, for it is equal to 
the half of it; ſo that (by 67. 10.) it is a binomial /ine: in like manner, 
alſo, it will be demonſtrated in others. 


THE BEGINNING OF THE SENARIES BY $SUBSTRACTION. 


PROP XXIV; 
If from a rational Ve a rational line be taken away, being com- 
menſurable only in power to the whole, the remainder is an irra- 
tional line; but let it be called an APOTOME. 


For let the rational /ine BC be taken from the rational line AB, being 


commenſurable only in power to the whole; I ſay that the remainder AC is 
an irrational line, called an apotome. For becauſe AB is incommen- B. 
ſurable in length to BC; and it is (by 1. 6.) as AB to BC ſo is the | 
ſquare of AB to the refangle contained by AB, BC,; therefore the C 
ſquare of AB is incommenſurable to the refangle contained by 
AB, BC : but (by 16. 10.) the ſquares of AB, BC are commenſu- 
rable -to the ſquare of AB; and the rect angle contained by AB, BC 
taken twice is commenſurable to the reFangle contained by AB, BC; A 
therefore the ſquares of AB, BC are incommenſurable to the rectangle con- 


tained by AB, BC taken twice; therefore the ſquares of AB, BC are incom- 
menſurable to the remainder, the ſquare of AC (by 17. 10.) ; becauſe the 


/quares of AB, BC are equal (by 7. 2.) to the rectangle contained by 
X AB, BC 


— 
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whole a rational ſpace, the remainder is irrational; but let it be called 


AC, AB are medial lines, alſo the ſquares of AC, AB are medial cr 


whole a medial Pace, the remainder is irrational; but let it be 
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taken twice, with the ſquare of AC : but the /quares of AB, BC are rational, 
therefore (by 11. def. 10.) AC is irrational; but let it be called an 


apotomè. 


PR OP. LXXV. 


If from a medial une a medial line be taken away, being com- 
menſurable only in power to the whole, and zf it contain with the 


a firſt apotome of a medial e. 


For let the medial line AB be taken from the medial line AC, being 
commenſurable only in power to AC, and with AC making a rational pace 
the rectangle contained by CA, AB; I ſay that the remainder BC is irra- 
tional; but let it be called a firſt apotome of a medial ine. For becaulc 


Spaces; but the refangle contained by CA, AB taken twice is rational; 
therefore the ſquares of AC, AB are incommenſurable to the refangle 
contained by CA, AB taken twice; therefore the refangle contained 
by CA, AB taten twice is incommenſurable to the remainder (by 4 
7. 2.) the ſquare of BC, becauſe (by 17. 10.), if the whole be incommenſu- 
rable to one of them, alſo the magnitudes from the beginning will be 
incommenſurable: but the rectangle contained by CA, AB taken twice is 
rational; therefore the ſquare of BC | is irrational; therefore BC is irrational; 
but let it be called a firſt apotome of a medial line. 


B. 
| 


PROP. LXXVI. 
If from a medial ne a medial line be taken away, being com- 
menſurable only in power to the whole, and 7 „Fit contain with the 


called a ſecond apotome of a medial Ine. 


For let the medial /ine BC be taken away from the medial line AB, 
being commenſurable only in power to the whole AB, and containing witli 
the whole AB a medial ſpace, the rectangle contained by AB, BC; I ſay 
that the remainder AC is irrational ; but let it be called a ſecond apotome 

of a medial line. For let the rational line DI be put, and let DE be 
| _ 
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applied to DI, equal to the /qreres of AB, BC, making the breadth DG ; Book X. 
but let DH be applied to DI, equal to the re4/angle contained by AB, BO — 
taken twice, making the breadth DF ; therefore (by 7, 2.) the remainder 

FE is equal to the /quare of AC: and becaule the ſquares of AB, BC are 
medial, therefore alſo DE is medial; and it is applied to the rational /ine 

DI, making tae breadth DG; therefore (by 23. 10.) DG 

; x N ; A C B 

is rational and incommenſurable in length to DI: again, e 

becauſe the rectangle contained by AB, BC is medial, allo 5 

the rectangle contained by AB, BC taken twice 15 medial, Ss 8 

and is equal to DH ; therefore alſo DH is medial ; and it 
has been applicd to the rational line DI, making the breadth DF; there- 
fore DF is rational and incommenſurable in length to DI : and becauſe 
AB, BC are commenſurable only in power, therefore AB is incommentu- 
rable in length to BC; therefore (by 1. 6. and 10. 10.) alſo the ſquare of 
AB is incommenſurable to the reffangle contained by AB, BC: but the 
ſquares of AB, BC are commenturable to the /quare of AB (by 16. 10.); 
and the refangle contained by AB, BC taken twice is commenſurable to the 
rectangle contained by AB, BC ; therefore the /quares of AB, BC are incom- 
menſurable to the rectangle contained by AB, BC twice: but DE is 
equal to the /quares of AB, BC, and DH to the refangle contained by 
AB, BC taken twice; therefore DE is incommenſurable to DH : but as DE 
to DH fo is DG to DF; therefore DG is incommenſurable in length to 
DF; and they are both rational lines commenſurable only in power; there- 
fore (by 74. 10.) FG is an apotome, but DI is rational: but (by ſch. 39. 
10.) the rectangle contained by a rational and irrational line is irrational; 
and therefore alſo the line equal in power to it is irrational; and AC is 
equal in power to FE ; therefore AC is irrational; but let it be called a 
ſecond apotome of a medial line. 


I HE 


p R O P.  LXXVIL. 
If from a ſtraight line a ſtraight line be taken away, being in- 
commenſurable in power to the whole, and making with the whole 
the ſpace compounded of the ſquares of them together rational, but the 
rectangle contained by them medial, the remainder 1s irrational; but 
let it be called a LESSER /ine. . 


X 2 | For 
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Book X. For let the ſtraight line AB be taken away from the ſtraight line 

Ac, being incommenſurable in power to the whole, making wich 
the whole AC the /pace compounded of the /quares of CA, AB * 
together rational; but the recfangle contained by CA, AB, taken 
twice together, medial; I ſay that the remainder BC is irrational; A 
but let it be called a leſſer line. For becauſe the ſpace compounded of the 
ſquares of CA, AB is rational, but that of the reFangle contained by 
CA, AB taken twice medial, therefore the /quares of CA, AB are incom- 
menſurable to the reFangle contained by CA, AB taken twice: and by 
converſion, and (by 17. 10.) the /quares of CA, AB are incommenſurable 
to the ſquare of BC; but the ſquares of CA, AB are rational; therefore 
the /quare of BC is irrational ; therefore BC is irrational ; but let it be 
called a leſſer line. 


=P. R-Q-P. een 
If from a ſtraight line a ſtraight line be taken away, being in- 
commenſurable in power to the whole, and making with the whole 
the ſpace compounded of the ſquares of them medial, but the rect- 
angle contained by them taten twice rational, the remainder is 


irrational; but let it be called a line making the whole ſpace medial 
with a rational ſpace. 


For let the ſtraight line AB be taken away from the ſtraight line AC, 
being incommenſurable in power to the whole AC, making the ſpace „. 
compounded of the ſquares of AC, AB medial, but the rectangle 
contained by CA, AB faken twice rational; I ſay that the remain- 
der BC is irrational ; but let it be called a line making the whole | 
ſpace medial with a rational ſpace. For becauſe the ſpace compounded A. 
of the ſquares of CA, AB is medial, but the rectangle contained by CA, AB 
taken twice is rational, therefore the ſquares of CA, AB are incomien- 

ſurable to the rectangle contained by CA, AB faken twice; therefore alſo 
the remainder the /quare of BC is (by 17. 10.) incommenſurable to the 
rectangle contained by CA, AB taken twice: and the reFangle contained by 
CA, AB taken twice 1s rational ; therefore the /quare of BC is irrational; 
therefore BC is irrational ; but let it be called a line making the whole 
pace medial with a rational pace. 


| 
i 
I 
| 


PROP. 
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RN 


If from a ſtiaight line a ſtraight line be taken away, being in- 
commenſurable in power to the whole, but making with the whole 
the /pace compounded of the ſquares of them medial, and the rect- 
angle contained by them medial, and beſides the ſquares of them 
incommenſurable to the rectangle contained by them raten twice, 
the remainder is irrational; but let it be called a line making the 


whole /pace medial with a medial hace. 


For let the ſtraight line BC be taken away from the ſtraight line AB, 
being incommenſurable in power to AB, making the ace compounded of 
tlie ſquares of AB, BC medial, and the rectængle contained by AB, BC taken 


twice medial, and beſides the ſquares of AB, BC incommenſurable to the 


refangle contained by AB, BC taken twice; I ſay that AC the remainder 
is irrational; but let it be called a line making the whole ſpace medial 
with a medial ſpace. For let the rational line DI be put; and DE be 
applied to the rational /ine DI, equal to the /quares of AB, PC, making 
the breadth DG; but let DH be taken away, equal to the rectangle 
contained by AB, BC faken twice, making the breadth DF; therefore 
(by 7. 2.) the remainder FE. is equal to the ſquare of AC; fo that AC is 
equal in power to FE: and becauſe the ſpace compounded of the ſquares of 
AB, BC is medial, and is equal to DE; therefore BE is 


; : | AC: -B 
medial, and is applied to the rational /:ze DI, making the R 
breadth DG ; therefore (by 23. 10.) DG is rational and 9 7 E. 8 
incommenturable in length to DI: again becauſe the rc [ ll 
angle contained by AB, BC !aten twice is medial, and is 7 


equal to DH, thereſore Dil is medial, and is applicd to the rational 4% 
DI, making the breadth DF; therefore DF is rational and incommentu- 
rable in length to DI: and becauſe the ſquares of AB, BC are incom- 
inenſurable to the refangle contained by AB, BC taken twice, therefore 
alſo DE. is incommenſurable to DH : but as DE to DH fo is DG to Di; 
therefore DG is incommenſurable to DF; and they are both rational ; 
therefore DG, DF are rational Ines commenſurable only in power; there- 
fore (by 74. 10.) FG is an apotomé, but FH is rational: but the rectangle 
contained by a rational line and an apotome (by ſch. 39. 10.) is irrational; 


anc 
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Book Xx. and the line equal in power to it is irrational; and AC is equal in power 
— — FH; therefore AC is irrational; but let it be called a line making the 
whole ſpace medial with a medial pace. 


R O FP. LX. 


One rational ſtraight line only is adapted to an apotome, being 
commenſurable only in power to the whole. 


Let AB be an apotome, and let BC be adapted to it; therefore (by 74. 
10.) AC, CB are rational lines commenſurable only in power : I fay that 
another rational line will not be adapted to AB, being commenſurable only 
in power to the whole. For, if poſſible, let BD be adapted 7 it; there- 
fore (by 74. 10.) AD, DB are rational lines commenſurable only in 
power: and becauſe by whatever ſpace the /quares of AD, DB exceed 
the rectangle contained by AD, DB taten twice, by the ſame alſo 

the /quares of AC, CB exceed the refangle contained by AC, CB taten 
twice; for (by 7. 2.) both exceed by the ſame /pace the ſquare of 
AB: therefore, alternately, by what fpace the /quares of AD, DB B 
exceed the /quares of AC, CB, by the ſame the rectangle contained 
by AD, DB taken twice exceeds the rectangle contained by AC, CB A. 
taten twice: but the ſquares of AD, DB exceed the ſquares of AC, CB by 
a rational ſpace, for each is rational; therefore the rectangle contained by 
AD, DB faken twice, exceeds the rectangle contained by AC, CB taken twice 
by a rational pace; which is impoſſible; for (by 22. 10.) they are both medial 
ſpaces: but (by 27. 10.) a medial does not exceed a medial /pace by a rational 
ſpace; therefore another rational line is not adapted to AB, being com- 
menſurable only in power to the whole. Therefore only one rational % 


will be adapted to an apotome, being commenſurable only in power to the 
whole. Which was to be demonſtrated. 


] 
c a 


PROP Nen 
One medial ſtraight line only is adapted to a firſt medial apotome, 


being commenſurable only in power to the whole, and with the 
whole containing a rational ſpace. 


For let AB be a firſt medial apotome, and let BC be arid to AB ; 
therefore (by 75. 10.) AC, CB are medial lines commenſurable only in 
power, containing a rational /pace, the rectangle contained by AC, CB ; |! 
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ſay that another medial line is not adapted to AB, being commenturable only Book &. 
in power to the whole, and with the whole containing a rational /pace, For, 
if poſſible, let DB alſo be adapted to it; therefore (by 75. 10.) D 

AD, DB are medial lines, commenſurable only in power, containing ol 
a rational /pace, the reFangle contained by AD, DB: and becauſe by 
whatever ſpace the /quares of AD, DB exceed the refFangle contained 
by AD, DB raten twice, by the tame alſo the /ſguares of AC, CB 
exceed the refangle contained by AC, CB faten twice (for, again, 7B 
by 7. 2. they exceed by the ſame ſpace, the /quare of AB); therefore | 
alternately by what pace the /quares of AD, DB exceed the ſquares A 
of AC, CB, by the ſame the rec angle contained by AD, DB taken twice exceeds 
the rectangle contained by AC, CB 7aken twice: but the rectangle contained 
by AD, DB aten twice excecds the rectangle contained by AC, CB taten twice 
by a rational /pace; for they are both rational ſpaces; therefore alſo the /quares 
of AD, DB exceed the ſquares of AC, CB by a rational ſpace, which is impoſ- 
ſible, for they are both medial ſpaces; but (by 27. 10.) a medial does not 
exceed a medial ſpace by a rational ſpace. Therefore one medial ſtraight line 
only is adapted to a firſt medial apotome, being commenſurable only in 
power to the whole, and with the whole containing a rational /pace, Which 
was to be demonſtrated. 


PRO P. La&& AMR; 


One medial ſtraight line only is adapted to a ſecond medial apo- 
tome, being commenſurable only in power to the whole, and with 
the whole containing a medial ace. 


Let AB be a ſecond medial apotome, BC alto being adapted to AB; 
therefore (by 76. 10.) AC, CB are medial /ines commenſurable only in 
power, containing a medial ace, the rectangle contained by AC, CB; 1 ſay 
that another medial ftraight line will not be adapted to AB, being com- 
menſurable only in power to the whole, and with the whole containing a 
medial pace: for, if poſſible, let BD be adapted 79 it; therefore (by 76. 
10.) AD, DB are medial lines commenſurable only in power, containing a 
medial ſpace, the rectangle contained by AD, DB: and let the rational line 
EF be put, and let EG be applied to IF equal to the /quares of AC, CB, 
making the breadth EM]; but let HG be taken away, equal to the rectangle 
contained by AC, CB 7aten twice, making the breadth TIM ; therefore (by 
7. 2.) the remainder EL is equal to the /quare of AB; ſo that AB 1s equal 


IN: 
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in power to EL: now, again, let EI be applied to EF equal to the /quares 
of AD, DB, making the breadth EN; and EL is equal to the ſquare of 
AB; therefore (by 7. 2.) the remainder HI is equal to the refangle con- 
tained by AD, DB taken twice: and becauſe AC, CB are medial lines, there- 
fore alſo the ſquares of AC, CB are medial ſpaces, and they are equal to EG 
therefore alſo EG is a medial ſpace; and it is applied to the rational line El, 
making the breadth EM; therefore (by 23. 10.) EM is rational and 
incommenſurable in length to EF. Again, becauſe the refangle con- 
tained by AC, CB is medial, alſo the reHangle contained by AC, CB tak; 
twice is medial; and 1t 1s equal to HG; therefore alſo HG is a medial. 
ſpace; and it is applied to a rational line EF, making the breadth 
HM; therefore HIM is rational, and incommenſurable in length to EF: 
and becauſe AC, CB are commenſurable only in AB CD 
power, therefore AC is incommenſurabſe in length F 
to CB: but as AC to CB ſo (by 1. 6.) allo is the ET 
ſquare of AC to the rectangle contained by AC, CB; | 
therefore alſo the /quare of AC is incommenſurable 985 Zo 
to the rectangle contained by AC, CB: but (by 16. hr 1 
10.) the /quares of AC, CB are commenſurable to the ſquare of AC; and 
the rectangle contained by AC, CB taten twice is commenſurable to the 
reftangle contained by AC, CB; therefore the ſquares of AC, CB are in- 
commenſurable to the reFangle contained by AC, CB taken twice: and FG 
is equal to the /quares of AC, CB; but HG is equal to the rectangle con- 
tained by AC, CB taten twice; therefore EG is incommenſurable to HG: 
but as EG to HG ſo is FM to HM; therefore EM is incommenſurable in 
length to HM ; and they are both rational lines; therefore EM, HM are 
rational /ines commenſurable only in power; therefore (by 74. 10.) EH i; 
an apotome, and HM adapted to it. Certainly, in the ſame manner, we 
ſhall demonſtrate alſo, that HN is adapted to it; therefore another and 
another ſtraight line is adapted to an apotome, being commenſurable in 
power only to the whole; which (by 80. 10.) is impoſſible. Therefore 
one medial ſtraight line only is adapted to a ſecond medial apotome, being 
commenſurable only in power to the whole, and with the whole containing 
a medial /pace, Which was to be demonſtrated. 


P R OP. LXXXII. 
One ſtraight line only is adapted to A LESSER line, being incom- 
menſurable in power to the whole, making with the whole the 


ſpace 
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ſhace compounded of the ſquares of them rational, but the rectangle Book X. 
* - 4 1 by — — 
contained by them, vaten twice, a medial /pace. 


Let AB be a LESSER line, and let BC be adapted to AB; therefore (by 77. 
10.) AC, CB are incommenſurable in power, making indeed the ſpace com- 
pounded of the ſquares of them rational, but the re ugle contained by them, 
taken twice, a medial /pace: I fay that another ſtraight line will not 
be adapted to AB, making the fame things. For, if poſſible, let BD 
be adapted 7 it : therefore (by 77. 10.) AD, DB are incommenſu- | 
rable in power, making indeed the ſquares of AD, DB together a | 
rational /pace, but the refFangle contained by AD, DB, taken twice, a 
medial pace: and becauſe by whatever pace the /quares of AD, DB 7B 
exceed the ſquares of AC, CB, by the ſame alſo (by 7. 2.) the ref- _ | 
angle contained by AD, DB, taten twice, exceeds the rectangle con- A 
tained by AC, CB raden twice; but the ſquares of AD, DB exceed the /quares 
of AC, CB by a rational pace, for they are both rational; therefor* alſo the 
rectangle contained by AD, DB, ater twice, exceeds the rectangle contained 
by AC, CB, 7atern twice, by a rational ac which (by 27. 10.) is impoſ- 
ſible, for they are both medial paces. Therefore one ſtraight line only 
is adapted to a LESSER line, being incommenſurable in power to the whole, 
making with the whole the ſpace compounded of the ſquares of thera rational, 


but the refang/e contained by them, taken twice, a medial ſpace. Which was 
to be demonſtrated. | 


D 


of 


PR O FP. EXXXIV. 
One ſtraight line only is adapted to a line making the whole ſpace 
medial with a rational hc , being incommenſurable in power to the 
whole, but making with the whole the /pace compounded of the 


ſquares of them medial, and the rectangle contained by them, taken 
twice, a rational ſpace. 


Let AB be a line making the whole ſpace medial with a rational pace, and 
BC being adapted 7o 7 ; therefore (by 78. 10.) AC, CB are incommenſus 
rable in power, making the /pace compounded of the ſquares of- AC, CB 
medial, but the rectangle contained by AC, CB, taken twice, rational: 1 
ſay that another line will not be adapted to AB making the ſame things. 
Y Vor, 
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Dook x. For, if poſſible, let DB be adapted to it; therefore alſo (by 78. D 
10.) the ſtraight lines AD, DB are incommenſurable in power, C 
making the pace compounded of the ſquares of AD, DB medial, | 

but the rectangle contained by AD, DB, taten twice, rational: 
then, becauſe by whatever /pace the ſquares of AD, DB exceed 

the /quares of AC, CB, by the ſame the refangle contained by 

AD, DB, taken twice, exceeds the refangle contained by AC, CB 

taken twice, in conſequence of the things before this ; but the 
rectangle contained by AD, DB, taken twice, exceeds the rectaugle con, 
tained by AC, CB, taken twice, by a rational pace; which is impotlible, 

for they are both medial ſpaces. Therefore another ſtraight line will not 

be adapted to AB, being incommenſurable in power to the whole, and 
making with the whole the /pace compounded of the ſquares of them medial, 

but the rectangle contained by them, taten twice, rational; therefore one 
only will be adapted to the line, making the whole pace medial with a 


rational /pace. Which was to be demonſtrated. 


V 
One ſtraight line only is adapted to a line making the whole 
ſpace medial with a medial hace, being incommenſurable in power 
to the whole, and making with the whole both the ſpace compounded 


of the ſquares of them medial, and the rectangle contained by them, 
taken twice, medial, and beſides incommenſurable to the ſpace com- 


pounded of the /quares of them. 


Let AB be a line making the whole ſpace medial with a medial /pace, ani 
BC adapted to it; therefore (by 79, 10.) AC, CB are incommenſurable in 
power, making both the ſpace compounded of the ſquares of them media], 
and the rectangle contained by AC, CE, taken twice, medial; and beſides, 
the ſquares of AC, CB incommenſurable to the rectangle contained by 
AC, CB taken twice: I ſay that another ſtraight line will not be adapted to 
AB, being incommenſurable in power to the whole, and making, with thc 
whole, the things propoſed : for, if poſſible, let BD be adapted 70 it, 10 
that alſo AD, D3 may be incommenſurable in power, making. the ſquare: 


of AD, DB together 4 medial ſpace, and the rectangle contained by AD, DB, 
taken 
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taken twice, medial; and beſides, the /qrares of AD, DB incommenſurable 
to the rectangle contained by AD, DB raten twice; and let the rational e 
EF be put; and let EG be applied to EF, equal to the ſquares of AC, CB, 
making the breadth EM; but Jet HG be taken away equal to the refanp/? 
contained by AC, CB, taken twice, making the breadth HM ; therefore the 
remainder (by 7. 2.), the ſquare of AB, is equal to FL; therefore AB is 
equal in power to EL. Again, let EI be applied to E, equal to the /qrares 
of AD, DB, making the breadth EN; but allo the ſquare of AB is equal 
to EL; therefore (by 7. 2.) the remainder the refangle contained by AD, DB 


taken twice is equal to III: and becaule the ce ARB C 
compounded of the ſquares of AC, CB is medial, 555 1 

. * 5 . . . — ” * 
and is equal to EG, therefore allo EG is medial, E 


and is applied to a rational /ize FF, making the | 

breadth EM; therefore (by 23. lo.) EM is ra- l | 
tional, and incommenſurable in length to EF : | 
again, becaule the rectangle contained by AC, CB Yaxen twice is medial, 
and equal to HG, therefore allo HG is medial, and is applicd to the rational 
line EF, making the breadth TIM; therefore (by 23. 10.) HM is rational 
and incommenturable in length to EF : and becauſe the /qrares of AC, CB 
are incommenſurable to the refangle contained by AC, CB taken twice, there- 
fore allo EG is incommenſurable to HG ; therefore allo (by 1.6. and 10. 
10.) EM 1s incommenſurable in length to MH; and they are both rational 
lines; therefore EM, MH are rational ines commenſurable only in power; 
therefore (by 74. 10.) EH is an apotome, and HM adapted to it. Cer- 
tainly in the ſame manner we ſhall demonſtrate that EH is again an apotome, 
and IN adapted to it; therefore another and another rational line is adapted 
to an apotome, being incommenſurable [only] in power to the whole, which 

has been demonſtrated impoſſible : therefore another ſtraight line will not 

be adapted to AB ; therefore one ſtraight line only will be adapted to AB, 

being incommenſurable in power to the whole, and making with the whole 
the ſquares of them together a medial ſpace, and the rectangle contained by 

them, taken twice, medial, and beſides the ſquares of them incommenſurable 
to the refongle contained by them taten twice, Which was to be demon- 

rated. 8 
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T.HMHI1RD- DEF / NN: 

1. A rational line and an apotome being ſuppoſed, if the whole is more 
in power than the adapted ine by the %% of a line commenſurable in 
length to itſelf, and if the whole is commenſurable in length to the rational 
line put, let it be called a FIRST APOTOME. 2. But if the adapted line be 
commenſurable in length to the rational line put, and the whole be more in 


power than the adapted line by the ſquare of a line commenſurable in lengt/ 


to itſelf, let it be called a s:coxnD aroromt, 3. But if neither of them be 
commenſurable in length to the rational /ize put, and the whole be more in 
power than the adapted dine by the ſquare of a line commenſurable 7 /eng!! 
to itſelf, let it be called a THIRD APOTOME. | 

4. Again, if the whole be more in power than the adapted line by the 
ſquare of a line incommenſurable to itſelf in length, if indeed the whole be 
commenſurable in length to the rational /ize put, let it be called a FourTH 
aPpoTOME. 5. But if the adapted Iine be, let it be called a rirrH apotoms. 
6. But if neither, let it be called a $1xTH apotome, 


PR OP. - EXXXVE 
To find a firſt apotome. 


Let the rational dine A be put, and let BG be commenſurable in length to 
A; therefore allo BG is rational: and (by cor. lem. 1. 30. 10.) let two 
ſquare numbers ED, EF be taken, of which let the exceſs DF not be a ſquarc 
7mber; therefore neither has ED to DF the ratio which a ſquare number 
bas tO a {quare number: and let it be made as ED to DF fo is the ſquare of 
BG to the /quare of GC; therefore (by 6. 10.) the ſquare of BG is com- 
menſurable to the /quare of GC: but the /quare of BG is rational; there- 
fore alſo the /quare of GC is rational; therefore alſo GC is rational: and 
becauſe ED has not to DF the ratio which a ſquare number has to a ſquare 
number, therefore neither has the iure of BG to the ſquare of GC the 
ratio which a ſquare number has to a ſquare number ; therefore BG is in- 
commenſurable in length to GC; and they are both rational lines; there- 
fore EG, GC are rational lines commenſurable only in power; therefore (by 
74. 10.) BC is an apotome. I ſay alſo that zz is a firſt apotome : for let the 


 fquare of H be that by which the /qzare of BG is greater than the /p/- 


GC 
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GC: and becauſe it is as DE to DF ſo is the ſquare of BG 


to the /quare of GC, therefore alſo, by converſion, it is D 8 
as DE to EF fo is the ſquare of GB to the ſquare of H: : 5 
but DE has to EF the ratio which a ſquare number has Þ | 

to a ſquare number, for each is a ſquare; therefore alſo : Ts 
the ſquare of GB has to the ſquare of H the ratio which : | 

a {ſquare number has to a ſquare number; therefore BG 1s F. pet 1 


commenſurable in length to IT; and GB is more in power 
than GT by the unte of II; therefore BG is more in power than GC by 
the ſquare of a line commenſurable to itſelf in length; and the whole BG 
is commenſurable in length to A, the rational line put: therefore (by 1. 
def. 3. 10.) BC is a firſt apotome. Therefore BC, a firſt apotome, has been 
found. Which was to be done. 


ER iI. 

To find a ſecond apotome. 

Let the rational line D be put, and let EF be commenſurable in length 
to D; therefore FF is rational: and let two ſquare numbers AB, BC be 
taken; of which let the excels AC not be a ſquare; and let it be made 
as CA to AB ſo is the /quare of EF to the ſquare of EG; therefore (by 
6. 10.) the ſquare of EF is commenſurable to the ſquare of EG: but the 
{quare of EF is rational; therefore allo the ſquare of EG is rational; 
therefore EG is rational: and becauſe the ſquare of EF has not to 
the /quare of FG the ratio which a ſquare number bas to a ſquare 
number, therefore EF is incommenſurable in length to EG; and they 
are both rational; therefore FE, EG are rational lines commenſurable 
only in power; therefore (by 74. 10.) FG is an apotome. Now I fay 
allo that it is a ſecond apotomé: for let the ſquare of H be that by 
which the Ye of E.G is greater than the ſquare of EF: | 


now becauſe it is as the ſquare of EG to the ſquare of EF F 
ſo is the number AB to the number AC, therefore, by 3 
converſion, it is as the /quare of EG to the /quare of H . b 
10 is AB to BC; and each of the zumbers AB, BC 1s a B | 
iquare, therefore the /quare of EG has to the ſquare of H 2 7 
the ratio which a ſquare number has to a ſquare number; | 
therefore EG is commenſurable in length to H: and EG 1 1 1 11 


is more in power than EF by the /quare of H ; therefore 
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Book X. EG is more in power than EF by the ſquare of a line commenſurable 

r= to itſelf in length; and the adapted line EF 1s conmenſurable in length to 
D, the rational line put; therefore (by 2. def. 3. 10.) FG is a ſecond 
apotome. Therefore GF, a ſecond apotomé, has been found, Which waz 
to be done. | | 


wi 
|þ P R O P. LXXXVIIL 
| 1 To find a third apotome, 

Let the rational line E. be put; and let three numbers D, AB, BC be taken. 
not having to one another the ratio which a ſquare number has to a ſquare 
number; but let AB have to AC the ratio which a ſquare number has to a 
ſquare number, and let it be made as D to AB {. is the ſquare of E to the 
ſquare of FH ; but as AB to BC ſo let the ſquare of I be to the {quare of G11; | 

therefore (by 6. 10.) the ſquare of E is commenſurable to the ſquare of FI 
but the ſquare of 1% is ratwnal ; therefore alſo the ſquare of FH is rational, 
therefore FH is rational: and becaule D has not to AB the ratio which a ſquate 
number has to a ſquare number, therefore neither has the /q#are of E to the 
ſquare of FH the ratio which a ſquare number has to a ſquare number; there - 
fore E is incommenſurable in length to FH. Again, becauſe it is as AB to BC 
ſo is the /quare of FH to the ſquare of HG, therefore the /quare of FH i: 
| | commenſurable to the /guare of HG ; but the ſquare of FH is rational, 
(* | | therefore alſo the /quare of GH is rational; therefore alſo GH is rational 
. and becauſe AB to BC has not the ratio which a ſquare number has to a 
| ſquare number, therefore FH is incommenſurable in length to GH ; ant 
they are both rational; therefore FH, HG are rational lines, commenſurable 
only in power; therefore (by 74. 10.) FG is an apotome. Now I ſay allo, 
Clit that it is a third apotom? : for becauſe it is as D to AB ſo is the ſquare of I 
1 do the ſquare of FH ; but as AB to BC fo is the ſquare 


n 
tie N 


in length to GH; therefore neither of the lines FH, HG 


N a | _ of FH to the ſquare of GH ; therefore it is, by equality, 5 

1% as D to BC lo is the ſquare of E to the ſquare of GH : | 4. 

it but D has not to BC the ratio which a ſquare number 
At 3 | £7 
„ has to a ſquare number; therefore E is incommenſurable 5 
1 

4} | is commenſurable to E, the rational line put: now let 


CJ ocovececenes 
= 

vl 

yy 


ij Tt the /quare of K be that by which the ſquare of FH is 
greater than the ſquare of HG; then becaulc it is as AB 


© TALL, — 
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to BC ſo is the ſquare of FH to the /quare of HG, horefire by converſion, 
it is as AB to AC ſo is the /quare of VH to the ſquare of K: but AB has 
to AC the ratio which a ſquare number hos to a ſquare number; therefore 
the /auare of FH has to the /quare of K the ratio which a ſquare number 
has to a ſquare number; therefore FH is commenſurable in length to K: 
and FI is more in power than HG by the /qrare of K; therefore FH is 
more in power than HG by the ſquare of a line commenfurable to itſelf 7 

length; and ncither of the lines FH, HG is commenſurable in length to 
E, tlie rational line put: therefore (by 3. def. 3. 10.) FG is a third 
apotomé. Therefore FG, a third apotome, has been found. Which was to 
be done. 


FRO PT EXXAISLS 
To find a fourth apotomé. 


Let the rational dine D be put, and EG commenſurable in length to D; 
therefore allo EG is rational : and let two numbers AC, CB be taken, 
ſo that the whole AB may not have to either of the mumbers AC, CB the 
ratio which a ſquare number /s to a ſquare number; and let it be made 
as AB to BC ſo is the ſquare of EG to the /quare of GF; therefore 
the /qzare of EG is commenturable to the /quare of GF: but the ſquare 
of EG is rational; there:ore the ſquare of GF is allo rational; therc- 
fore GF 1s rational: and becauſe AB has not to BC the 


ratio which a ſquare number has to a ſquare number, there- T 
fore neither has the /quare of EG to the ſquare of G the . 

ratio which a ſquare number has to a ſquare number; there- : ip 
fore EG is incommenſurable in length to GF; and they 5 | N 
are both rational; therefore EG, GF are rational lines con- C 
menſurable only in power; therefore (by 74. 10.) EF : 

an apotome. But I fay alfo that it is a fourth nt; J A i 1 1 


for let the ſquare of H be that by which the /qrare of EG 
is greater than the %%, of GF: then becauſe it is as AB to BC "7 15 
the /quare of EG to the /qucre of 8E therefore, by converſion, it is as 
AB to AC fo is the ./quare of EG to the /quare of H: but A has not 
to AC the ratio which a ſquare number has to a ſquare number; there 
tore neither has the /quare of KG to the /quare of II the ratio which a ſquare 


number has to a ſquare number; therefore EG is incommenſurable in 


length 


Book X. 
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Book x. length to II: and FG is more in power than FG by the ſquare of II; there- 


— 


fore EG is more in power than GF by the ſquare of a line incommenſurable 
to itſelf in length ; and the whole EG is commenſurable in length to D, the 
rational line put: therefore (by 4. def. 3. 10.) EF is a fourth apotoine, 
Therefore EF, a fourth apotome, has been found. Which was to be done. 


„O AG; 
To find a fifth apotome. 


Let the rational line D be put, and let FG be commenſurable to D; 
therefore FG is rational: and let two numbers AC, CB be taken, fo that 
again AB may have to neither of the zumbers AC, CB the ratio which a 
ſquare number has to a ſquare number; and let it be made as BC to AB % 
is the ſquare of FG to the ſquare of EG; therefore the ſquare of FG 1s 
commenſurable to the ſquare of EG: but the /quare of FG is rational, 
therefore allo the /quare of EG is rational; therefore alſo EG 


is rational: and becauſe it is as AB to BC ſo is the /quare 1 
of EG to the ſquare of GF; but AB has not to BC the ratio p 1 | 
which a ſquare number has to a ſquare number; therefore 2: 2 
neither has the /qzare of EG to the /quare of FG the ratio C 

Which a ſquare number has to a ſquare number; therefore 2: - 
EG is incommenlurable in length to GF; and they are both : | 
rational; therefore EG, GF are rational lines commenſurable A 5 4 | 


only in power ; therefore (by 74. 10.) EF is an apotome. 
Now I ſay alſo that it is a fifth apotome : for let the ſquare of EI be at by 
which the /quare of EG is greater than the ſquare of FG; then, becauſe 
it is as the /qzare of EG to the /quare of GF ſo is AB to BC, therefore, by 
converſion, it is as BA to AC fo is the /quare of EG to the /quare of 
II: but AB has not to AC the ratio which a ſquare number has to a {quare 
number; therefore neither has the /quare of EG to the ſquare of H the 
ratio which a ſquare number has to a ſquare number; therefore FG 1s 
incommenſurable in length to H: and EG is more in power than FG by 
the /quare of H; therefore EG is more in power than FG by the ſquare 
of a line incommenſurable to itſelf in length ; and the adapted line FG 1s 
commenſurable in length to D, the rational line put: therefore (by 5. def. 


10.) EF 1s a fifth apotome. Therefore EF, a fifth apotome, has JON 
found. Which was to be done. 


PROP. 


„ FO EM 
To find a fixth apotomé. 


Let the rational line E be put; and let the three numbers A, BC, CD be 
taten, not having the ratio to one another which a ſquare number Vi to 2 
ſquare number; and let it be made as A to BC ſo is the /qzare of Þ to the 
ſquare of FIT; but as BC to CD ſo let the /quare of FH be to the /qugre of 
Gil. Now becauſe it is as A to BC fo is the /qrare of E to the /quazre of 
FH, therefore the ſquare of E is commenſurable to the ſquare of FH : 
but the /7z27e of E. is rational; therefore alſo the ſquare of FH 15 rational ; 
therefore alto IH 1s rational: and becauſe A has not to BC the ratio which 

{quare number has to a ſquare number, therefore neither has the ſqzare 
of E to the ſquare of FH the ratio which a ſquare number has to a iquare 
number; therefore E is incommenſurable in length to FH, Again, becauſe 
ic is as BC to CD ſo is the /quare of FH to the ſquare of 


118, therefore the auare of FH is commenſurable to the on 

/quare of HG: but the ſquare of FH 1s rational; there- 7 | 

fore allo the 57 25 of HG is rational; therefore alſo HG C D 

is rational: and becauſe BC has not to CD the ratio which : * 

2 ſquare number v2s to a ſquare number, therefore nei- 13 ION 

ther has the qzare of FH to the /quare of HG the ratio : 

which a ſquare number has to a ſquare number; therefore 3 BY 
A B EF K 


is incommenſurable in length to IG; and they are 
both rational; therefore FH, HG are rational Iines commenſurable only in 
power; therefore (by 74. 10.) FG is an apotome. Now I ſay alto that it is a 
ſixth apozomes for becauſe it is as A to BC ſo is the ſquare of E. to the ſprare 
of FH ; but as BC to CD ſo is the ſquare of FH to the ſquare of HG; 
therefore, by equality, it is as A to CD to is the /quare of E, to the ſquare 
of HG: but A has not to CD the ratio which a ſquare number has to a 
ſquare number; therefore neither has the ſquare of E to the ſquare of FIG 
the ratio which a ſquare number has to a ſquare number; therefore E is 
incommenſurable in length to HG ; and neither of the lines FIT, HG 1s 
commenſurable in length to the rational line E. Now let the /quare of K be 
that by which the ſquare of FH is greater than the /qzare of HG : then 
becauſe It 18 as BC to CD lo 1 is the Jquare of FH to the Jquare of HG, 


Z therefore 
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has been found. Which was to be done. 


let AB be the greater name; and put BD equal to BC; therefore 
AB, BC, that is, AB, BD are rational lines, commenſurable only 
in power; and AB is more in power than BC, that is, than BD, 
by the /quare of a line commenſurable to itſelf in length; and AB 
is commenſurable in length to the rational line put (by 1. def. 2. 


10.) TFhereforc AD is a firſt apotome. Certainly in the ſame man- 


bered binomial lines, 


PROP; Nen. 


line equal in power to the ſpace is an apotome. 


Book x. therefore, by converſion, as CB to BD ſo is the /quare of FH to the /quare 
xX: but CB has not to BD the ratio which a ſquare number has to a ſquare 
| number; therefore neither has the /qzare of FH to the /quare of K the ratio 
which a ſquare number has. to a iquare number; therefore FH is incom- 
menſurable in length to K: and FH is more in power than HG by the 

ſquare of K; therefore FI is more in power thn HG by the ſquare of a 

line incommenſurable to itſelf in length; and neither of the //zes FH, HG 

is commenſurable in length to E, the rational /;ne put: therefore (Ly 6, 

def. 3. 10.) FG 1s a ſixth apotome. Therefore FG, a ſixth apotomé, 


ScHOLIUM. But it is alſo more conciſe to demonſtrate the invention of 
the ſaid ſix apotomes bus ; and now let it be propoſed to find the 
firſt. Let AC, a firſt binomial line, be put (by 49. 10.), of which 


0 


1D 


A. 


ner alſo we {hall find the remaining apotomes, n the equal num 


If a ſpace be contained by a rational %% e and a firſt apotome, the 


For let the ſpace AB be contained by the rational line AC, and 4 /, 
apotomẽ AD; I ſay that the line equal in power to the ſpace AB is an 
tome. For becauſe AD is a firſt apotomé, let DG be the line adi 

to it; therefore (by 1. def. 3. 10.) AG, GD are rational lines, comment! - 
rable only in power, and the whole AG is commenſurable in length to AC 

the rational line put; and AG is more in power than GD by the 1quare 
a line commenſurable to itſelf in length: therefore if a parallelogranm »: 
applied to AG, equal to a fourth part of the /quare of DG, dcficient ) 

a {quare figure, it will (by 18. 10.) divide it into commenſurable H 
Let DG be cut in halves in E; and let a parallelogram be applicd to A, 
equal 


equ al to 


the refangle contained by AF, FG; 
length to FG: 
drawn parallel to AC; and becauſe AF 15 co: . r 
by 16. 10.) AG is commenſirat 
lines AF, FG : but AG 1s Summen rade 
lines AF, FG (by 12. 10.) is commenſu 


therefore alſo 


rational ; 
20. 10.) e 


to each of the Is DE, EG: but DG is rational, 
Jength to AC ; 


be put equal to Al; and let a ſquare NO, equal to 
IK, be taken away, having a common angle with 
it, the angle LPM; therefore (by 26. 6.) the ſquares 
LM, NO are about the ſame diameter : let PR 
diameter of them, and let the figure be 
Then becauſe the reFangle contained by 
AF, FG is equal to the ſquare of EG, therefore 
It is (by 17. 6.) as AF to EG fo 7s EG to FG: 


be the 


deſcribed. 


7 


ol 


O F 


he Hguare of FG, deficient by 


. 171) 
{quare ſigure, and <5 0 be 
therefore Alt is commenſurable in 


therefore each of the lune A, FG is 
ach of the ſpaces Al, FE is rational. 
menſurable in length to EG, therefore allo DG is commenſurable in length 


22 


au ++ ® 


IO. ). 


but (by 1. 6.) as AF to EG fois AT to EK ; 


DIC 


and as EG to FG ſo 
to FK; therefore EK is a mean proportional between AT, EK: 


and through the points E, F, let vic 


in 
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8 


to 1 therefore 
rable in length to AC: 
tional; 
And becauſe DE. 


FI GK be 
th to FG, 
th to e 
each of the 
and. AC is 
ſo that alſo (by 


IS Coin 


and incommenturable n 


therefore alſo each of the lines DE, EG is rational, and 
incommenſurable in length to AC; 


therefore each of the /paces DH, EK 
is medial (by 


Now tet the {quare LM 


A. 2 WK %% 
. 
1 i 
No 

| ö 
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but alſo M 


is a mean proportional between LM, NO, as has been demonſtrated in what 7. 
before (lem. to 55. 10.); and Al is equal to the ſquare LM, but FK to NO; 
therefore alſo MN 1s equal to EK : but EK is equal to DH, and MN to 


LO; 


but alſo AK is equal to the ſquares LM, NO; 
AB is equal to ST : but ST is the ſquare of LN; therefore the ſquare of 
LN is equal to AB; therefore LN is equal in power to AB. Now I ſay 
that LN is an apotome : for becauſe each of the ſpaces Al, FK is rational, 

and they are equal to LM, NO, therefore each of the ſpaces LM, NO is 
rational, that is, the /quore of each of the lines LP, PN; 


the lines LP, PN is rational 


Z 2 


therefore DK is equal to the gnomon LOT and the. /qare NO: 


therefore allo the remainder 


therefore each of 


again, becauſe DH is medial, and is equal. 
to LO, therefore alſo LO is a medial /pace ; then becauſe LO is medial, 


but 


acht of the 


Book 
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Book X. but NO rational, therefore IO is incommenſurable to NO: but as LO to 
— NO fo is LP to PN; therefore L is incommenſurable in length to PN; 


and they are both rational; therefore LP, PN are rational lines commenſu- 
rable only in power; therefore (by 74. 10.) EN is an apotome, and is equal 
in power to the ſpace AB ; therefore the line equal in power to the ſpace 
AB is an apotome. Therefore if a ſpace be contained by a rational /;- 
and a firſt apotome, the line equal in power to the ſpace is an apotomé. 
Which was to be demonſtrated. 


F III. 


If a ſpace be contained by a rational /e and a ſecond apotomé, 
the line equal in power to the ſpace is the firſt apotome of a me- 
dial Ane. 


For let the ſpace AB be contained by the rational line AC, and a 
ſecond apotome AD ; I fay that the line equal in power to the ſpace AB is 
the firſt apotome of a medial /zze. For let DG be the line adapted to AD; 
therefore (by 2. def. 3. 10.) AG, GD are rational lines commenſurable only 
in power; and the adapted din, DG is commenſurable in length to AC, the 
rational line put; and the whole AG is more in power than the adapted 
line GD by the ſquare of a line commenſurable in length to itſelf: then, 
becauſe AG is more in power than GD by the ſquare of a line com- 
menſurable to itſelf in length, therefore if a parallelogram be applied to 
AG, equal to a fourth part of the ſquare of GD, deficient by a ſquare 
figure, it will divide it into commenſurable /egments. Now let DG be c. 
in halves in E; and let a parallelogram be applied to AG, equal to the 
ſquare of EG, deficient by a ſquare figure; and let it be the reclauglo c 
tained by AF, FG ; therefore AF is commenſurable to FG in length: and 
through the points E, F, G let the es EH, FI, GK be drawn parallel to 
AC: and becauſe AF is commenſurable in length to FG, therefore alſo 
AG is commenſurable in length to each of the lines AF, FG; but AG 
is rational, and incommenſurable in length to AC; therefore alſo each oi 
the lines AF, FG 1s rational, and incommenſurable in length to AC 
therefore (by 22. 10.) each of the ſpaces Al, FK is medial. Again, 
. cauſe DE is commenſurable to EG, therefore alſo DG is commenturablc 
to each of the /ives DE, EG; but DG is commenſurable in length 

| | AG; 


AC; therefore alſo each of the line DYE, F.G is AD. FG 
rational, and cominenſurable in length to AC; 
therefore each of the ſpaces DH, EK is rational. | 


Now let the ſquare LM be put, equal to AT; and e TINO > 73 #5» 


let the Huare NO, equal to FK, be taken away, L. WF 
being about the fame angle with LM, the angle ff fs 5 0 | 
LPM; therefore the ſquares J. M, NO are about 4 by 

the ſame diameter: let PR be the diameter of them; 1 


and let the figure be defcribed. Then becauſe 


Al, FK are medial ſpaces, and commenſurable to one another; qo they arc 


equal to the ſquares of LP, PN; therefore alſo the qu ares of LP, PN. are me- 
dial; therefore alſo LP, PN are medial in, commenſurahle in power: and 
becaule the refangle coulained by A, FG is equal to the {quare of EG, there- 
fore it is as AF to EG ſo is EG to FG: but as AF is to EG fo is Al to EK; 
and as EG to FG ſo is FK to FK; therefore LK is a mean Proportional 
between Al, FK: but alto MN is a mean proportional between the ſquares 
LM, NO; and Al is equal to LM, and FK to NO; therefore alſo MN 
is equal to EK: but DH is equal to EK, and LO 7s equal to MN; there- 
fore the whole DK is equal to the gnomon LOT and the /quare NO. Now 
becauſe the whole AK is equal to LM, NO, of which DK is cqual. to the 
gnomon LOT and the /qaare NO, therefore the remainder AB is equal to 
the remainder ST, that is, to the /qxare of LN; therefore the ſquare of LN 
is equal to the {pace AB; therefore LN is equal in power to the {pace AB. 
Now I ſay that LN 1s the firſt apotome of a medial line: for becauſe EK 
is rational, and is equal to MN, that is, to LO, therefore LO is rational, 


that is, the rectangle contained by LP, PN: but NO has been demonſtrated. 


to be medial; therefore LO is incommenſurable to NO; and therefore, allo, 
as LO to NOſoisLP to PN; therefore LP, PN are incommenturable in 
length; therefore LP, PN are medial ines, commenſurablc only in power, 
containing a rational /Pace therefore (by 75. 10.) LN is a firſt apotom of 
a inedial line, and is equal in power to the ſpace AB: therefore the line 
equal in power to the ſpace AB is a firſt apotome of a medial e Which 
was to be demonſtrated. | 


P'R O P. XIV. 


If a ſpace be contained by a rational line and a third apotome, the 
line equal in power to the ſpace is a ſecond apotome of a medial Jh. 
| CO For 
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apotome AD: I ſay that the line equal in power to the ſpace A is the 


AC, the rational line put; but the whole AG is more in power than tho 


parallel to AC; therefore AF, FG are commenſurable; therefore alſo A! 
is commenſurable to FK: and becauſe AF, FG are commenſurable n 


to FK, be taken away, being about the fame angle with ML; therefore 
ILM, NO are about the ſame diameter: let PR be the diameter of them; 
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For let the ſpace AB be contained by a rational line AC, and a third 


ſecond apotome of a medial line. For let DG be the line adapted to 4D ; 
therefore (by 3. def. 3. 10.) AG, GD are rational {izes, commcnturable only 
in power, and neither of the lines AG, GD is commenſurable in length to 
adapted line GD by the ſquare of a line commenturable to itlelf 77 l 
thus, becauſe AG is more in power than DG by the ſquare of a line con 
menſurable to itſelf, therefore if a parallelogram be applied to AG equ.1 
to a fourth part of the /quare of DG, deficient by a ſquare figure, it will (by 
18. 10.) divide it into commenſurable Jegments. Now let DG be cut 1:1 
halves in E; and let a parallelogram be applied to AG, equal to the h,, 
of EG, deficient by a ſquare figure, and let it be the redtangle contained by 
AF, FG; and through the points E, F, G let the {ines EH, FI, GK be drow: 


length, therefore alſo (by 16. 10.) AG is commenſurable in length to ea-! 
of the lines AF, FG: but AG 1s rational, and incommenſurable in lengd. 
to AC ; therefore alſo each of the lines AF, FG 1s rational, and incom— 
menſurable in length to AC; and therefore (by 22. 10.) each of the /poce: 
Al, FK is medial. Again, becauſe DE, is commenturable in Jength-t. 
FREE 


+ 


EG, therefore allo DG is commenſurable iz length to cach of the 
DE, EO: but DG 1s rational, and incommenſurable in length to AC; 
therefore alſo cach of the lines DE, EG 1s rational, and incomimenſurable in 
length to AC; therefore each of the ſpaces DH, EK is medial: and 
becauſe A, GD are commenſurable only in power, therefore AG is incon 
menſurable in length to GD; but AG is commenſurable in length to AF, 
and DG to GE; therefore AF is incommenſurable in length to EG: but 
as AF to EG fois AI to EK; therefore AI is incommenſurable to EK. 
Now let the iquare LM be put equal to Al ; and let tbe /quare NO, equal 


and Jet the figure be deſcribed. Then, becauſe the refengle contained b 
AF, FG is equal to the ſquare of EG, therefore it is as AF to EG fo 
EG to FG: but as AF to EG fo is AI to EK, and as EG to GF fo is EK 
to FK ; therefore alſo as AI to EK fo is EK to FK; therefore EK is 


Mead 
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5 
mean proportional between Al, FR: but alſo MN A D FE Fe Dok X. 


is a mean proportional between the ſquares LM, NO; 
and AI is equal to LM, and FK to NO; there- 


fore alſo EK is equal to MN: but MN is equal C Boi 1 1 
to LO, and EK to DH ; therefore allo the whole 1. P 
DK is equal to tue gnomon LOT and the ſquare 8. 3E 
NO : but allo AK is equal to LM, NO; therefore | 
the remainder AB is equal to the remainder ST, E 
N. F M 


that is to the ſquare of LN: therefore LN is equal 
in power to the ſpace AB. I ſay that LN is a ſecond apotomé of 2 
medial line: for becauſe Al, FK have been demonſtrated to be media} 

ſpaces, and are equal to the /quares of LP, PN, therefore each of the Squares 

of LP, PN are medial; therefore each of the lines LP, PN are media] : 

and becauſe Al is commenturable to EK, therefore alſo the ſquare of LP 

is commenſurable to the ,,, of PN: again, becauſe Al has been demon- 

ſtrated to be incommenſurable to EK, therefore allo LMI is incommentu- 

rable to MN; that is, the /qzare of LP to the . rectangle contained by 

LP, PN; fo that allo LP is incommenſurable in length to PN : therefore 

LP, PN are medial lines commenſurable only in power. Now I ſay alſo that 

they contain a medial /pace : for becauſe Elk has been demonſtrated 70 be 

medial; and zz is equal to the refangle contained by LP, PN; therefore 

the rectaugle contained by LP, PN is medial; fo that alſo LP, PN are me- 

dial Iines commenſurable only in power, containing a medial /pace: there- 

fore (by 76. 10.) LN is a ſecond aporoine of a medial line, and is equal in 

power to AB : therefore the line equal in power to the ſpace AB is the 
ſecond apotome of a medial line. Which was to be demonſtrated, 


P R O P. XCV. 
If a ſpace be contained by a rational /e and a fourth apotome, 
the line equal in power to the ſpace is a LESSER Ve. 


For let the ſpace AB be contained by the rational Ie AC and a fourth 
apotomẽ AD ; I fay that the line equal in power to the ſpace AB is a leſſer 
line, For let DG be the line adapted to AD; therefore (by 4 def. 3. 10.) 
AG, GD are rational lies, commenſurable only in power; and AG is 
p commenſurable 
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to AC; and bey are both rational /zzes, therefore (by 


ILM, NO; and AI is equal to LM, and FR to 
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TY 


commenſurable in length to AC, the rational line put; but the whole .\G; 
is more in power than the adapted line GD by the /quare of a line 1ncom- 
menſurable in length to itſelf : then, becauſe AG is more in power than GH 
by the /quare of a line incommenſurable to itſelf in length, therefore it : 


parallelugram be applied to AG, equal to the fouſth part of the ſquare 0! 


DG, deficient by a ſquare figure (by 19. 10.), it will divide it into incom— 
menſurable ſegments. Now let DG be cut in halves in F; and let a p. 


lelogram be applied to AG, equal to the ſquare of EG, deficient by a 


ſquare figure; and let it be the rectangle contained by AF, FG; thereto! 


AF is incommenſurable in length to FG : then through the points I, I; 
let the lines EH, FI, GK be drawn parallel to AC, BD. Now becaule A 


is rational, and commenſurable in length to AC, therefore the who!: 


ſpace KK is rational: again, becauſe DG is incommenſurable in lens: 
100% UN. 


22 
a medial hace: again, becauſe AF is incommenſurable in length to FG, 


therefore alſo AI is incommenſurable to FK. Now let the ſquare L. 
be put equal to AI; but let the /quare NO, equal to FK, be tak 
away, being about the ſame angle with LM, the augle LPM; therefore 
the ſquares L. M, NO are about the ſame diameter: let PR be the diamct.r 
of them, and let the. figure be deſcribed, "Then becauſe the rectangle con- 


tained by AF, FG is equal to the /qzare of EG, 5 REES 

therefore there is this proportion, as AF to EG fo 1 4 
is EG to FG: but as AF to EG ſo is Al to EK, | 

and as EG to FG fo is EK to FR; therefore EK 5 5 1250 

- ; IT Li 


is a mean proportional between AI, EK: but ally I. Np 
MN is a mean proportional between the ſquares & 


NO; therefore allo EK is equal to MN: but | | 
F'K is equal to DH, and MN is equal to LO; R 7A 

therefore the whole DK is equal to the gnomon LOT and the ſquare ©: 
now becauſe the whole AK is equal to the ſquares LM, NO, o 
DK is equal to the gnomon LOT and the ſquare NO, therefore 
remainder AB is equal to ST, that is, to the iquare of LN; therefore 
is equal in power to the ſpace AB, Now I ſay that LN is the irration 
line, called a leſſer line. For becauſe AK is rational, and is equal the 
ſquares of LP, PN, therefore the ace compounded of the ſquares of I N 
is rational. Again, becauſe DK is medial, and DK is equal to th 


! 
an © 
(1115 18 : 
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angle contained by LP, PN taken twice; therefore the refangle contained by 
LP, PN taken twice is medial: and becauſe Al has been demonſtrated 70 be 


incommenſurable to FK, therefore the ſquare of LP is incommenlurable 
to the ſquare of PN; therefore LP, PN are incommenſurable in power, 
making the ſpace compounded of the ſquares of them rational, but the 


rectangle contained by them teten twice medial; thereiore (by 77. 10.) 


LN is the irrational Jie called a leſſer line, and it is equal in power to the 
ſpace AB, Therefore the line equal in power to the ſpace AB is a leſſer 
line. Which was to be demonſtrated. 


NR O P. XCI. 


If a ſpace be contained by a rational /ize and a fifth apotome, the 
line equal in power to the ſpace is a line making the whole medial 
with a rational pace. 


For let AB be a ſpace contained by a rational line AC and a fifth apotomé 
AD; I Tay that the line equal in power to the {pace AB is a line making the 
whole medial with a rational ſpace. For let DG be the /ize adapted to AD; 
therefore (by 5. def. 3. 10.) AG, GD are rational lines commenſurable only in 


power; and the adapted % DG is commenſurable in length to AC, the 


rational line put; but the whole AG is more in power than the adapted line 
_ DG by the ſquare of a line incommenſurable to itſelf : therefore if a paral- 
lelogram be applied to AG, equal to the fourth part of the /quare of DG, 
deficient by a ſquare figure, it will (by 19. 10.) divide it into incommenſu- 
rable /egments. Then let DG be cut in halves in the point E; and let a paral- 


lelogram be applied to AG, equal to the ſquare of EG, deficient by a ſquare | 


figure, and let it be the refangle contained by AF, FG; therefore AF is 
incommenſurable in length to FG: and through the points E, F, G let the 


ines EH, FI, GK be drawn parallel to AC: and becauſe AG is incommen- 


ſurable in length to AC, and they are both rational, therefore (by 22. 10.) 
AK is a medial fpace : again, becauſe DG is rational, and commenſurable 
in length to AC, DK is (by 20. 10.) rational. Now let the ſquare LM be 
put equal to Al; but let the ſquare NO, equal to FK, be taken away, 
being about the ſame angle with LM, the angle LPM; therefore the ſquares 
LM, NO are about the ſame diameter : let PR be the diameter of them, 


and let the figure 'be deſcribed, Certainly in the ſame manner we ſhall 
„ A demonſtrate, 
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is medial: again, becauſe DK is rational, and is 
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demonſtrate, that LN is equal in power to AB. I fay that LN is a line 
making the whole medial with a rational pace: for becauſe AK has been 
demonſtrated to be medial, and is equal to the /quares of LP, PN, there- 
fore the ſpace compounded of the ſquares of LP, PN A D FE FG 


equal to the rectangle contained by LP, PN taken 


twice, therefore alſo the rectangle contained by —̃ 
LP, PN taken twice is rational: and becauſe AT L. Np 
is incommenſurable to FK, therefore alſo the /quare 8 o 


of LP is incommenſurable to the ſquare of PN; 
therefore LP, PN arc incommenſurable in power, 

making the ſpace compounded of the ſquares of R T M 
them medial, but the rectangle contained by them, raten twice, rational, 
therefore (by 78. 10.) the remainder LN is the irrational line, called a line 
making the whole medial with a rational /pace ; and it is equal in power to 


the ſpace AB. Therefore the line equal in power to the ſpace AB is a {ie 


making the whole medial with a rational ſpace. Which was to be denwn- 
ſtrated. 


10 


If a ſpace be contained by a rational Ve and a ſixth apotome, the 
line equal in power to the ſpace is a /ze making the whole media! 
with a medial ace. 


For let the ſpace AB be contained by the rational /ine AC and the {x1 
apotome AD; I ſay that the line equal in power to the ſpace AB is a e 
making the whole medial with a meilial ſpace, For let DG be the //nc 
adapted to AD; thereiore (by 6. def. 3. 10.) AG, GD are rational , 
commenſur ble only in power; and neicher of the /izes AG, GD is conmten— 


ſurable in length to Af”, the rational line put; but the whole AG is more 


in power than the adapted e DG by the ure of a line incommenſurable 

to itſelf in length. Then, becauſe AG is more in power than GD by the 

fquare of a line incommenſurable to itſelf in length, therefore if we apply © 
AG a parallelogram equal to the fourth part of the ſquare of DG, deficicn! 

by a ſquare figure, it will (by 9. 10.) divide it into incommenturable /*- 
ments, Now let DG be cut in halves in the point E; and let a para, 

| be 
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be applied to AG, equal to the /quore of EG, deficient by a ſquare figure; 
and let it be the refangle contained by AF, FG; therefore AF is incommen- 
ſurable to FG in length: but as AF to FG ſo is Al to FR; therefore Al is 
incommenſurable to FK; and becauſe AG, AC are rational lines commen- 
ſurable only in power, AK is medial: again, becauſe AC, DG are alſo 
rational lines, commenſurable only in power, DK allo is medial: now be- 
caule AG, DG are commenſurable only in power, therefore AG is incom- 
menſurable in length to DG: but as AG to GD ſo is AK to KD; there- 
fore AK is incommenſurable to KD. Now let the ſquare LM be put equal 
to AI; but let the ſquare NO, equal to FK, be taken away, being about 
the fame angle with LM; therefore the ſquares A 
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Ea 
LM, NO are about the ſame diameter: let PR be | 
the diameter of them, and let the figure be de- 
ſcribed. Certainly in like manner as above we ſhall e | LEE 
demonſtrate, that LN is equal in power to the I, 2 2 1 
pace AB: I fay that LN is a line making the 5 £10 


whole medial with a medial ſpace. For becaule 
AK has been demonſtrated % be medial; and z is 
equal to the /q#ares of LP, PN; therefore the pace R 
compounded of the ſquares of LP, PN is medial: again, becauſe DK has 


been demonſtrated 4% Je medial; and zf is equal to the rectangle contained 
by LP, PN zaken twice ; therefore the rcctangle contained by LP, PN taken 
twice is a medial pace: and becauſe AK has been demonſtrated to be in- 
commenſurable to DK, therefore the ſquares of LP, PN are incommen- 


ſurable to the refanegle contained by LP, PN taken twice; and becauſe. 


Al is incommenſurable to FK, therefore alſo the ſquare of LP is incom- 
menſurable to the ſquare of PN; therefore LP, PN are incommenſurable 
in power, making both the ſpace compounded of the ſquares of them 
medial, and the re&engle contained by them, taten twice, medial, and 


beſides the ſquares of them incommenſurable to the rectangle contained by 


them taken twice ; therefore LN (by 79. 10.) is the irrational line called a 
line making the whole medial with a medial ſpace, and it is equal in 
power to the ſpace AB. Therefore the line equal in power to the ſpace 
AB, is the line making the whole medial with a medial /pace, Which was 
o be demonſtrated, 


Ka 2 PROP. 
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The ſquare of an apotome, applied to a rational /ine, makes the 
breadth a firſt apotome. 


Let AB be an apotome, and CD a rational /ine; and let CE. be applied 
to CD, equal to the /quare of AB, making the breadth CF: I ſay that CF 
is a firſt apotome. For let BG be the /ine adapted to AB; therefore (by 
74. 10.) AG, GB are rational lines, commenſurable only in power: and 


let CH be applied to CD equal to the /quare of AG, and KL to the ſquare 


of BG; therefore the whole CL is equal to the /quares of AG, GE, of 
which CE is equal to the ſquare of AB; therefore the remainder FL is 
equal to the refangle contained by AG, GB taken twice (by 7. 2.). Let 
FM be cut in halves at the point N; and through N let NO be drawn 
parallel to CD; therefore each of the ſpaces FO, LN is equal to the re- 
angle contained by AG, GB: and becauſe the ſquares of AG, GB are rational, 
and DM is equal to the ſquares of AG, GB, therefore DM is rational; 
and it is applied to a rational line CD, making the breadth CM; there- 
fore (by 21. 10.) CM 1s rational, and commenſurable in length to CD: 
again, becauſe the reFangle contained by AG, GB taken twice is media], 
and LF is equal to the refangle contained by AG, GB taken twice, there- 
fore LF is a medial ſpace, and it is applied to a rational line CD, making 
the breadth FM ; thereiore (by 23. 10.) FM is rational, and incommentu- 
rable in length to CD: and becauſe the /quares of AG, GB are rational, 
but the refangle contained by AG, GB, taken twice, medial, therefore thc 


ſquares of AG, GB are incommenſurable to the reFangle contained |» 


Au, GB taken twice; and CL is equal to the /quares of AG, GB, but 


FL to the rectangle contained by AG, GB taken twice; therefore CL. | 


incommenſurable to FL.: but as CL. to FL ſo is CM to Mer therefore 

CM. is incommenſ::rable in length to MF; and A 
[ th | | ” 

they are eln rational; th erefure CM, MF are — — 

rational line commenturable only in power; there- | FEE] 


B G 


fore (by 74. 10.) CF is an apotomé. I ſay alſo T1 
that it is a firſt apotome : for becauſe (by lem. EY 


55. 10.) the reftengle contained by AG, GB is a D T -0-HL 
mean proportional between the /quares of AG, GB; and CH is equal to 
/quare of AG; and NL 7s equal to the rectangle contained by AG, ( 


and 
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KL. is equal to the ſquare of BG; therefore NL is a mean proportional 
between CH, KL; therefore it is as CH to NL fo is NL to KL: but as 
CH to NL fo is CK to NM; and as NL io KL ſo is NM to KM; there- 
fore as K to NM fo is NM to KM, therefore the refangle contained by 
CK, KM is equal to the / ] of NM, that is, to the fourth part of the 
ſquare of FM : and becauſe the /qzare of AG is commenſurable to the 
ſquare of GB, alſo CH is commenturable-to K: but as CH to KL. to is 
CE to KM, therefore CK is commenſurable i lengrh to KM (by o. 10.): 
now becauſe there are two unequal ſtraight lines CM, MY, and a parallelo- 
gram has been applied to CM, equal to the fourth part of the qzare of MF, 
deficient by a ſquare figure, the rectangle contained by CK, KM; and CK 
is commenſurable to KM; the: cfore (by 18. 10.) CM is more in power than 
MF by the ſquare of a line commenſurable to itſelf in length; and CM is 
commenſurable in length to CD, the rational line put: therefore (by 1. det. 
3. 10.) CV is a firſt apotome, Therefore the /quare of an apotome, applied 
to a rational line, makes the breadth a firſt aporome, Which was to be 
demonſtrated. 


FFF 


The ſquare of a firſt apotome of a medial ne, applied to a 
rational ine, makes the breadth a ſecond apotome. 


Let AB be the firft apotome of a medial line, and CD a rational Ie; 
and let CE be applicd to CD, equi to th /%ere of AB, making the 
br: adth CF: I fay that CF is a ſecond aporome. For let BG be the line 
ad: pted to AB, therefore (by 75. 1.) 3, SB are medial lines commen- 
ſurable only in j ower, containing a 1atiunal hace: ani let CH be applied to 
CD, equal to the /qrare of AG, m King the breadth CK; and KL equal 
to the Ve of G, making the breadth KM; therefore the whole CL is 
equal to tlie ſquares of AG, GB, being medial; therefore alſo CL is a metal 
ſpace; and it has been applied to 4 rational {ize CD, making the breadth 


CM; therefore (oy 22. 10.) CM 1s rational, and incommenſurable in 
| Fr 5 N 


length to CD: nd becauſe CL is equal to the /qxares of AG, GB, of 
which the /quare of AB is equal to CE, thereſore the remainder, the ref 
augle contained by AG, GB taken twice, is equal to FL: but the refangle 
contained by AG, GB, taken twice, is rational; therefore alſo FL is rational, 

and 
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and it is applied to the rational line FIE, making the breadth FM ; there. 
fore alſo (by 21. 10.) FM is rational, and incommenſurable in length to 
CD: then, becauſe the ſquares of AG, GB; that is, CL is medial; but 
the rectangle contained by AG, GB 7aken twice, that is, FL, is rational; 
therefore CL is incommenſurable to FL.: but as CL to FL fo is CM to 
MF; therefore CM is incommenſurable in length to MF; and they are 
both rational; therefore CM, MF are rational lines commenſurable only in 
power ; therefore (by 74. 10.) CF 1s an apotome. 


Mi move. : Ac 

Now I ſay allo that It 15 a ſecond apotcms. For FOES ww Wu 
let FM be cut in halves in N, and through N 0 

let NO be drawn parallel to CD ; therefore cach 

of the /paces FO, NL is equal to the refangle con- | 
tained by AG, GB: and becauſe the refZangle con- F 1 


tained by AG, GB is a mean proportional between the ſquares of AG, GB; 
and the ſquare of AG is equal to CH, and the rectangle contained by 
AG, GB to NL, and the /quaze of GB to KL; therefore NL is a mcan 
proportional between CH, KL; therefore it is as CH to NL fo is NL. to 
KL: but as CH to NE ſo is CK to NM; and as NL to KL is NM to 
KM; therefore as CK to NM ſo is NM to KM; therefore the rectaugle cou- 


tained by CK, KM is equal to the ſquare of NM, that is, to the fourth part « 


the ſquare of FM: and becauſe the /qzore of AG is comimenſurable to 0 


ſquare of GB, therefoge allo CH is commenſurable to KL; that is, CK to KM: 


ten becauſe CM, MF are two unequal ſtraight lines, and a parallelogram has 
been applied to the greater CM, equal to the fourth part of the /quare of MF, 
deficient by a ſquare figure, the rectangle contained by CK, KM, alſo it 
divides it into commenſurable ſegments ; therefore CM is more in power 
than MF by the ſquare of a line commenſurable to itſelf in length; and 
the adapted line FM is commenſurable to CD, the rational line put; there- 


fore (by 2. def. 3. 10.) CF is a ſecond apotome. Therefore the ſquare of 


a Hirst apotome of a medial line, applied to a rational /;ne, makes the breadth 


a ſecond apotome. Which was to be demonſtrated. 
PR OF; C. 
The ſquare of a ſecond apotome of a medial Ine, applied to- 
rational line, makes the breadth a third apotome. 


[Let 


——— * —ͤñ—0uꝙ— — 
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Let AB be the ſecond apotome of a medial line, but CD a rational /ize; Book X. 
and let CE be applied to CD, equal to the /quare of AB, making the 


breatith CF: I ſay trat CF is a third apotome. For let BG be the ine 
ad pte i to AB; thei-fore (by 76. 10.) AG, GB are medial les commen- 
ſurable only in power, containing a medial /pace : and let CH be applied 
to CD, equal to the quare of AG, making the breadth CK; and let KL 
be avplied to KH, equal to the /quare of GB, making the breadth KM; 
therefore the whole CI. is equal to the ſquares of AG, GY); and the 
fqueres of AG, GB are medial; therefore CL is medial, and has been 
applied to the rational line CD, making the breadth CM; therefore (by 
23. 10.) CM 1s rational, and incommenſurable in length to CD: and 
becauſe the whole CL. is equal to the /qrares of AG, GB, of which CE 
is equal to the ſquare of AB, therefore the remainder FL is equal to the 
rectangle contained by AS, Gb taken twice. Now let FM be cut in halves 
at th point N; and let NO be drawn parallel to D; therefore each of 
the pace FO, N is equal to the rectangle contained by AG, GB: but 
the 7eftangle contained by AG, GB is medial; therefore aHo FL is medial, 
and it is applied to the rational lie, EF, making the breadth FM; there- 
fore allo IM is rational, and incommenſurabie in length to CD: and 
beeaute AG, GB are commenturable only in power, 1 8 
thereof e AG is incommenſurable in length to G3; : 


| EIS 


* LA 


therefore alſo the ſquare of AG (by 1. 6. and 10. | 
10.) is incommenſurable to the ret2;:gte contained | 

by AG, GB: but the /quares of AG, GB are con- | EE 

menſurable to the ſquare of AG; and the rect- D E HT 


angle contained by AG, GE, taken twice, is commenturable to the rettangle 
contained by AG, GB ; therefore the /quares of AG, GD ure incommentu- 
rable to the rectangle contained by AG, GB taten twice: but CL is equal 
to the ſquares o: AG, GB; and FL. is equal to the refangle contained by 
AG, GB taken twice; therefore CL is incommenſurable to FL : but as 
"CL to FL fo is CM to MF; theiefore CM is incommenſurable in length 
to FEM; and they are both rational; cher {ore CM, FM are rational ines, 
commenſurable on'y in power; therefore (by 74. 10.) CF is an apotome, 
Now I ſay alſo that it is a chird apotomé. For becauſe the ſquare of AG 
is commenſurable to the /quare of GB, cherefore CH is commenſurable 
to KL; fo that alſo CK is to KM, And becauſe the refangle contained 

| | by 
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AG, GB is a mean proportional between the ſquares of AG, GB, and CH 
is equal to the /quare of AG, and KL is equal to the ſquare of GB, but 


NL is equal to the re&angle contained by AG, GB, therefore allo NL, is 


a mean proportional between CH and KL; therefore it is as CH to NI. 
fo is NL to KL: but as CH is to NL ſois CK to NM; and as NL to 
KILL ſo is NM to KM; therefore alſo CK is to NM as NM to KM, 
therefore the reFangle contained by CK, KM is equal to the ſquare of NM, 
that is, to the fourth part of the ſquare of FM: then, becauſe CM, M. 
are two unequal ſtraight lines, and a parallelogram has been applied to CN 
equal to a fourth part of the /quare of MF, deficient by a ſquare figure, 
and it divides it into commenſurable g ments, therefore CM is more in 


power than MF by the ſquare of a line commenſurable to itlelf in length 


(by 18. 10.) : and neither of the lines CM, MF is commenſurable in length 
to CD, the rational line put; therefore (by 3. def. 3. 10.) CF is a thi: 
apotome. Therefore the ſquare of a ſecond apotome of a medial line, applicd 
to a rational line, makes the breadth a third apotome, Which was to bc 


demonſtrated. 


RN e 


The /quare of a LESSER ine, applied to a rational re, makes the 
breauth a fourth apotomè. 


Let AB be a leſſer line, but CD a rational %%; and let CF, be aps 
to CD, equal to the /quare of AB, making the breadth CF: I fav that 
CF is a fourth apotome. For let BG be the line adapted to AB; there- 


fore {by 77. 10.) AG, GB are incoramenſurable in power, making the 


ſpace compounded of the ſquares of AG, GB rational, but the rectangle 
contained by AG, GB, taten twice, medial: and let CH be applied to 
CD, cqual to the /quare of AG, making the breadth CK; and let KL 
be applied to KH, equal to the /quare of GB, making the breadih KN; 


therefore the whole CL is equal to the /quares of AG, GB; and che 


fpece compounded of the ſquares of AG, GB is rational; therefore al 
CL 1s rational, and it is applicd to a rational /ize CD, making the bre a 


CM; therefore (by 21. 10.) CM is rational alſo, and commenſurablc 


length to CD: and becauſe the whole CL. is equal to the /quares of AG, 85 
of which CE is equal to the /quare of AB, therefore the remainder FL 1+ 


equal 15 


o No RN 08 0 Ny 05 Ie Yb 185 


equal to the rectangle contained by AG, GR !4%ej twice (by 7. 2.). Now let Bok X. 
EM be cut in halves in the point N, and let NO be drawn through M 


parallel to either of the /izes CD, ML; therefore cach of the ſpaces FO, NL. 
1s equal to rhe rectangle contained by AG, GB: aud becauſe the rectangle 
contained by AG, GB, taken twice, is medial, and is equal to LF, there- 
fore alſo LF is medial, and it is applied to a rational line EE, making the 
breadth FM ; therefore (by 23. 10.) FM is rational, and incommenſurable 
in length to CD: and becauſe the ſpace compounded of the ſquares of 
AG, GB is rational, but the reFangle contained by AG, GB, taken twice, 
medial; therefore the /4uares of AG, GB are incommenſurable to the rec7- 
angle contained by AG, GB taken twice: but CL is equal to the ſquares of 
AG, GB, and FL is equal to the re#argle contained by AG, GB taten 
twice; therefore CL is incommenſurable to FL: but as CL to FL fo is 
CM to MF; therefore CM is incommenſurable in 
length to FM, and they are both rational; there- „ 
fore CM, MF are rational lines, commenſurable 0 
only in power; therefore (by 74. 10.) CF is an apo- 
tome. Now I ſay alſo that it is a fourth apotoms : 


for becauſe AG, GB are incommenſurable in power, DP 55 HL: 
therefore alſo the re of AG is incommenſurable to the ſquare of GB, 


and CH is equal to the /quare of AG, and KL is equal to the ſquare of GB; 
therefore CH is incommenſurable to KL.: but as CH to KL fo is CK to 


KM ; therefore CK is incommenſurable in length to KM : and becauſe the 
rectangle contained by AG, GB is a mean proportional between the /quares 
of AG, GB; and CH is equal to the /qzare of AG, and KL. to the /querc 

of GB, and NL to the rectangle contained by AG, GB; therefore NL is a 


mean proportional between CH, KL; therefore it is as CH to NI, fo is NI. 


to KL: but as CH to NL ſo is CK to NM; and as NL to KL fo is NM 
to KM; therefore as CK to MN ſo is MN to KM; therefore the recangle 
contained by CK, KM is equal to the ſquare of MN, that is, to the fourth part 
of the ſquare of MF: then, becauſe CM, MF are two unequal ſtraight lines, 
and a parallelogram has been applied to CM, equal to the fourth part of 
the /quare of MF, deficient by a ſquare figure, the rectangle CK, KN, an 
«vides it into incommenſurable ſegments; therefore (by 19. 30.) CM. 
more in power than MF by the /qzare of a line incommenſurable to itle!f 7» 
/ength; and the whole CM is commenſurable in length to CD, the rational 

B b line 
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line put: therefore (by 4. def. 3. 10.) CF is a fourth apotome. There— 
fore the /quare of a leſſer line, applied to a rational line, makes the breadth 
4 fourth apotome. Which was to be demonſtrated. 


PROP. CI. 


The /4uare of the line making the whole medial with a ration al 


ſpace, applied to a rational Ve, makes the breadth a fifth apotome. 


Let AB be a line making the whole medial with a rational /pace, and CD 
2 rational line; and let CE. be applied to CD, equal to the /quare of AB, 
making the breadth CF: I ſay that CF is a fifth apotomé. For let BG be 
the line adapted to AB, therefore (by 78. 10.) the ſtraight lines AG, GB 
are incommenſurable in power, making the /pac? compounded of the ſquare s 
of them medial, but the rectangle contained by them, taken twice, rational: 
and let CH be applied to CD, equal to the re of AG; and KL, 
equal to the ſquare of GB; therefore the whole CL is equal to the /quare: 
of AG, GB: but the ſpace compounded of the ſquares of AG, GB together 
is medial; therefore CL is medial, and it is applied to the rational 4% 
CD, making the breadth CM ; therefore (by 23. 10.) CM is rational and 
incommenſurable z length to CD: and becauſe the whole CL is equal to 
the /quares of AG, GB, of which CE is equal to the ſquare of AB, therc- 
fore the remainder FL. is equal to the rectangle contained by AG, GB 
taken twice. Now let FM be cut in halves at N, and through N let NO 
be drawn parallel to either of the lines CD, ML; therefore cach of the 
ſpaces FO, NL. is equal to the refangle contained by AG, GB: and be- 
caule the reffangie contained by AG, GB, taken twice, is rational, and is 


equal to FL; therefore FL is rational, and is applied to the rational linc 


EF, making the breadth FM; therefore (by 21. 10.) FM is rational, an 
commenſurable in length to CD: and becauſe CL, is medial, but FL. 
rational, therefore CL is incommenſurable to FL: but as CL. to FL ſo 
CM to MF; therefore CM is incommenſurable in length to MF; and they 
are both rational; therefore CM, MF are rational lines, commenſurab!c 
only in power ; therefore (by 74. 10.) CF is an apotome, I ſay alto that 
it is a fifth apotome, For in like manner we ſhall demonſtrate, that 


rectangle contained by CK, KM is equal to the /quare of NM, that 1s, to 


the fourth part of the ſquare of MF: and becauſe the /quare of A 
incommenturabis 
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incommenſurable to the ſquare of GB; and the 4 'B 
ſquare of AG is equal to CH, and che /quare of ; 7 
4 : C — 3 
GB to KL; therefore CH is incommenſurable to 
KL: but as CH to KL ſo is CK to KRM; there- 
fore CK is incommenſurable in length to RM: 
then, becauſe CM, MF are two unequal ſtraight D . 0 IIL. 
lines, and a pgrallelogram has been applied to CM, equal to a fourth part 
of the /quare of FM, deficient by a ſquare figure, and divides it into 1incom- 
menſurable ſegments; therefore (by 19. 10.) CM 1s more in power than 
MF by the /quare of a line incommenſurable zz length to itſelf; and FM, 
the adapted line, is commenſurable in length to CD, the rational line put: 
therefore (by 5. def. 3. 10.) CF 1s a fifth apotome. Therefore the ſquare 
of the line making the whole medial with a rational ſpace, applied to a 


rational /ine, makes the breadth a fiith apotom& Which was to be de- 


monſtrated. 


R O F. Een. 


The /quare of the line making the whole medial with a medial 
ſpace, applied to a rational e, makes the breadth a ſixth apotome. 


Let AB be a line making the whole medial with a medial /pace, but CD 

a rational line; and let CE be applied to CD, equal to the ſquare of AB, 
making the breadth CF: I ſay that CF is a ſixth apotomé. For let BG be 
the line adapted to AB ; therefore (by 79. 10.) AG, GB are incommenſu- 
rable in power, making both the pace compounded of the {quares of them 
medial, and the re#angle contained by AG, GB, taken twice, medial, and 
beſides the ſquares of AG, GB incommenſurable to the rectangle contained 
by AG, GB taten twice. Now let CH be applied to CD, equal to the /quare 
of AG, making the breadth CK; and KL to the /quare of BG; therefore 
the whole CL is equal to the ſquares of AG, GB; therefore alſo CL. is me- 
dial, and it is applied to the rational line CD, making the breadth CM; 
therefore (by 23. 10.) CM is rational, and incommenſurable in length to 
CD : then, becauſe CL is equal to the /quares of AG, GB, of which CE 
is equal to the /quare of AB, therefore the remainder FL is equal to the 
refttangle contained by AG, GB taken twice: and the rectangle contained by 
AG, GB, taken twice, is medial ; therefore alſo FL is medial, and it is 
ES = © nz . applied 
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ſurable in power, therefore the ſquare of AG is 
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applied to the rational line FE, making the breadth FM ; therefore FM 
is rational, and incommenſurable in length to CD : and becauſe the /quares 
of AG, GB are incommenſurable to the refangle contained by AG, GB 
taken twice; and CL is equal to the ſquares of AG, GB, and FL equal to 
the refangle contained by AG, GB taken twice; therefore CL is incom- 
menſurable to FL.: but as CL to FL fo is CM to MF; therefore CM is 
incommenſurable in length to MF; and they are both rational; therefore 
CM, MF are rational lines, commenſurable only in power ; therefore (by 
74. 10.) CF is an apotomè. Now I ſay alſo that it is a ſixth apotome. For 
becauſe FL is equal to the rectangle contained by AG, GB, taken twice, let 
FM be cut in halves in N, and through N let NO 3 B G 


be drawn parallel to CD; therefore each of the 8 LN 


by AG, GB: and becauſe AG, GB are incommen— = 


incommenſurable to the /quare of GB : but CH is D E O HL 
equal to the ſquare of AG, and KL is equal to the /quere of GB; therefore 
CH is incommenſurable to KL: but as CH to KL ſo is CK to KM; there- 
fore CK is incommenſurable to KM: and becauſe the refangle contained 
by AG, GB is a mean proportional between the /quares of AG, GB, and CE! 
is equal to the ſquare of AG, and KL equal to the /quare of GB, and NL, 
equal to the rectangle contained by AG, GB, therefore alſo NL is a mea 
proportional between CH, KL; and, by the ſame reaſoning as in the das, 
CM is more in power than MF by the /quare of a line incommenſurable to 
itſelf in length; and neither of them is commenſurable in length to CD, the 
rational line put; therefore (by 6. def. 3. 10.) CF is a ſixth apotome. There- 
fore the /quare of a line making the whole medial with a medial H, 


applied to a rational line, makes the breadth a ſixth apotome. Which was 
to be demonſtrated. 


FRETF DEC. 
The /ine commenſurable in length to an apotome, is an apotome. 
and in order the ſame. 


Let AB be an apotome, and let CD be commenſurable in length to AB; 
I fay that CD alſo 1 is an apotome, and in order the ſame with AB. Fo 
becauſe 
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becauſe AB is an apotome, let BE be the line adapted to it; therefore (by Book x. 


74. 10.) AE, EB are rational /ines, commenſurable only in power: and let 
the ratio of BE to DF be made the ſame with the ratio of AB to CD; and 
therefore as one is to one / is all to all; therefore it is allo as the whole AE 


to the whole CF ſo is AB to CD : but AB is commenſurable in length to 


CD; therefore alſo (by 10. 10.) AE is commenturable to CE, 


and BE to DF: but AE, EB are rational lines, commenſu- 5 
rable only in power; therefore alſo (by 10. 10.) CF, FD are 2 
rational lines, commenſurable only in power; therefore (by 74. Þ 
10.) CD is an apotomẽé. Now I ſay allo that it is in order the a 
ſame with AB: for becauſe it is as AE to CF ſo is BE to FD, 

therefore, alternately, as AE to BE. ſo is CF to FD: but cer- Ay 


tainly AE is more in power than EB by the /quare of a line, 
either commenſurable or incommenturable to itſelf 7 length : now if AE be 
more in power than EB by the /quare of a line commenſurable to itſelf, alſo 
CF is more in power than FD by the /quare of a line commenſurable to 
itſelf; and if AE is commenſurable in length to the rational line put, alſo 
CF is; and if EB, allo FD; but if neither of the lines AE, EB, alſo nei- 
ther of the //z2s CF, FD. But if AE is more in power than EB by the 
ſquare of a line incommenſurable in length to itſelf, alſo CF is more in 
power than FD by the ſquare of a line incommenſurable to itſelf; and if 
AE is commenſurable in length to the rational line put, alſo CF is; and if 
BE, alſo FD; but if neither of the lines AE, EB, alſo neither of the lines 
CF, FD: therefore CD is an apotomé, and (by third def.) in order the 
fame with AB, Which was to be demonſtrated. 


PR: OP. CV. 


The line commenſurable to an apotome of a medial line, is an 


apotome of a medial line, and in order the fame. 


Let AE be an apotome of a medial line, and let CF be commenſurable 
in length to AE; I ſay that alſo CF is an apotome of a medial line, and in 
order the ſame with AE. For becauſe AE is the apotome of a medial ine, 
let BE be the line adapted to it; therefore AB, BE (by 75. and 76. 10.) are 
medial lines, commenſurable only in power and let it be made as AE to 


CE. 


ſquare of AB to the /quare CD, fo is the rectangle contained by 
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CF ſo is BE to DF: but AB, BE are medial lines, commenſurable only 
in power; therefore CD, DF are medial lines, commenſurable only in power ; 
therefore CF is an apotome of a medial line. Now it muſt be 
demonſtrated that it is alſo in order the ſame with AE: for ] 
becauſe it is as AB to BE fo is CD to DF; but as AB to BE. 
ſo is the ſquare of AB to the reFangle contained by AB, BE; 
and as CD to DF ſo is the /quare of CD to the reftangle con- Fr 
tained by CD, DF; therefore alſo it is as the /quare of AB to E. 
the rectangle contained by AB, BE, ſo is the /quare of CD to the 
reftangle contained by CD, DF; therefore, by alternation, as the 


AB, BE to the reFangle contained by CD, DF: but the /quar? 1 1 
of AB is commenſurable to the ſquare of CD; therefore the A C 
angle contained by AB, BE is commenſurable to the rectangle contained by 
CD, DF: then if the rectangle contained by AB, BE be rational, alſo the 
refangle contained by CD, DF is rational; or if the rectangle contained by 


AB, BE be medial, alſo the rectangle contained by CD, DF is medial: 


therefore CF is an apotome of a medial line, and in order the ſame wit}; 
AE. Which was to be demonſtrated. 


b „„ os NR ns 3 


— * 


The /ize commenſurable to a LESSER ine, is a LESSER Vine. 


Let AE be a leſſer line, and let CF be commenſurable to AE; I ſay allo 
that CF 1s a leſſer line. For let the ſame things be made as in the one 
before : and becauſe AB, BE are incommenſurable in power, therefore a! 


CD, DF are incommenſurable in power: then, becauſe it is as AB to BF 


ſo is CD to DF; but it is alſo as the /qzare of AB to the /quare of BE, ſo 


is the /quare of CD to the /quare of DF; therefore, by compoſition, as the 


| ſquares of AB, BE to the ſquare of BE, ſo are the {quares of CD, DF to | 


the ſquare of DF, and alternately : but the /quare of BE is commenſurable 
to the ſquare of DF ; therefore alſo the /pace compounded of the ſquares of 


AB, Ph. is commenſurable to the ace compounded of the ſquares of 


Cb, DF: but the ſpace compounded of the ſquares of AB, BE is rational; 


therefore alſo the /pace compounded of the ſquares of CD, DF is rational. 
| . | Again, 
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Again, becauſe it is as the /quare of AB is to the refangle con- DO Book X. 
tain:d by AB, BE fo. is the ſquare of CD to the refangle corr- PEO 
tained by CD, DF, and alternately ; but the ſquare of AB. 1s 

commenſurable to the /q4xare of CD; therefore allo the rectangle Br 
contained by AB, BE is commenturable to the refFangle con- 
: tained by CD, DF: but the refongle contained by AB, BE. is 
; medial; therefore alſo the reFangle contained by CD, DF is | 
| medial; therefore CD, DF are incommenſurable in power, 


| making the /pace compounded of the ſquares of them rational, | 


but the rectangle contained by them medial; therefore CF is a 1 6 
leſter line (by 77. 10.). Which was to be demonſtrated. 
Ornerwise. Let A be a leſſer line, and let B be commenſurable to 
A. I ſay that B is a leſſer line. For let the rational line CD be put; 
and let CE be applied to CN, equal to the /quare of A, making the breadth 
DE; therefore (by 101. 10.) DE is @ fourth apotome : but let CF be 
applied to CD, equal to the /quare of B, making the breadth DF : now 
Hecauſe A is commenſurable to B, therefore alſo the /74are of E 
A is commenſurable to the /quare of B: but CE Ai equal to 
the ſquare of A; and CF is equal to the /quare of B; there- 
tore CE is commenſurable to CF: but as CE to CF ſo is DE 
to DF; therefore DE is commenſurable to DF in length: but D 
DE 1s a fourth apotomé; therefore alſo (by 104. 10.) DF is a 
fourth apotome ; therefore CF is contained by a rational line | 
B 


85 — 


and a fourth apotome; therefore (by 95. 10.) the line equal in 3 
power to the ſpace is a leſſer Ilie but B is equal in power to EY 


the ſpace CF J therefore B is a leſſer line. Which was to be F 
demonſtrated. Ss 


R UF. ein. 
The Ane commenſurable to a line making the whole medial with 
4 rational ſpace, is itſelf a line making the whole medial with a 
rational ſpace. 
Loet AE be a line making the whole medial with a rational ſpace, and 
let CF be commenſurable to AE; I ſay that CF is a line making the whole 


medial with a rational /pace. For let BE be the line adapted to AE; there- 
3 fore 
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| making the ſpace compounded of the ſquares of CD, DF medial, 


making the breadth DE; therefore (by 102. 10.) DE is | 


commenſurable in length to DF : but DE is a fifth apo- 


foie (by 78. 10.) AB, BE are incommenſurable in power, making the {pare 
compounded of the ſquares of AB, BE medial, but the reFangle cor !ained 
by them rational: and let the ſame things be conſtrued. Cer- 5 
tainly, in the ſame manner as in thoſe before, we ſhall demon- [ 
ſtrate that CD, DF are in the ſame ratio with, AB, BE; and that 
the pace compounded of the ſquares of AB, BI, is commenſu— 
rable to the ſpace compounded of the ſquares of CD, DF, and {7 
the rectangle contained by AB, BE to the reFangle contained by E 
CD, DF; ſo that alſo CD, DF are incommenſurable in power, 


but the reFangle contained by them rational: therefore (by 78. 
10.) CF is a line making the whole medial with a rational pace. 11 
Which was to be demonſtrated. 
OrhrRwISE. Let A be a line making the whole medial with a rational 
ſpace, and let B be commenſurable to it; I ſay that B is a line making the 
whole medial with a rational pace. For let the rational line CD be put 
and let CE be applied to CD, equal to the /quare of A, E— 


the /quare of B, making the breadth DF : now becauſe A 
is commenſurable to B, therefore the ſquare of A is com- D 
menſurable to the ſquare of B: but CE is equal to the [ 


ſquare. of A, and CF is equal to the /quare of B; there- 
fore CE is commenſurable to CF; therefore alſo DE is | 


a fifth apotome : but let CF be applied to CD, equal to 4 | 
— C 


tome ; therefore alſo (by 104. 10.) DF is a fifth apo- FF B 
tome: but DC is rational: but if a ſpace be contained by a rational 
line and a fifth apotome, the line equal in power to the ſpace is a /ine 
making the whole medial with a rational ſpace (by 96. 10.) : but B is 
equal in power to CF; therefore B is a line making the whole media 
with a rational pace. Which was to be demonſtrated. —_—_ 


RN O m 
The ine commenſurable to a line making the whole medi 
with a medial /pace, is itſelf alſo a-line making the whole medi. 
with a medial pace. 
Le 


O-F:E UCL 1-9; 


Let AE be a line making the whole medial with a medial pace, and let Book X, 
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CF be commenſurable to AE; I ſay that CF is a line making the whole 
medial with a medial /pace. For let BE be the line adapted to AE, and let 
the ſame things be conſtructed ; therefore (by 79. 10.) AB, BE are incom- 


menſurable in power, making both the pace compounded of 
the ſquares of them medial, and the rectangle contained by them 
medial, and beſides the ſpace compounded of the ſquares of them 
incommenſurable to the rectangle contained by them: and, as 
has been demonſtrated before, AB, BF. are commenſurable to 
CD, D; and the ſpace compounded of the ſquares of AB, BE 
to the /pace compounded of the /quares of CD, DF; and the reF- 
angle contained by AB, BE to the refangle contained by CD, DF: 
therefore alſo CD, DF are incoramenſurable in power, making 


both the ſpace compounded of the {quares of them medial, and 


the rectangle contained by them medial, and beſides the ſpace 


if 


A. C 


compounded of the ſquares of them incommenſurable to the reangle con- 
tained by them: therefore (by 79. 10.) CF is a line making the whole 


medial with a medial ſpace, Which was to be demonſtrated. 


PROP. AX. 


A medial /pace being taken from a rational, the /ine equal in 
power to the remaining ſpace becomes one of zhe/e two irrational 


lines, either an apotome or a LESSER /ine. 


For let the medial ſpace BD be taken away from the rational /pace 6 
I fay that the line equal in power to the remaining ſpace EC becomes onc 


of theſe two irrational lines, either an apotome or a leſſer line. 
rational line FG be put ; and Jet the right-angled paral- 


F - JS 


For Ict the 


clogram GH be applied to FG, equal to BC; and let 
K, equal to BD, be taken away; therefore the remain- Tt. 


der CE is equal to LH: then, becauſe BC is rational, but 


D medial; and BC is equal ro GH, and BD to GK; - 
therefore GH is rational, but GK medial, and it is ap- 
plied to a rational line FG; therefore FH is rational, 8 


ad commenſurable in length to FG (by 21. 10.): and 
Cc 


[7 


K 5 
11 


1. 
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Book X. FK is rational, and incommenſurable in length to FG (by 23. 10.); 

N therefore (by 13. 10.) FH is incommenſurable in length to FK; therefore 
FH, FK are rational lines, commenſurable only in power ; therefore (by 
74. 10.) KH is an apotome, and KF the line adapted to it: but certainly 
HF is more in power than FK by the /quare of a line commenſurable 
to itſelf in length, or by the ſquare of a line incommenſurable. Firſt, let it 
be more in power by the /quare of a line commenſurable ; and the whole 
HF is commenſurable in length to FG, the rational line put; therefore 
(by 1. def. 3. 10.) KH 1s a firſt apotome : but a line equal in power to a 
ſpace contained by rational line and firſt apotome (by 92. 10.) is an apo- 
tome; therefore the line equal in power to LH, that is, to EC, is an apotoinc, 
But if FH be more in power than FK by the /quare of a line incommen- 
ſurable to itſelf in length; and the whole HF is commenſurable in length 
to FG, the rational line put; therefore (by 4. def. 3. 10.) KH is a fourth 
apotome : but (by 95. 10.) the line equal in power to a ſpace contained by 
a rational line and a fourth apotome, is a leſſer line; therefore the % 
equal in power to LH, that is, to EC, is a leſſer line. Which was to 
be demonſtrated, 


JJC = Ce 
A rational ſpace being taken from a medial, two other irra- 
tional /ines are made, either the firſt apotome of a medial e, 
or a line making the whole medial with a rational ſpace. 


For let the rational pace BD be taken from the medial BC; I ſay that 
the line equal in power to EC, the remainder, becomes one of Ae two 
irrational lines, either the firſt apotome of a medial line, or a line making the 
whole medial with a rational ſpace. For let the rational line FG be put, an 


let the ſpaces be applied in like manner as in the laſt; con- 


ſequently FH is rational, and incommenſurable in length Bonn 
to FG: but FK is rational, and commenſurable in length | | = 
to FG; therefore FH, FK are rational lines, commen- 2 K D C 
ſurable only in power; therefore (by 74. 10.) HK is an 
apotome, and FK the line adapted to it: but FH is 
2 more in power than FK, either by the ſquare of a line bens 7 


commenſurable to itſelf in length, or by the ſquare of 


NN DDr 


%%% ͤ; 2 


3 5 
one incommenſurable; then, if HF be more in power than FK by the 
ſquare of a ue commenſurable to itſelf, and the adapted line FK is corn- 
menſurable in length to FG the rational line put, therefore (by 2. def. 
3. 10.) HK is a ſecond apotome : but FG is rational; ſo that (by 93. 10.) 
the line equal in power to LH, that is, to EC, is the firſt apotome of a medial 
line. But if HF be more in power than FK by the {ſquare of a line incom- 
menſurable to itſelf; and the adapted line FK is commenſurable in length to 
FG, the rational line put; therefore (by 5. def. 3. 10.) HK is a fifth apo- 
tomé; ſo that (by 96. 10.) the /;ze equal in power to the ſpace EC, is a line 


making the whole medial with a rational ace. Which was to be demon- 
ſtrated. | 


p R O P. CI. 


A medial pace being taken from a medial incommenſurable to 
the whole, the two remaining irrational lines are made either the 


ſecond apotome of a medial Ve , or the line making the whole medial 
with a medial pace. 


For, as in the deſcribed figures, let the medial /pace BD, incommenſu- 
rable to the whole, be taken from the medial fpace BC; I ſay that the line 
equal in power to CI. is one of theſe two irrational lines, either the ſecond 

apotome of a medial /ine, or a line making the whole medial with a medial 

ſpace. For becauſe each of the ſpaces BC, BD is medial, and BC is in- 
commenſurable to BD, that is, GH to GK, allo (by 1.6. and 10, 7055 IE 
is incommenſurable to FK; therefore HF, FK are ra- 


B 
tional lines, commenſurable only in power; therefore HK 
is an apotome, and KF the /ize adapted % it: but HF 
| | | A 
is more in power than FK, either by the /quare of a line 
| 3 Wh F 
commenſurable to itſelf, or by the /quare of a line incom- 
nenſurable. Now it HF be more in power than FK by 
the /quare of a line commenſurable to itſelf; and neither 5 


of the lines H, KF is commenſurable in length to FG, 
the rational line put; therefore {by 3. def. 3. 10.) HK is a third apotomè: 
but KL is rational; but the rectangle contained by a rational Ie and a third 
apotome (by 94. 10.) is irrational; and the line equal in power to it is irra- 
tional, and is called the ſecond apotomẽ of a raedral line. But if H be 

ES: 85 more 


Book X. 
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Book X, 
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is a firſt binomial: let it be divided into its 
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more in power than FK by the /quare of a line incommenſurable in length 
to itſelf; and neither of the lines HF, FK is commenſurable to FG, the 


rational line put; therefore (by 6. def. 3. 10.) HK is a ſixth apotome : but 
(by 97. 10.) the line equal in power to a refangle contained by a rational 
line and a ſixth apotome, is a line making the whole medial with a media] 


Jace; fo that the line equal in power to LH, that is to CF, is a /ize 


making the whole medial with a medial /pace, Which was to be demon- 
ſtrated. 


. 
The apotome is not the ſame with the binomial Ine. 


Let AB be an apotome ; I ſay that AB is not the ſame with a binomia! 
ine. For, if poſſible, let it be; and let the rational line DC be put, 
and let the rectangle CE be applied to the rational line DC, equal to the 
ſquare of AB, making the breadth DE; then, becauſe AB is an apotomé, 
DE is (by 98. 10.) a firſt apotome : let EF be the line adapted to it; there- 
fore (by 1. def. 3. 10.) DF, FE are rational lines, commenſurable only in 
power, and DF is more than FE. by the 


fquare of a line commenſurable to itſelf 7 = * E 5 
length, and DF is commenſurable in length 2 — — 
to CD the rational line put. Again, as AB 

is a binomial line, therefore (by 61. 10.) DE 5 


names at G, and let DG be the greater name; therefore DG, GE are rationa! 
lines (by 1. def. 2. 10.) commenſurable only in power, and DG is more in 
power than GE by the /4ware of a line commenſurable to itſelf in den 
and the greater DG is commenſurable in length to DC the rational Ie put ; 
therefore (by 12. 10.) DF is commenſurable in length to DG; therefore allo 
DF is commenſurable to the remainder FG: then becauſe DF is commentu- 


rable to FG, and DF 1s rational, therefore alſo FG is rational: now becauſe 


DF is commenſurable in length to FG, but DF is incommenſurable in length 
to FE, therefore alſo FG is incommenſurable in length to FE; and they 
are rational; therefore GF, FE. are rational Iines, commenſurable only in 
power; therefore (by 74. 10.) EG is an apotome z but it is alſo rational, 
which is impoſſible, Therefore an apotome is not the lame with a binomial 


line. Which was to be demonſtrated. 


CoR, 
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Cor. The apotomé, and the irrational lines after it, are neither the 
ſame with the medial line, nor with one another. For the /quzare of a 
medial line, applied to a rational line, makes a breadth rational (by 23. 10.), 
and incommenſurable in length to the /ize to which it is applied: but the 
ſquare of an apotome, (by 98. 101.) applied to a rational /ine, makes the 
breadth a firſt apotomc ; and the iure of the firſt apotome of a medial line, 
(by 99. 10.) applied to a rational //ze, makes the breadth a lecond apotoine z 
but the /quare of the ſecond apotome. of a medial line, (by 100.10.) applied 
to a rational line, makes the breadth a tlurd apotome : but the /qzare of a LES- 


SER line, applied to a rational line, (by 101.) makes the breadth a fourth apo 


rome; and the iu ee of a line making the whole medial with a rational ſpace, 
applied to a rational line, (by 102. 10.) makes the breadth a fifth apotome ; 
but the /quare of a line making the whole medial with a medial ace, 
applied to a rational Ine, (by 103. 10.) makes the breadth a ſixth apotome. 
Now becauſe the ſaid breadths differ, both from the firſt, and from one 
another ; from the firſt, becauſe it is rational ; and from one another, be- 
cauſe they are not the ſame in order; it is manifeſt that allo the irrational 
lines differ from one another. And becauſe the apotome has been demon- 
ſtrated a not being the ſame with the binomial (by 112. 10.); but the ſquare 


of an apotome and / thole lines after the apotome, applied to a rational 


line, make breadths apotomes, each the ſame in order with itſelf; and the 
ſquare of a binomial, and of the lines after it, applied to a rational line, 
make breadths binomials, and the ſame in order ; therefore the lines aſter 
an apotome are different, and the lines after a binomial are different: ſo that 
all the irrational lines are in order thirteen. 1. A medial /ize. 2. A binomial 
line. 3. A firſt bimedial line. 4. A ſecond bimedial line. 5. ACRTATER 
line. 6. A line equal in power to a rational and medial ſpace. 7. A line 
equal in power to two medial ſpaces. 8. An apotome; 9. The firſt apo- 
tome of a medial ine. 10. The ſecond apotomé of a medial line. 11. 
A LESSER line. 12. A line making the whole medial with a rational pace. 


13. A line making the whole medial with a medial ſpace. 


4 


Rr ein 
The ſquare of a rational ine, applied to a binomial ine, makes 
the breadth an apotome, the names of which ace commenſurable to 


* 


the 


Book X. 


Book X. 
— 
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the names of the binomial, and alſo in the ſame ratio; and beſides, 
the apotome made has the ſame or dr with the binomial. 


Let A be a rational /ine, but BC -a binomial ine, of which let CD be 
the greater name; and let the reclangle contained by BC, EF be equal to 
the ſquare of A: I ſay that EF is an apotome, of which the names are com 
menſurable to CD, DB, and in the ſame ratio; and beſides, that EF has the 
ſame order with BC. For, again, let the reangle contained by BD, G be 
equal to the /quare of A; then, becauſe the rectangle contained by BC, EI. 
15 equal to the refFangle contained by BD, G, therefore it is as CB to BY 
o G to EF: but CB is greater than BD; therefore G is greater than EE. 
Let EH be equal to G; therefore it is as CB to BD ſo is HE to EF; 
therefore, by diviſion, as CD to BD ſo is HF to FE: as HF to FE ſo let 
K be made to EK; therefore the whole HK is to the whole KF as FK tg 
{1 ; for as one of the antecedents to one of the conſequents, 10 are all the 
antecedents to all the conſequents: but as FK to KE to is CD to DB; ther-- 
fore alſo as HK to KF fois CD to DB: but (by 37. 10.) the fquare 0! 
CD is commenſurable to the /quare of DB; therefore alſo (by 10. 10.) the 


ua of HK is commenſurable to the /quare of KF: and it is (by 2. cor. 


20. 6.) as the /quare of HK to the /quare of KF ſo is HK to KE, because 
the three HK, KF, KE are proportionals; therefore HK is commenſurablec 
in length to KE; fo that alſo HE is commenſurable in length to EK: and 
becauſe the ſquare of A is equal to the refangle contained by HE, BD, and 
the /quare of A is rational, therefore the re#ang/e contained by HE, BD 
1 allo rational; and it is applied to a natural /ine BD; therefore HE 15 
rational, and commenſurable in length to BD (by 21. 10): 


lo that allo EK, commenſurable to it, is rational, and com- w7 _ 
menſurable in length to BC. Now becauſe it is as CD to DB Z 
lo is FK to KE; but CD, DB are commenſurable only in I; 
power; therefore alſo FK, KE are commenſurable only in | | 
power : but KE is rational, and commenſurable in length to 9 
BD ; therefore allo FK is rational, and commenſurable in lengths * [ſy 
to CD: therefore FK, KE. are rational lines, commenſurable ACHG 


only in power; therefore (by 74. 10.) EF is an apotome : but CD- is 
is more in power than DE, either by the /quare of a line comme 
rable to itſelf in length, or by the /quare of a line incommenſurable, No 
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i” CD be more in power than DB by the /qz2re of 1 line commenſurable Book X. 
to itſelf, alſo FK will be more in power than KF. by the ſquare of a line 
commenſurable to itſelf in length; and it CD be commenſurable in length 
to the rational /ize put, alſo FK 7/7 be; but if BD, alſo KE; but if nei- 
ther of the lines CD, DB, alſo neither of the lines FR, KF. But if CD 
be more in power than DB by the /quare of a line, incommenſurable to 
itſelf, alſo FK will be more in power than KE, by the /quare of a line 
| incommenſurable to itſelf i» /ength; and if CD is commenſurable in length 
to the rational line put, alſo FK: but if BD, alſo KE; but if neither of 
the lines CD, DB, alſo neither of the lines FK, KE: ſo that FE is an 
apotome, the names of which FK, KE are commenſurable to the- names of 
of the binomial CD, DB, and in the ſame ratio; and has the ſame order 
with BC. Which was to be demonſtrated. 


FR: OGO‚ N. 


The ſquare of a rational e, applied to an apotome, makes the 
breadth a binomial ine, the names of which are commenſurable to 


the names of the apotome, and in the ſame ratio; and beſides, the 
binomial made has the ſame order with the apotome. | 


Let A be a rational line, but BD an apotome; and let the rectangle con- 
tained by BD, KH be equal to the /quare of A; fo that the fquare of the 
rational line A, applied to the apotome BD, makes the breadth KH : I 
ſay that KH is a binomial, the names of which are commenſurable to the 
names of BD, and in the ſame ratio; and that KH has the ſame order with 
BD. For let DC be the line adapted to BD; therefore (by 74. 10.) 
BC, CD are rational lines, commenſurable only in power: and let the rect- 
angle contained by BC, G be equal to the ſquare of A; but the ſquare of 

A is rational; therefore alſo the reFangle contained by BC, G is rational; 
and it is applied to a rational line BC; therefore alſo G is rational, and 
commenſurable in length to BC: then becauſe the rectangle contained by 
BC, G is equal to the refangle contained by BD, KH, therefore there is 
this proportion, as CB to BD ſo zs KH to G: but CB is greater than BD; 
therefore alſo KH is greater than G. Let KE be put, equal to G; therc- 
fore KE is commenſurable in length to BC: and becaule it is as CB to 


Bl) 


2 
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Book X. BD ſo is HK to KE, therefore, by converſion, it is as CB to CD fois KH to 
H: let it be made as KH to HE ſo is HF to FE; therefore (by 19. 5.) the 


remainder KF is to FH as KH to HE, that is, as BC to CD: n 
but BC, CD are commenſurable only in power; therefore alſo e. 
KF, FH are commenſurable only in power: and becauſe it is * 
as KH to HE ſo is KF to FH; but as KH to HE to 18 lp 

HF to FE; therefore alſo as KF to FH ſo is FH to FE; fo 
that alſo (by 2. cor. 20. 6.) as the firſt is to the third fo 1s the 
ſquare of the firſt to the ſquare of the ſecond ; therefore alſo E. 
as KF to FE fo is the Hñuare of KF to the /qrare of FH: ABKG 
but the /quare of KF is commenſurable to the /quare of FH, for KF, FH 
are commenſurable in power; therefore allo KF is commenſurable in length 
to FE ; ſo that alſo (by 16. 10.) FK is commenſurable in length to KE. 
but KE 1s rational, and commenſurable in length to BC; therefore alſo KF 
is rational, and commenſurable in length to BC: and becauſe it is as BC 
to CD fo is KF to FH; therefore, alternately, as BC to KF fo is CD to 
FH : but BC is commenſurable to KF ; therefore alſo (by 10. 10.) CD is 
commenſurable in length to FH: but BC, CD are rational /zzes, commen- 
ſurable only in power; therefore alſo KF, FH are rational lines, commen- 
ſurable only in power; therefore (by 37. 10.) KH is a binomial /ize. Now 


Df 7x, 


if BC be more in power than CD by the /quere of a line commenſurable to - 


itſelf in length, allo KF is more in power than FH by the ſquare of a line 
commenſurable to itſelf; and if BC is commenſurable in length to the 
rational line put, KF is allo; but if CD is commenſurable to the rational 
ine put, FH is alſo; but if neither of the lines BC, CD, alſo neither 
of the lines KF, FH: but if BC is more in power than CD by the | 
/quare of a line incommenſurable to itſelf, KF is alſo more in power than 
FH by the ſquare of a line incommenſurable to itſelf; and if BC is com- 
menſurable in length to the rational line put, KF 7s alſo; but if CD, alſo 
FH ; but if neither of the lines BC, CD, alſo neither of the /ines KF, FH : 
therefore KH is a binomial, the names of which KF, FH are commenſu- 
rable to BC, CD, the names of the apotome, and in the ſame ratio; anc 
beſides (by ſecond and third def.) KH has the lame order with he pm 
BD. Which was to be demonſtrated. 


PROF. 
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PN OF. XV. 

If a ſpace be contained by an apo 4nd a binomial Hue, the 
names of which are commenturable (© the nals of the apotome, 
and in the ſame ratio, the line equal iu power to the tpace is 
rational. 


For let a ſpace be contained by AB, CD, by the apotome AB and the 
binomial CD, of which the greater name 1s CE ; and let CE, ED, the names 
of the binomial, be commenſurable to AF, FB, die names of the apotome, 
and in the ſame ratio; and let & be the line in po ver equal to the reangle 
contained by AB, CD: I ſay that G 1s rational. I or let the rational dine H 
be put; and let @ parallelogram he applied to CD, equal to the iu re of H, 
making the breadth KL; thercfore (by 113. 10.) KL is an apotomé, of 
which let KM, ML be the names commenturable to CE, ED the names of 
the binomial, and in the fame ratio: but alſo CE, ED are commenſurable 
to AF, FB, and in the ſame ratio; therefore it is as AF _ 5 
to FB ſo is KM to ML; therefore, alternately, it is as AF 
to KM ſo is FB to ML; therefore alſo (by 19. 5.) the P. 
remainder AB 1s to the remainder KL as AF to KM: but 
AF is commenſurable to KM ; therefore alſo (by 10. 10.) 
AB is commenſurable to KL: and it is as AB to KL fo | 
is the rectangle contained by CD, AB to the rectangle con- | 
tained by CD, KL; therefore allo the reclangle contained by 5 L. 
CD, AB is commenſurable to the rectangle contained by | | | l 2 
CD, KL: but the recangle contained by CD, KL is equal agen 
to the ſquare of II; therefore the redtangle contained by CD, AB is com- 
menſurable to the /quare of H: but the reftangle contained by CD, AB is 
equal to the ſquare of G; therefore the ſquare of G is commenſurable 
to the /quare of H: but the /quare of H is rational; therefore the 
ſquare of G is rational ; therefore alſo G is rational, and it is equal 
in power to the rectangle contained by CD, AB. Therefore if a ſpace 
be contained by an apotome and a binomial line, of which the names are 
commenſurable to the names of the apotome, and in the ſame ratio, the 
line equal in power to the ſpace is rational, Which was to be demon- 
firated, 


D d Con. 
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Book X. Cor. And it has been made by us, and from theſe things it is evident 
—— that it is poſlible that a rational ſpace Re be contained by irrational ſtraight 
lines, 


P R O P. CXVI. 


From a medial ine infinite irrational lines are produced, and none 
7s the ſame with any of thoſe before. 


Let A be a medial line; I ſay that from A infinite irrational lines are pro- 
duced, and none is the ſame with any of thoſe before. For let the rational 
line B be put, and let the ſquare of C be equal to the rect- T 
angle contained by A,B; therefore (by 11. def. 10.) C 1s [ 
irrational ; for the ſpace contaihed by a rational and irrational | 
line (by ſch. 39. 10.) is irrational ; and it is the fame with [ 
none of thoſe before ; for the ſquare of none of thoſe before, | 
(by prop. 61. 62. 63. 64. 65. 66. and 98. 99. 100. 101. 102. 
103. of 10.) applied to a rational line, makes the breadth a 111 
medial line now again, let the ſquare of D be equal to the AC BD 

rectangle contained by B, C; therefore the /quare of D is irrational; there- 
fore D is irrational, and it is the ſame with none of thoſe before; for the 
ſquare of none of thoſe before, applied to a rational line, makes the breadth 

C': certainly, in like manner, the ſame order being carried on to infinity, it 
is evident, that from a medial line infinite irrational lines are produced, and 
none of them is the ſame with any of thoſe before. Which was to be 
demonſtrated. 

OrnERWISE. Let AC be a medial line; I ſay that from AC infinite ira 
tional lines are produced, and none of them is the ſame with +, 
any of thoſe before. Let AB be drawn at right- angles to AC; | 
and let AB be rational; and let BC be compleated ; there- DR— 

fore BC is irrational, and the line equal in power to it is irra- 
tional: let CD be equal in power to it; therefore CD is C= 
irrational, and the ſame with none of thoſe- before; for the | 


ſquare of none of thoſe before, applied to a rational line, makes A B 

the breadth a medial line. Again, let ED be compleated ; therefore ED is 
irrational, and the line equal in power to it is irrational : let DF be equal to 
it in power; therefore DF is irrational, and the ſame with none of thoſe 
before, 
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before; for the /quare of none of thoſe before, applied to a rational line, Bock x, 
makes the breadth CD. Therefore from a medial line infinite irrational 


lines are produced, and none of them i the ſame with any of thoſe before. 


P R O P. CXVI.. 


Let it be propoſed by us to demonſtrate that in ſquare figures the 
diameter is incommenſurable in length to the fide. 


Let ABCD be a ſquare, and AC the diameter of 1 it; I ſay that AC is 
incommenſurable in length to AB. For, if poſſible, let it be commenſu- 
rable: I ſay that it will follow, that the ſame number is even and odd. 
Now it is evident (by 47. 1.) that the /quare of AC is double of the ſquare 
of AB; and becauſe AC is commenſurable to AB, AC therefore has to AB 
the ratio which number has to number : let it have that 
which EF has to G; and let EF, G be the leaſt of thoſe 8 
having the ſame ratio with them; therefore EF is not 
unity: for if FF ſhall be unity, and it has the ratio to G | 
which AC has to AB; and AC is greater than AB; there- 
fore alſo unity EF is greater than the number G, which E. II E C 
is abſurd: therefore EF is not unity; therefore a number: "as 5 
and becauſe it is as AC to AB ſo is EF to G, therefore 
alſo as the /quare of AC to the /quare of AB ſo is the ſquare of EF to the 
/quare of G: but the ſquare of AC is the double of the ſquare of AB; there- 
fore alſo the ure of EF is the double of the /quare of G; therefore the 
ſquare of EF is even: fo that alſo EF itſelf is even; for if it was odd, alſo 
the ſquare of it would be odd; ſince, if odd numbers, how many ſoever, 
be put together, and the multitude of them be odd, the whole is odd ; 
therefore EF is even. Let it be cut in halves in H;: and becauſe EF, G are 
the leaſt of thoſe numbers having the ſame ratio with them, they are prime 
to one another; and EF is even; . therefore G is odd; for if it were even, 


the number two would meaſure EF, G: for every even number has a half 


part ;* which 1s impoſſible, being prime to one another : therefore G is not 
even ; therefore odd. And becauſe FF is the double of FH, therefore (by 
_ (41. 8.) the ſquare of FF is quadruple of the ſquare of FH; therefore the 
Jquare of G is double of the /quare of EH ; therefore the ſquare of G is 
even ; therefore, by what has been ſaid, G is even: but it is alſo odd; 
Qd's-: | which 


A. B 


A * 9 n 
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But x. Which is impoſſible. Therefore AC is not commenſurable in length to AB, 
w—- therefore incommenſurable. Which was to be demonſtrated. 
OTHERWISE, Now alſo it muſt be demonſtrated otherwiſe, that the 
diameter of a ſquare is incommenſurable to the ſide. For let A be for the 
diameter, and B for the fide; I fay that A is incommenſurable in length to 
B: for, if poſſible, let it be commenſurable, and let it be made again, as 
A to B ſo is the number EF to G; and let them be the leaſt of thoſe having 
the fame ratio with them; therefore EF, G are prime (by 24. 7.) to one 
another. I ſay firſt that G is not unity: for, if poſſible, let it be unity; and 
becauſe it is as A to B ſo is EF to G, therefore alſo as the /quare of A to 
the /quare of B ſo is the ſquare of EF to the /quare of G: but the fqror: of 
A is double of the ſquare of B; therefore alſo the ſquare of EF is double 
of the ſquare of G: and G is unity; therefore the ſquare of EF is the - 
ber two; which is impoſſible : therefore G is not unity; therefore a num- 
ber: and becauſe it is as the ſquare of A to the ſquare of 
B ſo is the ſquare of EF to the ſquare of G; and, by in- 
verſion, as the /quare of B to the ſquare of A ſo is the 
ſquare of G to the ſquare of EF; but the ſquare of B mea- 
ſures the /quare of A; therefore alſo the ſquare of G mea, 
ſures the ſquare of EF: ſo that alſo (by 14. 8.) the ſide of EH 
it G meaſures EF; but G alſo meaſures itſelf ; therefore 
G meaſures EF, G, being prime to one another, which is impoſſible ; there-_ 
A is not commenſurable in length to B, therefore incommenſurable. W hic! 
was to be demonſtrated. (OM 
Scnoitivum. Now ſtraight lines having been found incommenſurable 1! 
length, as A,B, alſo a great many other magnitudes of two dimenſions arc 
ſound, I ſay plane ſurfaces, incommenſurable to one another: 1 
for if we take C, a mean proportional between A, B, it will be 8 
as A to B fo is the figure upon A to a ſimilar and ſimilarly ſituated ] 
| figure deſcribed upon C; whether the figures deſcribed be ſquares, 
or other ſimilar rectilineal figures, or circles about the diameters 
A, C; ſince circles are to one another as the ſquares of their | 
diameters, Therefore plane ſpaces have been found incommen- > © Y 
ſurable to one another. Which was to be demonſtrated. | 
Now different fpaces, of two dimenſions, having been demonſtrated 705 
incommenſurable; we ſhall demonſtrate, from the theory of ſolids, 44 
there 
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there are alſo ſolids commenſurable and incommenſurable to one another: Bock x. 
for if upon the ſquares of A, B, or upon rectilincal figures equal to then,. 
we place ſolids of equal altitude, parallelepipeds, or pyramids, or priſins, 
the figures placed will be to one another as their baſes ; and if the baſes are 
commenſurable, the ſolids will be commenlurable ; but if incommenſurable, 
incommenſurible. Which was to be demonitrared. 

But, alto, there being two circles A, B, if we deſcribe upon them 
cones or cylinderts of equal altitude, they will be to one another as their 
baſes, that is, as the circles A, B; and it the circles are commenſurable, 
both the cones and cylinders will be commenturable to one another; but if 
the circles are incommenſurable, alſo the cones and cylinders will be incom- 
menſurable. And thus it has been made evident by us, that commen{ura- 
bility and incommeniurabllity is not only in nes, but allo in ſolid figures, 


THE END OF THE TENTH BOOK, 
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DISSERTATION VIII. 


O much has been ſaid already, in order to induce the reader to take 
that view of the ſubje& which Euclid has laid before him in theſe Ele- 
ments, that in this Diſſertation I ſhall only make ſome remarks, which may 
aſſiſt him in laying aſide the prejudices which are neceſſarily contracted from 
the habits acquired by reaſoning upon lines that have e been con 


dered as lying in the ſame plane. 
. 


Of the difficulties ari ang from the repreſentation of lines in the ame plane, 
when they are in di ferent planes. 


It would be found extremely inconvenient, if we were obliged, in rea- 
ſoning about ſolids, always to exhibit the ſolid figures themſelves : eſpe- 


cially when it is conſidered that mathematical ſolids are only portions of 


pure ſpace, modified by ſurfaces; and that theſe ſurfaces are ſuppoſed to 
interſect one another, and the ſolids, in all directions. If this be attended 


to, any one may ſatisfy himſelf that the repreſentation of ſuch figures, by 


material bodies, would, in moſt caſes, be impracticable. We are there- 
fore obliged to have recourſe to the ſhadows of the lines that bound the 
ſurfaces, for ſuch repreſentations ; if one may, with propriety, ſpeak of the 
ſhadow of what is immaterial. And, firſt of all, it will be proper to examine 
the different poſitions of the ſhadow of a ſingle line, with reſpect to ſeveral 


lines drawn in the {ame plane. For inſtance, draw ſeveral lines, interſecting 


one another, upon a piece of paper, in the ſame point; and place a pin, in 
an upright poſition, at this point of interſection; and obſerve how the ſho 
dow of this pin, as thrown by a candle, will fall, with reſpect to the int +, 
upon the paper: and as this pin may be perpendicular to the plane of th- 

paper, it will be at right mg to every line 1n the Plane chat meets i: 


aithoug: 
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although its ſhadow, by ſhifting the poſition of the candle, may have cvery 
poſſible inclination to any line upon the paper, or may be made to fall 
in with, or be in the direction of the line produced, and conſequently 
make no angle with it; yet all theſe different angles, and even when there 
is no angle, muſt be conſidered as right angles. Thoſe who attend to this, 
will not be ſurpriſed! to find AB, in the fifth propolition, conſidered as 
making right angles with BC, BD, BE; or, in the ſixth propoſition, when 
it is ſaid that EB is perpendicular to BD and BA. Now if, inſtead of 
the pin, a needle, with a thread paſſing through its eye, be uſed, the thread 
being ſtretched fo as to join the extremities of one of the lines, the ſhadows 
of the thread and needle will form two triangles upon your paper, which 
are the repreſentation of the two upright triangles ; and, by changing the 
poſition of the candle, the ſhadows of the ſame triangles will be continually 
varying ; and when the candle 1s brought into the plane of the triangles, 
the repreſentation of them will be a ſtraight line. Such a figure as this ought 
to be carefully examined in a great variety of poſitions, and not only viewed 
as to the directions that the lines may take, but ſuppoſitions ſhould be 
made that certain parts of the triangles are equal; and then inferences 
drawn that other parts of them are equal, however unequal they may 
appear when repreſented by their ſhadows. And if this be done with a 
ſufficient degree of attention in ſimple caſes, the ſtudent will not find him- 
ſelf perplexed in the moſt complicated. 


CH AF: 


O planes, and their inclinations. 


IN what goes before, we have always conſidered the lines as drawn in the 
ſame plane; and this plane is to be conceived as infinitely extended, that 
is, without ſhape or figure ; which 1s abſolutely neceſſary, in order to make 


ſtraight line drawn in it, as a door turns upon its hinges, it may be made 


axis. And, to begin with a familiar inſtance, a door turning upon its 
hinges may be conceived as repreſenting an infinite number of planes; for 
every new poſition will repreſent a different plane; and when it is ſhut, 


the concluſions general. Now if we ſuppoſe this plane to turn upon a 


to repreſent every poſſible plane, by conceiving it to turn upon a different 
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it will be the ſame plane as the fide of the room. Now arne i wan 
conceive it as turning upon hinges at its lower end, its motion u Ter the! 
hinges will repreſent an infinite number of planes, all different from the 
former, except that direction in which it was when ſhut: and thus we 
may form a notion of a plane, in a great variety of poſitions, and alwar: 
paſſing through the ſame ſtraight line; or, in other words, that an infinite 
number of different planes may all be conceived as paſſing through th: 
ſame line, which is called their common interſection. 

Beſides, it is neceſſary to conſider that a plane, turning upon its axis 
when it has performed half a revolution, has paſſed through every poin 


that can be conceived in the univerſe. Now this being well confidere 


ſuppoſe I intend to give the plane of the table upon which I am writing, 
the poſition of a plane paſſing through any three points, as a point in 
each of the cities, Rome, Paris, and Conſtantinople. I draw any ſtraight 
line upon my table, and ſuppoſe its plane to turn upon that line as an 
axis; during its revolution, as it muſt paſs through every point, it wil! 
paſs through the point in Rome: ſuppoſe it fixed in this poſition. Draw 
a ſtraight line from any point in the line upon the table to the point in 
Rome; this line will be in the plane; and ſuppoſing it now turned upon th1; 
line, as an axis, it muſt paſs through the aſſumed point in Paris: fix it in 
that ſituation, and draw a ſtraight line from the point in Rome to the point 
in Paris, and this line will be in the plane, which, when turned upon this 
line as an axis, mult paſs through the point in Conflantinople, and being 
Kept in this poſition will repreſent the plane paſſing through thoſe thr-c 
places. And in the ſame manner it is eaſy to conceive that the plane of ths 


table may be turned into the direction of any plane in the univerſe. 


But as the ſame plane may be made to repreſent ſo many planes, it w. 
be neceſſary to conſider what will fix any plane, and how they may be dit 
tinguiſhed from one another. It is obvious, from what has been ſaid, that 
a ſingle ſtraight line in a plane does not fix it. But a ſtraight line, and any 
point not in the line, fixes the poſition of a plane; and, conſequently, two 
ſtraight lines, croſſing one another, will fix the poſition of a plane, or two 
parallel lines : and as whatever fixes a magnitude may be conſidered as the 
thing itſelf; a ſtraight line, and a point out of it; or two ſtraight lings, 
croſſing one another; or two parallel lines, may be conſidered as proj! 
repreſentatives of this plane this infinite ſpace ; becauſe, if either of thetc 


be fixed, it is impoſſible to change the poſition of the plane. 
e 85 . Planes 
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Planes arc diſtinguiſhed from one another by their inclinations ; and this 


inclination is meaſured by an angle contained by two ſtraight lines perpca- 
dicular to the ſame line at the fame point. Having been accuſtomed only 
to examine ſuch lines as are in the ſame plane, our habits are rather, at firſt, 
againſt the notion of two perpendiculars to the fame ſtraight line at the ſame 
point. To remove this prejudice, conceive a number of tftraight lines bro— 


ceeding from any point in a ſtraight line, like ſpokes trom the axle of a 
wheel ; and it is obvious that all theſe may be perpendicular to the fame line 
at the ſame point: and an angle contained by any two of them, is an angle 
contained by two perpendiculars to the ſame line at the ſame point, Or, draw 
a ſtraight line upon a piece of paper, and then fold the paper in the direction 
of the line; the paper will repreſent two planes, and this line will be their 
common interſection; and a perpendicular, drawn to any point in it, and 
extended croſs the paper, will repreſent, when the paper is folded, or rather 
folding, the two perpendiculars, the angle made by which meaſures. the 
inclination of the planes to one another. Now it is obvious, when theſe 
perpendiculars are repreſented in the ſame plane, that they can never be 
made to appear both to be perpendicular to the common interſection: for 
if that ſhould be attempted, the one line would fall upon the other, and all 
appearance of an angle would be loſt. 1 
The inclination of a line to a plane ſhould alſo be carefully examined: 
and, firſt, it is evident that this inclination cannot be meaſured by the incli- 
nation of the line to any line in the plane which meets it; but that it muſt 
be meaſured by its inclination to a particular line meeting it in the plane. 
And the line in the plane that forms the leaſt angle with it, if it could be 
found, would anſwer this purpoſe beſt : and this angle may be found by 
drawing from the upper extremity of the line a perpendicular to the plane ; 
and this will give you a point in the plane; a ſtraight line joining that point 
and the end of the inclining line which is in the plane, will form the angle 
required: and the figure of this may be repreſented by opening your com- 
paſſes, and placing a pencil fo as to form a right-angled triangle with the 
legs of the compaſſes; and this triangle being placed upon a table, the 
ſhadow of it, as thrown by a candle, will enable you to conceive the 
2ppearance of ſuch an angle, when all the lines are repreſented as lying 
in the ſame plane, as the angle ADF in the cleventh propoſition of this 
hook, 8 


E CHAP. 


here proved that this muſt be a ſtraight line, 
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CHAP. Bt; 


Containing remarks upon ſome of the jirjt nineteen propofitions of this book, 


EUCLID ſeems to write upon a ſuppoſition that his reader has alread, 
turned his thoughts to this ſubject in a ſuperficial manner, and that he ig 
only teaching him how to reduce them to a ſcientific form. And for thi; 
reaſon it will be neceſſary for the ſtudent to proſecute the ſpeculation upor 
planes, their inclinations, and the inclination of lines to them, until he be- 
comes ſenſible, from the perplexity of his thoughts upon ſuch intricate 
ſubjects, that he ſtands in need of this ſcientific aſſiſtance : and particu- 
larly he ought to obſerve, that we have now got a new inſtrument for 


drawing ſtraight lines; for the interſections of planes with one another 


draw ſtraight lines, and even conſtruct whole figures, as any one may con- 
ceive by looking at the floor of a room. 5 

It is one of the poſtulates, that a ſtraight line may be drawn from any 
point to any point in the ſame plane, and that it may be produced in a 
ſtraight line continually in the ſame plane. But, as we now form figures, 
the bounding lines of which are in different planes, it 1s neceſſary to prove 
that one part of a ſtraight line cannot be in a plane, and another part of it 
out of that plane. This is demonſtrated in the firſt propoſition ; but the 
inference is made from a new common notion, not mentioned among the 


common notions in theſe elements, namely, that if two ſtraight lines have 


two points in common, they muſt apply themſelves to one another; or, 


in other words, that they are the ſame ſtraight line. Having eſtabliſhed 


this firſt propoſition, he next proves that every triangle is in the ſame plane, 
and that two ſtraight lines, interſecting one another, are in the ſame plane. 
Here it might be proper to examine more particularly thoſe circum- 
ſtances which I have mentioned before as neceſſary for fixing the poſition 
of any plane: and it is alſo a conſequence of this propoſition, that any 
thing with three feet will ſtand firm upon a plane, It may be proper to 
obſerve, upon the third propoſition, that it is taken for granted, that the 
common interſection of the planes is a line of ſome kind; and it is 0") 


The 
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The fourth propoſition ought to be particularly examined, and the de- 
monſtration repeated, with the lines in different poſitions, as the beſt inſtance 
for giving one a habit of reaſoning upon the ſhadows of lines. And for this 
purpoſe, after finiſhing the demonſtration upon ſuch a figure as you have in 
the book, join AC, DB, and draw a line through the point E, within the 
angle AEC, and prove FE to be perpendicular to this line; not that this is 
in any reſpect different from the other, except in the poſition of the lines. 
After this, ſuppoſe FE produced to the oppoſite ſide of the plane; and a 
line EK being taken, equal to EF, repeat the fame conſtruction and demon- 
ſtration ; you will then have triangles equal in every retpect to the triangles 
AFD, AFE, CFB, BFD, each to its correſponding one. Again, ſuppoſe 
a point taken any where in EF above F; draw ſtraight lines from A, P, B, C 
to this point; and this will form four triangles : examine the ſolid bounded 
by theſe four triangles, and the four triangles AFD, AE, CFD, BFD; this 
will differ from the ſolid bounded by the fame four triangles, and the four 
that are on the other ſide of the plane to which EI is perpendicular; and 
theſe two ſolids will differ by a ſolid bounded by the eight triangles which 

are equal two by two: and yet it is obvious that theſe two ſolids are bounded 
by the ſame planes; which proves that the ninth and tenth definitions of 
this book are not true. Any veſlel, bounded by plane figures, which has 
a cover fitted to it, of a convex form, and alſo bounded by plane 
figures, will repreſent this ſolid by turning the convex fide of the cover 
inwards: and this might lead one to imagine that this property 1s very 
obvious; and yet Simſon is the firſt who takes notice of it, as far as I know: 
and he certainly conſidered himſelf as the firſt who obſerved it, otherwiſe 
he would not have moralized upon the diſcovery as he has done. However, 
in vindication of Euclid, it may be faid, that his definitions will apply to 
all the figures about which he reafons; and it is not very clear that he 


meant them to extend to any other. For the ſubject, according to my 


apprehenſion of it, becomes unmanageable, if we adinit as ſolid angles thoſe 
which would be formed at the top of pyramids, erected upon a baſe with 
outward angles; for then a ſolid angle might certainly be made, the plane 
angles of which would make more than four right angles. 

In the books before this, as Euclid reaſons upon the ſuppoſition that al! 


bis lines are in the fame plane, one half of the definition of parallel lines 
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is taken for granted, it being only neceſſary to prove that the lines will never 
meet. But all ſtraight lines which are not in the ſame plane do never meer, 


We are therefore now obliged to enter upon the conſideration of parallel lines, 


almoſt as if it were a new ſubject; and Euclid has ſhewn great ingenuity in 
his manner of treating it; and therefore the judicious reader will admire the 
Gxth, eighth, and ninth propoſitions. 

Nothing can be more abſurd than the objections which have been brought 
againſt the ſeyenth propoſition. It is ſaid that t has been taken for granted, 
in the firſt ſix books, and even in ſome of the propoſitions before this in the 
ſame book: but if the remarker had added, which is equally true, that, ac- 
cording to his ſenſe, it is taken for granted by him in the very demonſtration 
of this propoſition itſelf, and conſequently that nothing at all is demon- 
ſtrated, he muſt have perceived that Euclid and he were thinking of quite 


different things; for Euclid proves that the ſtraighr line, which it has 


always been taken for granted may be drawn 1n the plane of the parallels, 
and is taken for granted in his own demonſtration, is the only ſtraight 


line which can be drawn through the two aſſumed points, even though you 


have an infinite number of other planes paſſing through theſe points, in 
which you may try to draw another. 

The cleventh propoſition is a problem, and the firſt in this book; and, as 
thoſe who have been accuſtomed always to draw lines in the plane of the 
table upon which they write, may have formed a habit of thinking that 
this is the only plane upon which they can draw lines, or at leaſt may be 
at a loſs in fixing the poſition of the plane upon which they are to draw 
them, it may be proper here, at the firſt ſetting out, to dwell fo long upon 
the conſtruction of this problem as may be ſufficient to remove this preju- 
dice. The problem 3s, from a point given out of a plane to draw a perpen- 
dicular to the plane. The plane of your table may repreſent the given 
plane; draw any ſtraight line whatever, as BC in this plane: conceive 2 
plane to turn upon this line, which can occaſion no difficulty to any one 
who has ſeen the folding of the leaf of a table; this plane, during its revo- 
lution, will paſs through the point A: fix the plane in this ſituation, and 


then you may draw from the point A, which is in the plane, a perpendicular 


to BC, which is alſo in it; and thus you find the line AD and the poin! 


D: from this point, which is in the given plane, draw in that plane DI. 


perpendicular to BC: the plane which paſſes through AD, DE is fixed by 
* What 
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what has been before obſerved ; and this is the plane in which the perpen- 
dicular is to be drawn from A to DE ; which gives AF, the line required, 
Or you may conceive a plane as turning upon DE, until it paſs through 
A; fix it in that firuacon, and perform your conſtruction. 

In reading the fifteenth propolition, one might divide it into two caſes, by 
ſuppoſing, firſt, the perpendicular drawn from B to meet the other plane in 
the point E. And in the teventeenth propoſition it muſt be carefully ob- 
ſerved that AB, AD, DC may not be in the fame plane: a quarter of a 
ſheer of paper, bent diagonalwite, will repreſent this figure. I have only 
one thing more to add, which is, that the ſtudent ſhould be certain that he 
underſtands perfectly the firſt nineteen propoſitions of this book before he 
advances any farther in it. 
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Book XI. 1. 50LID is that which has length, and breadth, and thickneſs. 2, Bu: 

— the EXTREMITY OF A SOLID is a ſurface, | 

3. A ſtraight line is PERPENDICULAR TO A PLANE, when it makes rig! 

| angles with all the ſtraight lines touching it, and being in the ſame plane 
laid down. 4. A PLANE IS PERPENDICULAR TO A PLANE, When the 

ſtraight lines drawn perpendicularly in one of the planes to the common 
ſection, are at right angles to the remaining plane. 5. THe INCLIN ATI 


OF A STRAIGHT LINE TO A PLANE 1s, When a perpendicular is drawa to the 
plane from the clevated extremity of the ſtraight line, and a ſtraight hoe is 
joined from the point made by the perpendicular to the extremity of th: 
. ſtraight line which is in the plane, the acute angle contained by this lin, 
drawn, and the ſtanding line. 6. THE INCLINATION OF A PLANE TO 4 
PLANE, is the acute angle contained by the fraight line drawn in each ot 
the planes at right angles to the common ſection, to the ſame point 
1 
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7. A plane is ſaid to be inclined to a plane, in like manner as another 
to another, when the ſaid angles of inclinations are equal to another 
8, Parallel planes are thoſe that do not meet. 

9. SIMILAR SOLID FIGURES are thoſe contained by ſimilar planes equal in 
multitude. 10. But EQUAL AND SIMILAR SOLID FIGURES are thoſe con- 
tained by fimilar planes equal in multitude and magnitude. 

I. A SOLID ANGLE is the inclination of more than two lines touching 
one another, and not being in the lame ſurface to all the lines. OruRR WISE: 
A $0LID ANGLE is that ww4/ch is contained by more than two plane angles, not 
being in the fame plane, joined together at one point. 

12. A PYR&4MID 1s a ſolid figure contained by planes, joined together 
from one plane to one point. 13. ARIS 1s a ſolid figure contained by 
planes, of which the two oppoſite parallel ne, are both equal and ſimilar 
figures, but thoſe remaining, parallelograms. 14. A sPnrRE is the figure 
contained when the diameter of the ſemi-circle remaining in its place, the 
ſemicircle having been turned round is ſtopped again at the ſame porn! 
from whence it began to be turned. 15, But the Axis or THE SPHERE is - 
the fixed ſtraight line about which the ſemicircle is turned. 16. And Tat 
CENTER OF THE SPHERE is the fame with that of the ſemicircle. 17. But 
THE DIAMETER OF THE SPHERE is any ſtraighit line drawn through the 
center, and bounded towards both parts by the ſurface of the ſphere, 
18. A cor is the figure contained when one ſide of thoſe about the right 
angle in a right-angled triangle, remaining ix its place, the triangle having 
been turned round, is ſtopped again at the fame %, from whence i. 
began to be turned. But if the fixed ſtraight line be equal to the remain. 
ing ove about the right angle, be line turned round, the cone will be 
r1ght-angled ; but it Jeſs, obtuſe-angled ; and if greater, acute-angled 
19. But the Axis or THE CONE is the fixed line about which tle triangle 
is turned. 20. And THE BASE is the circle deſcribed by the ſtraight line 
turned round. 21. But a CYLINDER 7s the figure contained, when one 
fide of thoſe about the right angle in a right-angled parallelogram remain - 
ing in its place, the parallelogram having been turned round is ſtopped 
again at the ſame point from whence it began to be turned, 22, Bur 
THE AXIS OF THE CYLINDER is the fixed ſtraight line about which the 
parallelogram is turned, 23. And THE BASES are the circles deſcribed by 
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the two oppoſite ſides turned round. 24. Similar cones and cylinders are 
thoſe of which the axes and the diameters of the baſes are proportionals. 

25. A CUBE is a ſolid figure contained by fix equal ſquares. 26. A 
TETRAHEDRON is a ſolid figure contained by four equal and equilateral tri- 
angles. 27. AN OCTAHEDRON is a folid figure contained by eight equal 
and equilateral triangles. 28. A DODECAHEDRON is a ſolid figure contained 
by twelve equal and equilateral and equiangular pentagons. 29. AN Ho- 
SAHEDRON is a ſolid figure contained by twenty equal and equilatera] 
triangles, | | 


ENR P. I. 


Some part of a ſtraight line is not in the plane laid down“, and 
another part in one above. 


For, if poſſible, let ſome part AB of the ſtraight line ABC be in the 
plane laid down, and another part BC in one above. Certainly (by 2. poſt.) 
there will be ſome ſtraight line continued in a 


ſtraight line with AB in the plane laid down; let Fa | 3 
it be BD: certainly AB is a common ſegment 55 55 =} 
of the two given ſtraight lines ABC, ABD which 
is impoſſible ; for a ſtraight line does not meet a ſtraight line in more points 
than one; but if otherwiſe, the ſtraight lines will apply themſelves to one 


another. Therefore any part of a ſtraight line is not in a plane laid down, 
and another part in one above. Which was to be demonſtrated, 


I. 
If two ſtraight lines cut one another, they are in one plane 
and every triangle is in one plane. 


For let two ſtraight lines AB, CD cut one another in the point E; I ſay 
chat the ines AB, CD are in one plane, and that every triangle is in one 
| | plane. 


* „ .—_. . 
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* Euclid ſuppoſes his reader to have a plane before him, for inſtance, the plane o. 


table, upon which he begins his reaſoning and confirugions ; and this he thinks proper ts 
4iſtioguiſh by a particular epithet, | 
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plane. For let F, G, accidental points, be taken in EB, EC; and let 
CB, FG be joined ; and let FH, GK be drawn: I lay that, A 
firſt, the triangle EBC 1s in one plane : for if there is a part 
of the triangle EBC, either the /pace FHC or GBK, in the 
plane laid down, but the remaining ace in another, alſo 


there will be a part of one of the ſtraight lines EC, EB; 


— R . . . 1 
{ome part in the plane laid down, but the other in another. HRB. 


Rut if the part FCBG of the triangle ECB be in the plane laid down, but 
the remaining par! in another, alſo there will be ſome part of both the flraight 
lines EC, EB in the plane laid down, but another part in another; which 


(by 1. 11.) has been demonſtrated 7 % ablurd. therefore the triangle EBC 


is in one plane: but in what plane the triangle BCE is, in this allo 7s each of 
the lines EC, EB; and in what plane each of the lines EC, EB is, in this alſo 
are the lines AB, CD : therefore the ſtraight lines AB, CD are in one plane; 
and every triangle is in one plane. Which was to be demonſtrated. 


F ROF. Hl. 


If two planes cut one another, the common ſection of them is 
a ſtraight line. 


For let the two planes AB, BC cut one another; and let the line DB be 
the common ſeftion of them; I ſay that DB 1s a ſtraight line. For, if not, 
let the ſtraight line DEB be joined from D to B 1n the plane 
AB; but the ſtraight line DFB in the plane BC. Now the 
two ſtraight lines DEB, DFB will have the ſame extremities, 


and they will certainly contain a ſpace, which (by com. 
not. 12.) is abſurd : therefore the lh, DEB, DFB are not 
ſtraight lines. Certainly in the ſame manner we ſhall de- 
monſtrate, that neither will any other joined from D to B © 

be a ſtraight line, but DB the common ſection of the planes AB, BC, 


Therefore if two planes cut one another, the common ſection of them is 


a ficaight line, Which was to be demonſtrated. 


i gs As 
If a ſtraight line ſtand at right angles to two ſtraight lines 
cutting one another, upon their common ſection, it will alſo be 
at right angles to the plane paſing through them. 
Ff For 
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For let any ſtraight line EF ſtand at right angles at the point E to the 
two ſtraight lines AB, CD cutting one another in the point E; I ſay chat 
EF is allo at right angles to the plane ping through AB, CD. For take 
the ſtraight lines AE, EB, CE, ED equal to one another; and let any line 
GEH be drawn through E, as it may happen; and let AD, CB be joined; 
and beſides let FA, FG, FD, FC, FH, FB be joined from the accidenta] | 
point F. And becauſe the two AE, ED are equal to the two CE, EB, and 
they contain equal angles (by 15. 1.), theretore (by 4. 1.) the baſe AD is 
equal to the baſe CB; and the triangle AED will be equal to the triangle CEB; 
ſo that alſo the angle DAE is equal to the angle EBC; and alto the angle AEG 
is equal (by 15. 1.) to the ge BEH : now there are two triangles, AGF, 
BE1H, having two angles equal to two angles, each to each; and one fide 
equal to one ſide, the ide at the equal angles, AE to EB; therefore they wil] 
have (by 26. 1.) the remaining ſides equal to the remaining fides ; there- 


fore EG is equal to EH, and AG to BH. And becauſe AE is equal to 


EB; and FE common, and at right angles; therefore (by 4. 1.) the bale 
FA is equal to the baſe FB. Certainly, for the ſame reaſon alſo, FC is 
equal to FD: and becauſe AD is equal to CB, 
and FA is alſo equal to FB, certainly the two 
FA, AD are equal to the two FB, BC each to 
each; and the baſe FD has been demonſtrated 
4 be equal to the baſe FC; therefore alſo (by 
8. 1.) the angle FAD 1s equal to the angle FBC, 
And again AG has been demonſtrated to be equal 
to BH; but FA 1s alſo equal to FB; certainly the two FA, AG are equal 
to the two FB, BH; and the angle FAG has been demonſtrated 72 
equal to FBH ; therefore (by 4. 1.) the baſe FG is equal to the bale FI 
and again becauſe GE has been demonſtrated 70 be equal ro EH, and EF 
is common, certainly the two GE, EF are equal to the two HE, EE; and 
the baſe GF is equal to the baſe FH ; therefore (by 8. 1.) the angle GEL 
is equal to the angle FEH ; therefore each. of the angles GEF, FF is a 
right angle: therefore FE is at right angles to GH drawn accidentally: 
through the point E. Certainly in like manner we ſhall demonitrate th. 
FE will make right angles with all the ſtraight lines touching it, and bel 
in the plane laid down. But (by 3. def. 11.) a ſtraight line is perpen 


cular to a Plaue, when it makes right angles with all the ſtraight lines 
touchi 
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touching it, and being in the ſame plane; therefore EF is at right angles to 
the plane laid down: but the plane laid down is the plane paſſiug through 
the ſtraight lines AB, CD; therefore EF is at right angles to the plane through 
AB, CL. Therefore if a ſtraight line ſtand at right angles to two ſtraight 
lines cutting one another, upon their common ſection, it will alſo be at 
right angles to the plane paſſing through thein. Which was to be demon- 
ſtrated. 


P R G P. V. 


If a ſtraight line ſtand at right angles to three ſtraight lincs 
touching one another, upon their common ſection, the three ſtraighit 
lines are in one plane. 


For let the ſtraight line AB ſtand upon the contact at B at right angles to 


the three ſtraight lines BC, BD, BE; I fay that BC, BD, BE are in one. 


plane. For if not, but, if poſſible, let BD, BE be 


in the plane laid down, but BC in one above it; and Ic 

let the plane through AB, BC be produced ; certainly FE e 

(by 3. 11.) it will make its common ſection with the 5 

plane laid down a ſtraight line: let it make BF; there- FE” 

fore the three ſtraight lines AB, BC, BF are in one - 
plane, the plane drawn through AB, BC: and becauſe ER 


AB is at right angles to each of the lines BD, BE, therefore alſo (by 4. 11.) 
AB is at right angles to the plane paying through BD, BE: but the plane 
through DB, BE is the plane laid down; therefore AB is at right angles to 
the plane laid down; fo that alſo (by def. 3. 11.) AB will make right angles 
with all the ſtraight lines touching it, and being in the plane laid down: 
but BF touches it, being in the plane laid down; therefore ABF is a right 
angle: but alſo ABC is ſuppoſed a right angle; therefore the angle ABI 
is equal to ABC ; and they are in one plane, which (by com. not. 9.) is 
mpoſſible: therefore BC is not in the plane above: therefore the three 
ſtraight lines BC, BD, BE are in one plane. Therefore if a ſtraight line 
ſtand at right angles to three ſtraight lines upon the common ſection, the 
three ſtraight lines are in one plane. Which was to be demonſtrated. 
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P R O P. VI. 


If two ſtraight lines be at right angles to the ſame plane, the 
ſtraight lines will be parallel. 


For let the two ſtraight lines AB, CD be at right angles to the plane 
laid down; I ſay that AB is parallel to CD. For let them meet the plane 
laid down in the points B, D, and let the ſtraight line BD be joined ; and 
let DE be drawn, in the plane laid down, at right angles to BD ; and lc 
DE. be made equal to AB; and let BE, AE, AD be joined. And becau!- 


AB is at right angles to the plane laid down, alſo (by 3. def. 11.) it wil! 


make right angles with all the ſtraight lines touching it; and being in 


plane laid down: but each of the lines BD, BE, being in the plane 1414 


down, touches AB ; therefore each of the angles ABD, ABE is a right 4 


Certainly, for the ſame reaſon alſo, each of the angles 


CDB, CDE is a right angle: and becauſe AB is equal to * ; No 
DF, and BD common, certainly the two AB, BD are equal N 
to the two ED, DB; and they contain right angles; there- | 


fore (by 4. 1.) the baſe AD is equal to the baſe BE: and A C 
becauſe AB is equal to DE, but AD allo to BE, certainly the two AB, E, 
are equal to the two ED, DA; and AE the baſe of them is common; therefor: 
(by 8. 1.) the angle ABE 1s equal to the angle ADE : but the angle AB. 
is a right angle; therefore alſo ADE is a right angle; therefore ED is at 
right angles to DA : but it is alſo at right angles to each of the /ines BD, LC; 
therefore ED itands upon the contact at right angles to the three ſtragh: 
lines BD, DA, DC; therefore (by 5. 11.) the three ſtraight lines BD, DA, DC 
are in one plane: but in what plane DB, DA are, in this alſo is AB ; {vr 
(by 2. 11.) every triangle is in one plane : therefore AB, BD, DC are in 
one plane; and each of the angles ABD, BDC is a right angle; therelore 


(by 28. 1.) AB is parallel ro CD. Therefore if two ſtraight lines be at 


right angles to the ſame plane, the ſtraight lines will be parallel. When 
was to be demonſtrated. 


PR O FP. VI. 
| It there be two parallel ſtraight lines, but let there be taken 
any points that may accidentally happen in each of them, the 


ſtraight 
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ſtraight line joining the points is in the ſame plane with the pa- Book XI. 
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rallels. 


Let AB, CD be two parallel ſtraight lines; and let E, E, any points that 
may accidentally happen, be taken in each of them: I ſay chat the ſtraight 
line joining the points E,F is in the ſame plane with the parallels. For if 
not, but, if poſſible, let it be in one above, as EGF ; and let the plane 
through EGF be drawn; certainly it will make (by 3. 11.) the 


ſection, with the plane laid down, a ſtraight line: let it make it, 'B P 
as EF; therefore the two ſtraight lines EG, EF will contain ra 
a ſpace, which (by com. not. 12.) is impoſſible; therefore the VR 
ſtraight line joining E, F is in the plane through the parallels | 


AB, CD; therefore if there be two parallel ſtraight lines, but A. C 
let there be taken any points that may accidentally happen in each of them, 
the ſtraight line joining the points is in the fame plane with the parallcls, 
Which was to be demonſtrated, 


Fr VE - 
If there be two parallel ſtraight lines, but let either of them be 
at right angles to any plane, alſo the remaining one will be at right 
angles to the ſame plane. | 


Let AB, CD be two parallel ſtraight lines ; but let AB, one of them, be 
at right angles to the plane laid down: I ſay that alſo the remaining one CD 
will be at right angles to the ſame plane. For let AB, CD meet the plane 
laid down in the points B, D; and let BD be joined; therefore (by 7. 11.) 
AB, CD, BD are in one plane : let DE be drawn at right angles to DB in 
the plane laid down; and let DE be made equal to AB; and let EE, AF, AD 
be joined: and becauſe AB is at right angles to the plane laid down, there- £45 
fore AB is at right angles alſo (by 3. def. 11.) to all the ſtraight lines touch- GED | 1 
ing it, and being in the plane laid down; therefore each of the angles 
BE, ABD is a right angle: and becauſe BD has fallen upon the parallel 
ſtraight lines AB, CD, therefore (by 29. 1.) the angles ABD, CDB are 
equal to two right angles: but ABD is a right angle; therefore CDB is a 
right angle alſo ; therefore CD is at right angles to DB: and becauſe AB 
is equal to DE, but BD common, certainly the two AB, BD are equal to 

2, the 
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the two ED, DB; and the angle ABD 7s equal to the angle EDR, for each 


is a right angle; therefore (by 4. 1.) the baſe AD is equal to the baſe BE: 
and becauſe AB is equal to DE,, but BE to AD, certainly the two AB, BF 
are equal to the two ED, DA, each to each; and AE the baſe of them 7s 
common; therefore (by 8. 1.) the angle ABE is equal to the angle EDA : 
but ABE 7s a right angle; therefore alſo EDA is a right I 
angle; therefore FD is at right angles to AD: but it is alſo 
at right angles to BD; therefore ED (by 4. 11.) is at right 
angles to the plane through AD, DB; and therefore ED 
will make right angles with all the ſtraight lines touching A C 
it, and being in the plane through BD, DA: but DC is in the plane throug! 
BA, AD, ſince (by 2. 11.) AB, BD are in the plane through BD, DA; 
but in what plane AB, BD are, in this is (by 7. 11.) DC alſo; therefore 
ED is at right angles to DC; ſo that alſo CD is at right angles to ED, 
and CD is alſo at right angles to BD: therefore CD has ftood at rig. 


angles to the two ſtraight lines DE, DB, cutting one another, from thi: 


plane paſſing through EF, DC at right angles to EF: and 4 | 


ſection at D; ſo that alſo (by 4. 11.) CD is at right angles to the plane 
pafſing through DE, DB: but the plane through DE, DB is the plane lai 
down; therefore CD is at right angles to the plane laid down, Which. 
was to be demonſtrated. 


PROP. IX. 
The lines parallel to the ſame ſtraight line, and not being i in the 
{ame plane with it, are alſo parallel to one another. 


For let each of the lines AB, CD be parallel to EF, not being in the. 
ſame plane with it; I ſay that AB is parallel to CD. For let any point (3 
which may accidentally happen, be taken in EF; and from 
it let GH be drawn, in the plane paſſing through EF, AB, at B7 1 
right angles to EF; and, again, let GK be drawn in the | 


becauſe EF is perpendicular to cach of the ne GH, GK, H * 

therefore (by 4. 11.) EF is at right angles to the plane pay- | ] : 

ing through GH, GK; and EF is parallel to AB; therefore 

alſo (by 8. 11.) AB is at right angles to the plane pat ng 

through H, G, K : certainly, for the ſame reaſon allo, CD iS at right angles 
3 to 


AE C 


O F F 22 
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to the plane through H, G, K; therefore each of the lines AB, CD is ar mo XI. 
right angles to the plane through H, G, K: but if two ſtraight lines be 

at right angles to the ſame plane, (by 6. 11.) the ftraight lines are parallel, 
therefore AB is parallel to CD. Which was to be demonſtrated. 


FAO, N. 


If two ſtraight lines touching one another, be parallel to two 


ſtraight lines touching one another, not in the tame plane, they 
will contain equal angles, 


For let the two ſtraight lines AB, BC, touching, one another, be parallel 
to the two ſtraight lines DE, EF, touching one another, not in the ſame 
plane; I ſay that the angle ABC 1s equal to DEF, For let BA, BC, ED, EF 
be taken, equal to one another; and let AD, CF, BE, AC, DF be joined: 

and becauſe BA is equal and parallel to ED, therefore alſo (by 33. 1.) 
AD is equal and parallel to BE ; certainly, for the fame reaſon alſo, CF is 
equal and parallel to BE; each therefore of the lines AD, CF 
is equal and parallel to BE: but (by 9. 11.) the /es parallel 2 
to the ſame ſtraight line are parallel to one another; there- . pw 
fore AD is parallel and equal to CF; and AC, DF join them; 
therefore AC is equal and parallel to DF : and becauſe the LR 


two AB, BC are equal to the two DE, EF, and the baſe AC ; 
1s equal to the baſe DF, therefore (by 8. 1.) the angle ABC 11 F 
is equal to the angle DEF. Therefore if two ſtraight lines touching one 
another, be parallel to two ſtraight lines touching one another, not in the 
lame plane, they will contain equal angles. Which was to be demonſtrated, 


P-R O-P.. FI. 


To draw a perpendicular ſtraight line to a plane laid down, from a 
point given above it. 


Let the given point above it be A, and let the plane laid down be the given 
Plane: now it is required to draw a perpendicular ſtraight line to the plane laid 
down, from the point A. For let any ſtraight line BC be drawn, as it may 
happen, i in the plane laid down; and let a perpendicular AD be drawn from 


the 


— . ] «Ü— mt 
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| 1 | ' Book Xl. the point A to BS. Now if AD is alſo a perpendicular to the plane laid 
down, what was required has been done: but if not, let DE be drawn 
Xx from the point D at right angles to BC, in the plane laid down; and 


let AF be drawn from the point A, perpendicular to DE; and through 


1 the point F, let GH be drawn, parallel to BC: and becauſe BC is ar 
[ | right angles to each of the lines DA, DE, therefore BC | N 
| | is alſo at right angles to the plane paſſing through J. 
1 ED, DA ; and GH is parallel to it: but if there be two GALL N 
[1 | ; ; F 
1 t parallel ſtraight lines, and one of them be perpendicular iu — 
to any plane, alſo (by 8. 11.) the remaining one will be * - 


perpendicular to the ſame plane; therefore GH is at right angles to tlie 
plane paſſing through ED, DA; and (by 3. def. 11.) GH is at right anr'e; 
1 to all the ſtraight lines touching it, and being in the plane paſſing throug]: 
bl ED, DA: but AF being in the plane through ED, DA, touches it; there- 
: fore GH 1s at right angles to FA; fo that alſo FA is at right angles to Gt: 
but FA is allo perpendicular to DE ; therefore FA is perpendicular to 
each of the lines GH, DE : but if a ſtraight line ſtand at right angles 
| to two ſtraight lines touching one another, upon the ſection, allo it wil! 
j | be (by 4. 11.) at right angles to the plane paſſing through them; there- 
ö fore FA is at right angles to the plane paſſing through ED, GH : bur che 
plane through ED, GH is the plane laid down; therefore AF is at right 
1 angles to the plane laid down. Therefore a perpendicular ſtraight line A. 
| has been drawn to the plane laid down, from the given point A above ir, 
Which was to be done. 


FRO. 
To erect a ſtraight line at right angles to a given plane, tron 
a point given in the plane. 


P . 
— _ — - 8 * Y 
T 
* Lg | 1 


Let the given plane be the plane laid down, and A the point in it: now 
it is required to erect a ſtraight line at right angles to the plane laid don, 
from the point A. Let the point B above it be ſuppoſed, and 
let BC be drawn (by 11. 11.) from the point B perpendicular 
to the plane laid down ; and through the point A let AD be 
drawn parallel to BC: now becauſe the two ſtraight lines 
Ab, CB are parallel, and one of them is at right angles to 


D7 15 


3 "" 20's 


the plane laid down; therefore (by 8. 11.) AD, the remaining one, is at Book XI. 
right angles to the plane laid down. "Therefore a ſtraight line has been . 


erected at right angles to a given plane, from a point given in it. Which 
was to be done. 


. 


Two ſtraight lines cannot be erected at right angles to a given 
plane, towards the ſame parts, from a point in it. 


For, if poſſible, let the two ſtraight lines AB, AC be erected at right 
angles to the given plane, towards the ſame parts, from the point A in it ; 
and let the plane through BA, AC be drawn : now it will | 
make (by 3. 11.) the ſection through A, with the plane * / G 
laid down, a ſtraight line: let it make DAE; therefore 
the ſtraight lines AB, AC, DAE are in one plane : and 2 | 
and becauſe CA is at right angles to the plane laid down, e 
it will alſo make right angles with all the ſtraight lines touching it, and 
being in the plane laid down ; but DAE. touches it, being in the plane laid 
down; therefore CAE is a right angle. Certainly, for the ſame reaſon 
alſo, BAE is a right angle; therefore CAL is equal to BAE; and they are 
in one plane, which (by com. not. 9.) is impoſſible, Therefore two ſtraight 
lines cannot be erected at right angles to a given plane, towards the ſame 
parts, from a point in it, Which was to be demonſtrated. 


. XIV. 


To what planes the ſame ſtraight line is perpendicular, the 
planes are parallel. 


For let any ſtraight line AB be at right angles to each of the planes 
CD, EF; I ſay that the planes are parallel. For, if not, being produced, 
they will meet: let them meet: certainly (by 3. 11.) they will make the 
common ſection a ſtraight line ; let them make it GH ; and let K, any point 
that may accidentally happen, be taken in GH; and let AK, BK be 
joined: and becauſe AB is perpendicular to the plane EF, therefore AB is 
alſo perpendicular to BK (by 3. def. 11.), a ſtraight line being in the plane 
EF produced ; therefore ABK is a right angle, Certainly, for the ſame 


G g reaſon 
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n alſo, PAK is a right angle; but the two Ce 


1 1 3 2 7 

angles ABK, BAK of tl IC triangle ADR are equal 8 
7 * co 33 1 * 7 

O tor Mt alles YIC 125 Wil 4 (Dy 17. ITY IS impol- \ | \ 
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For let there be two ſtraight lines AB, BC touching one another 50 
to two ſtraight lines DE, EF touching one a other, r not being in the ſame 
plane; I ſay that the planes paſing through AB, BC, DE, EF being pro- 
duced, will not meet one another. For let BG be 1 
perpendicular (by 11. 11.) to the plane through DE, EF B hk 


from the point B; and let it meet the plane at the point C] Ax 
wa 
G.; and through G let GH be drawn parallel to ED; and | | | 
= 
GK to EF: ad becauſe BG 1s perpendicular to the plane LY 
1 75 AR Da 
through DF, EF, it will alſo make right angles with all GS 


the ſtraight lines touching it, and being in the plane through DE, EE 
2. def. 11.) ; but cach of the line, GH, GK being in the plane throv 
DE, EF, touches it; thereſore each of the angles BGH, BGK is a rig 
angle: and becauſe BA is (by 9. 11.) parallel to GH, therefore (by 5 155 
the ang le: GBA, BGH are equal to two right angles; but BGH 1 
angle ; therefore alſo GBA is a right angle; therefore GB is at rink 15 
to BA. Certainly, for the ſame reaſon alſo, BG is at right angles to a, 
now / becauſe the ſtraight line BU has ſtood at right angles to the ſtraig! 
lines BA, EC cutting one another, therefore BG alſo is at right angles t 
the plane through 200. BC: but it is alſo (by conſt.) perpenc dicular to the 
plane through DE „EE; therefore BG is perpendicular to each of the p- 
through AB, BC ; DE. EF: but (by 14. 11.) to what planes the ane 


{} — 
43 +> 1 
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; therefore the plane Book XI. 
— — 


ſtraight line is perpendicular, the planes are 
through AB, BC is parallel to the plane through DE, EF. Therefore if 


two ſtraight lines touching one another, be parallel to two ſtraight line: 


1. | 2 5 * 
touching one another, not in the tame plane, the planes pairg trough 
' of X 
them are parallel. Which was to be demonllated. 


5 27 > XVI: 


It two parallel planes be cut by any plane, the common ſections 
of them are parallel. 


For let the two parallel planes AB, CD be cut by the plane EFGH, and | 
let the common ſections of them be EF, GH ; I fay that EF is parallel to | 
GH. For, if not, EF, GH being produced, will meet, either towards the 
parts F, II, or towards the parts E, G: firit let them be produced as towards 
the parts E, H; and let them meet at K; and becauſe 
EFK is in the plane AB, therefore alſo (by 1. 11.) 
all the points in EFK are in the plane AB; but one 
of the points in the ſtraight line EFK is K; therefore 
K is in the plane AB: certainly, for the ſame reaſon 
alſo, K is in the plane CD; therefore the planes AB, CD 
being produced, will meet: but they do not incet, 
becauſe. they are ſuppoſed parallel; therefore the 
ſtraight lines EF, GH being produced, will not meet towards the parts P, II 


1 5 
certainly in like manner we ſhall demonſtrate, that neither will the rao! 
. 91 wy 4 : 1 1 * N 3 Le om Tye 4 
lines EF, GH meet, being produced towards the parts E, ; but the 
meeting towards neither parts, are parallel; therefore FF 15 parallel to GI! 
Therefore if two parallel planes be. cut by any plane, the common: 

* . 1 . + of Fa. 3 ; CC EY” 
of them will be parallel. Wich was to be demonſtratedl. 

If two ſtraight lines are cut by parallel planes, they will be 

«a - - | 
in the lame ratio. 5 

For let the two ſtraight lines AB, CD be cut by the parallel plans 
; —. 1 N 1 
1 A i | Da 4 7 * * my — * ＋ ; of 1 1 
H, KL, MN in the points A, E, B, C, F, D; I ſay that itis as the firs 


line AE to EB ſo is CF to FD. For let AC, BD, AD be joined; md let 
Gg 2 340 


Book XI. 
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AD meet the plane KL in the point O; and let EO, FO be joined: and 
becaule the two parallel planes KL, MN are cut by the plane EBDO, the 
common ſections of them EO, BD are parallel: certainly for 


the ſame reaſon, becauſe the two parallel planes GH,KL * IN N 
are cut by the plane AOFC, the common ſeftions of NA 7) 
them AC, FO are parallel ; and becauſe the {ſtraight line N Ae 


EO has been drawn parallel to BD, one of the ſides of Nl. I. 
the triangle ABD, therefore there is this proportion, 4 «; FRED | 

2. 6.) as AE to FB ſo is AO to OD : again, becauſe the ſtraight line Ol 
has been drawn parallel to AC, one of the ſides of the triangle ADC, 

therefore there is this proportion, as AO to OD fo is CF to FD; but it ha 
been alſo demonſtrated, as AO to OD ſo is AE to EB; therefore (by 11. 5.) 
as AE to EB o is CF to FD. Therefore if two ſtraight lines be cut by 


parallel planes, they will be cut in the fame ratio, Which was to be demon- 


ſtrated. 


FRO en. 
If a ſtraight line be at right angles to any plane, alſo all the 
planes paging through it will be at right angles to the fame plane. 


For let any ſtraight line AB be at right angles to the plane laid down; I 


ſay that alſo all the planes Paſing through AB will be at right angles to the 


plane laid down. For let the plane DE be produced through AB; and let 
CE. be the common ſection of the plane DE with the plane laid down; and 
let any point F that may happen, be taken in CE. ; 

and from the point F let FG be drawn in the plane DE pc AT 
at right angles to CE : and becauſe AB is perpendicular 
to the plane laid down, therefore alſo AB is perpendi- — — 
cular to all the ſtraight lines touching it (by 2. def. 11.), £4 


and being in the plane laid down; ſo that allo it is per- 8 of B E 


pendicular to CE; therefore ABF is a right angle: but GFB (b conſt.) 
is allo a right angle; therefore (by 28. 1.) AB 7s parallel to GF: but AB is 
at right angles to the plane laid down; therefore (by 8. 11.) GF is alſo at 
right angles to the plane laid down: and (by 4. def. 11.) a plane is perpen- 
dicular to a plane, when the ſtraight lines drawn at right angles to the com- 
Mon ſection of the planes, in one of the planes, are at right angles to the 


3 remaining 
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remaining plane; and GF, being drawn at right angles to CE, the common pag xt. 
ſection of the planes, has been demonſtrated to be at right angles to the 


plane laid down therefore the plane DE is perpendicular to the plane laid 
down, Certainly in the ſame manner it will be demonſtrated that all the 
planes happening 79 paſs through AB are perpendicular to the plane laid 
down. Therefore, if a firaight line be at right angles to any plane, alſo all 
the planes paſſing through it will be at right angles to the fame piane, Which 
vas to be demonſtrated, 


PROP. XIX. 
If two planes cutting one another, be at right angles to any 


plane, alſo the common ſection of them will be at right angles to 
the ſame plane. 


For let the two planes AB, BC be at right angles to the plane laid down; 
and et DB be the common ſection of them; I fay that BD is at right angles 
to the plane laid down. For, F not, let the ſtraight line DE be drawn from 
the point D in the plane AB at right angles to AD; and 


B 
DF at right angles to DC, in the plane BC: and becauſe ET % 
* 
— 


the plane AB is perpendicular to the plane laid down; 


and DE has been drawn in the plane AB, at right angles to 50 
DA, the common ſection of them; therefore (by 4. def. 

11.) DE is perpendicular to the plane laid down : cer- E 

tainly in the ſame manner we ſhall demonſtrate, that DF * bo 


is alſo perpendicular to the plane laid down: therefore from the ſame point D 
two ſtraight lines have been erected, towards the ſame parts, at right angles to 
the plane laid down, which (by 13. 11.) is impoſſible; therefore there will not 
be erected from the point D, at right angles to the plane laid down, any line 
but DB, the common ſection of the planes AB, BC. Therefore, if two plancs 
cutting one another, be at right angles to any plane, allo the common ſec- 
tion of them will be at right angles to the ſame plane, Which was to be 
demonſtrated, 


PROP; XK; . 
If a ſolid angle be contained by three plane angles, any two of 


them are greater than the remaining one, being interchanged cvery 
Way. 


For 


—— — 
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For let the ſolid angle at A be contained by the three plane angles 
3AC, CAD, DAB; I ſay that any two of the angles BAC, CAD, DAB 
are greater than the remaining one, being interchanged every way, Now 
it the an _ BAC, CAD, DAB are equal to one 
another, it is evident that any two are greater than the 
remaining one, being interchanged every way: but if 
not, let BAC be the greater; and (by 23. 1.) let 
there be made 253 the ſtraight line AB, and at the 


1 


point A in it, in the plane through BAC, the angle . ke 
BAE equal to the angle DAB; and make AE equal to AD; and BEC 
being drawn through the point E, let it cut the ſtraight lines AB, AC in 
the points B, C; and let DB, DC be joined: and becauſe DA is equa! to AF, 
but AB common, certainly the two DA, AB are equal to the two EA, AB; 
and the angle DAB is equal to the angle BAE ; therefore (by 4. 1.) the 
bite DB is 0 to the baſe BE: and becauſe the two DB, DC are greater 
than BC; of which DB has been demonſtrated zo be equal to BE,; there- 
fore the remainder DC is greater than the remainder EC: and becauſe 
DA 1s equal to AF, but AC common, and the baſe DC oreater than the 
baſe EC, therefore (by 25. 1.) the angle DAC is greater than the angle 
TAC: but DAB has been demonſtrated allo 70 bez equal to B AE; ak 
fore DAB, DAC are greater than BAC. Certainly, in like manner, we ſha! 
demonſtrate that the remaining angles, taken two by two, arc greater than 
the remaining one. Therefore, if a ſolid angle be contained by three plane 
angles, any two are greater than the remaining one, being interchanged 
every way. Which was to be demonſtrated. 


PO. Xx; 
Every ſolid angle is contained by plane angles leſs than four rig}! 


O 
angles. 


Let the ſolid angle at A be contained by the plane angles EAC, CAD, Pa 
I ſay that the angles BAC, CAD, DAB are le{s-than four ri ght angles.” Fe Of 
let B, C, D, any points that may happen, be taken in each of the lines 
AB, AC, AD; and let BC, CD, DB be joined: and becauſe the ſolid a wy 
at B 1s contained by the three plane angles CBA, ABD, CBD, any 


of them (by 20, 11.) are greater than the remaining one; therefore CoA ABD 
| | | 1 are 
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are ore eater t than CBD. Certainly, for the {ame reaſon allo, 
BC FE ACD are greater than BCD, and dende DA, ADB 
are oreater than CDB; therefore the fix angles CBA, ABD, 

BCA, ACD, ADC, ADB are greater than the three angles 
CBD, BCD, CDB: but the three angles CED, BCD, CDB 


are equal (by 32. 1.) to two right t aligles; therefore the 
ſix 27 793 BA, ABD. BC: |= AC D, ADC, ADB are greater than t WO right 
ee : and becauſe the three 3 of each of the triagoles ABC, ACD, ADB 
are equal to two right angles, therefore the nine angles CBA, AC B, BAC; 


ACD, DA 5 DA; ADB, DBA, BAD ct the three triangles are equal to 


9 le Sa [ 
ſix right angles; of which the x a ngles ABC, BCA, ACD, CDA, ADB, DBA 


are greater than two right angles; therefore the remaining chree ar ig. 


0 * 


Sies 
1 
IC 


BAC, CAD, DAB, containi! g the ſolid angle, are leſs than four right ans 


i 
hd 
, * 1 


Therelore every ſolid angle is b Cotten Dy plane angles leſs than four KY 
angles. Which was to be demonſtrated. 


FRO XXII. 

If there be three plane angles, of which the two are greater than 

mw remaining one, being interchanged every way, but let equal 
raiglit t lines contain them, it is poſſible to make a triangle of the 

Fu joining the equal ſtraight lines. | 

Let there be three plane angles ABC, DEF, GK; let two of which be 
greater than the 1 one, being interch ange d ev ery way; the angle 
ABC, DEF greater than GH K, and DEF, IIK greater 
beſides GHK ABC. greater than n DEE F; and let AB, BC, DE, EF, GH, IIK 
be equal 0 lines; and let AC, DE GK be joined: T lay that it is 
poſſible to make a triangle of lines equal to AC, DF, GK; that is, that any 
two of tue lines AC, DF, GK are greater than the remaining one, being 
interchanged every way. Now if the angles 7 5 . 
ABC, DEF, GK be equal to one another Fl 1 [N 


* 4 3 


It is evident allo, AC, DF, GK being equal, \ / \ | . 
\ 


41 26 4871 
than A DX, 4997S 


that it is poſſible to make a traiangle of the 5 ö \ 
| | — 
equal /zes AC, DF, GK : but, if not, let thern Fen. © Ge . 
A C ge K 


be unequal ; and with the ſtraight line HK, 
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and at the point I in it, let the angle KHL be made equal to ABC; and 
jet HL be made equal to one of the lines AB, BC, DE, EF, GH, HK; and 
let GL, KL be joined: and becauſe the two AB, BC are equal to the two 
KH, HL, and the angle at B is equal to KL, therefore the baſe AC is 
equal to the baſe KL; and becauſe the angles ABC, GHK are greater than 
DEF, but ABC is equal to KHL, therefore GHL is greater than DEF, 
and becauſe the two GH, HL are equal to the two DE, EF, and the angle 
GHL greater than the angle at E, therefore (by 24. 1.) the baſe GL i; 
greater than the baſe DF: but GK, KL are greater than GL; therefore 
GK, KL are greater by much than DF: but KL is equal to AC; therefore 
AC, GK are greater than the remaining line DF: certainly, in like manner, 
we ſhall demonſtrate that AC, DF are allo greater than GK, and GK, Dx 
greater than AC; therefore it is poſſible to make a triangle of lines equal to 


AC, DF, GK. | 
OrurRwIs FE. Let ABC, DEF, GHK be the three given plane angles, 


of which let two be greater than the remaining one, being interchanged 
every way; but let the equal ſtraight lines AB, BC, DE, EF, GH, HX 
contain them; and let AC, DF, GK be Joined : I fay that it is poſ- 
ſible to make a triangle of ines equal to AC, DF, GK; that is, again, 
that the two are greater than the remaining one, interchanged every way, 
Now again, if the angles at the points B, E, H are equal, alſo AC, DF, GK 
will be equal ; and the two will be greater 
than the remaining one : but, if not, let the 
angles at the points B, E, H be unequal; and 
let the angle at B be greater than either of thoſe 
at E, H; therefore alſo the ſtraight line AC 

is greater than either of the lines DF, GK; * L 
and it 1s evident that AC, with either of the lines DF, GK, is greater 
than the remaining one. I ſay that alſo DF, GK are greater than AC; 
make with the ſtraight line AB, and at the point B in it, the angle ABL. 
equal to GHK ; and make BL equal to one of the lines AB, BC, DE, EF, 
GH, IIK; and let AL, LC be joined: and becauſe the two AB, BL arc 
equal to the two GH, HK, each to each, and they contain equal angles, 
therefore the baſe AL is equal to the baſe GK; and becauſe the angles 
the points E, I are greater than ABC, of which the angle GHK is equal *» 
ABL, therefore the remaining angle at E is greater than LBC; and be- 
cauſe the two LE, BC are equal to the two DE, EF, each to each, and the 
angle 


B E 1 


CD FG K 


* — 


angle DEF greater than the angle LBC; therefore the baſe DF 1s greater 
than the baſe LC: but GK has been demonſtrated 7% be equal to AL; there- 
fore DF, GK are greater than AL, IC: but AL, IL. Care greater than AC; 
therefore DF, GK are greater by much than AC; therefore wo of the ſtraiglit 
lines AC, DF, GK are greater than the remaining one, being interchanged 
every way: therefore it is poſſible to make a triangle of {es equal to 


AC, DF, GK. Which was to be demonſtrated. 


N xx. 


To make a ſolid angle of three plane angles, two of which arc 
greater than the remaining one, being interchanged every way ; but 
it is neceſſary that the three be Jeſs than four right angles. 


Let ABC, DEF, GIIK be the three given plane angles; let two of which 
ze greater than the remaining one, being interchanged every way; and 
beſides let the three he leſs than four right angles: now it is required to 
make a ſolid angle of anglcs cqual to ABC, DEF, GHK. Let AB, BC, DE, 
EF, GH, HK be taken equal; and let AC, DF, GK be joined ; therefore it 
is poſſible (by 22. 11.) to make a triangle of ines equal to AC, DF, GK: 
let LMN be made, ſo that AC be equal to LM, DF to MN, and beſides 
GK to L.N; and ict the circle LMN be deſcribed about the triangle LMN, 
and let the center of it be taken: now, certainly, it will be either within the 
triangle LMN, or in one of the ſides of it, or without. Firſt, let it be 
within, and let it be O; and let LO, MO, NO be joined; I tay that AB is 
greater than LO: for if not, AB is either equal to LO, or Icf; let it firſt 
be equal; and becauſe AB is equal to LO, but AB is equal co BC, therefore 
LO is equal to BC; but LO zs equal to OM; therefore the two AB, BC 
are equal to the two LO, OM, each to each; and the baſe AC is ſuppoſed 
cqual to the baſe LM ; therefore the angle ABC is equal ro L OM. Cer- 
tainly, forthe ſame reaſon alſo, DEF is equal ro MON, and beſides G11 
to LON; therefore the three angles ABC, DEF, GHK are equal to the 
three LOM, MON, NOL : but the three LOM, MON, NOL are equa] to 
four right angles; therefore alſo the three ABC, DEF, GHK are equal to 
four right angles : but they are alſo ſuppoſed leſs than four right angles, 
which is abſurd ; therefore AB is not equal to LO. I ſay. that neither is AB 

H h leſs 
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Book XI. leſs than LO: for, if poſſible, let it be; and put OP equal to AB, and OQ 
equal to BC; and let PQ be joined: and becauſe AB is equal to BC, and 


OP is equal to OQ; ſo that alſo the remainder PL is equal to the remainder 
QM, therefore LM is parallel to PQ; and R 


LMO is equiangular to PQO; therefore it 7 

is as OL to LM fo is OP to PQ; there- 

fore, alternately, OL is to OP as LM T 

to PQ: but LO is greater than OP; there- gh ET as 

fore alſo LM is greater than PQ: but 6. eee Cre 
LM is ſuppoſed equal to AC ; therefore 

alſo AC is greater than PQ; therefore, FR, 

| becauſe the two ſtraight lines AB, BC are 1 E : 
equal to the two PO, OQ, and the baſe 58 — 0 


AC is greater than the baſe PQ, therefore (by 25. 1.) the angle ABC is 
greater than POQ: certainly in the fame manner we ſhall demonſtrate chat 
DEF is alſo greater than MON, and GHK than NOL; therefore the three 
angles ABC, DEF, GHK are greater than the three LOM, MON, NOL : 
but the angles ABC, DEF, GK are ſuppoſed leſs than four right angles; 
therefore the angles LOM, MON, NOL are leſs, by much, than four rig 
angles: but they are alſo equal (by cor. 15. 1.) to four right angles, which 
is abſurd ; therefore AB is not lefs than LO: but it has been demonſtrated 
that neither 7s it equal; therefore AB is greater than LO. Now let OR 
be erected (by 12. 11.) at the point O, at right angles to the plane of the 
circle LMN; and by what the ſquare of AB is greater than the ſquare of 
LO, to that let the /quare of OR (by the following lemma, or by lem, to 
15. 10.) be made equal; and let RL, RM, RN be joined. And becauſe 
OR is perpendicular to the plane of the circle LMN, therefore OR is allo 
(by 3. def. 11.) perpendicular to each of the lines LO, MO, NO; and 
becauſe LO is equal to MO, but OR is common, and at right angles, there- 
fore (by 4. 1.) the baſe LR is equal to the baſe RM: certainly, for the 
ſame reaſon alſo, RN is equal to each of the lines RL, RM : theretore the 
three RL, RM, RN are equal to one another: and becauſe by what the 
 fquare of AB is greater than the /quare of LO, to that the ſquare of OK 
ſuppoſed equal; therefore the | quare of AB is equal to the /quares of LO, 0:: 
but the /quare of RL, is equal to the /quares of LO, OR; for LOR i 15 
right angle; therefore the guare of AB is equal to the /quare of RL; t 


2 
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fore AB is equal to RL: but each of the lines BC, DE, EF, GH, HK is Book XI. 
equal to AB; and each of the lines RM, RN is equal to RL; therefore N 


each of the lines AB, BC, DE, EF, GH, HK are equal to each of the lines 
RL, RM, RN: and becauſe the two LR, RM are equal to the two AB, BC, 
and the baſe LM is ſuppoſed equal to the baſe AC, therelore (by 8. 1.) 
the angle LRM is equal to the angle ABC: certainly, for the ſume reaſon 
alſo, the angle MRN is equal to DEF, and LRN to GIIK; therefore 
of the three plane angles LRM, MRN, LRN, which are equal to the three 
given angles ABC, DEF, GK, a ſolid angle is made, the angle at R, con- 
tained by the angles LRM, MRN, LRN. 

But now let the center of the circle be in MN, one of the ſides of the 
triangle; and let it be O; and let OL be joined; I ſay again that AB 18 
greater than LO: for if not, AB is either equal to LO or leſs: firſt, let it 
be equal: now the two AB, BC, that 
15, DE, EF are equal to the two MO, OL, 
that is, to MN; but MN is put equal 
to DF; thereſore alſo DE, EF are equal 
to DF, which (by 20. 1.) is 1mpoſlible ; 


| 8 — 
therefore AB is not equal to LO: but KEE 
in like manner we demonſ/rate that it is 


not leſs, for it would be more abſurd * 1 | 
by much ; therefore AB 1s greater than B | 

1.0: and in like manner, if we ſhall erect N Fat 
at right angles to the plane of the circle x 86 K 


a line, the ſquare of which as the /quare 
& RO is equal to that by which the /quare of AB i 1s greater than the Square 
of LO, the problem will be compleated, 

But now let the center of the circle be without the triangle LMN; and 
let LO, MO, NO be joined: now I ſay that alſo thus AB is greater than 
LO; for, if not, it is either equal, or leſs : firſt, let it be equal; then the 
two AB, BC are equal to the two MO, OL, each to each, and the baſe AC 
is equal to the baſe ML; therefore the angle ABC is equal to the angle 
MOL. Certainly, for the ſame reaſon alſo, GHK is equal to LON; 
therefore the whole MON is equal to the two ABC, GK: but alſo 
ABC, GHK are greater than DEF ; therefore MON is greater than DEF: 
and becauſe the two DE, EF are equal to the two MO, ON, and the bale 
Hh DF 


* 
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der PL is equal to the remainder VM; 


DF equal to the baſe MN, therefore the angle MON (by 8. 1.) is equal 
to the angle DEF: but it has been demonſtrated alſo to be greater, which 
is abſurd ; therefore AB is not equal to LO: but afterwards we ſhall de- 
monſtrate, that neither is it leſs; therefore greater: and again, if we ſhall 
ere&t OR at right angles to the plane 
of the circle, and put its /quare equal 
to that by which [the ſquare of] AB 
is more in power than [the ſquare of ] 
LO, the problem will be compleated. 
Now I ſay that neither is AB leſs than 
IO: for, if poſſible, let it be; and 
make OP equal to AB, and OV to 
BC; and let PV be joined: and be- 
cauſe AB is equal to BC, allo OP is 
equal to OV; ſo that alſo the remain- 


therefore (by 2.6.) LM is parallel to 
PV ; and the triangle LMO is equi- 
angular to the triangle VOP ; there- 
fore it is as LO to LM fo is OP to | 
PV; and, alternately, as LO to OP fo is LM to PV : but LO is greater 
than OP ; therefore LM is greater than PV: but LM is equal to AC; 


D ERS at HSE 


therefore allo AC is greater than PV : now becauſe the two AB, BC arc 


equal to the two PO, OV, each to each, and the baſe AC is greater than 
the baſe PV, therefore the angle ABC is greater than POV : certainly, in 
the ſame manner we ſhall demonſtrate, that the angle GHK is greater than 
POQ, if we take OQ equal to either of the lines OP, OV, and join PQ. 
Now with the ſtraight line LO, and at the point O in it, let the age LOS 
be made equal to the angle ABC, and LOT equal to GHK ; and let each 
of the lines OS, OT be put equal to OP; and let PS, PT, ST be joined: 
and becauſe the two AB, EC are equal to the two PO, OS, and the angle 
ABC equal to the angle POS, therefore the baſe AC, that is LM, 


equal to the baſe PS: certainly, for the fame reaſon alſo, LN is equal to 


PT: and becauſe the two ML, LN are equal to the two PS, PT, ande 
angle MELN 3s greater than the angle SPT, therefore the baſe MN is greater 
than the baſe ST: but MN is equal to DF; therefore allo DF is greate? 


than 


— — — mt hw - — — — 5 
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than ST : then becauſe the two DF, EF are equal to the two SO, OT, and Book XI. 


the baſe DF greater than the baſe ST, therefore the angle DEF is greater 


than the angle SOT : but the angle SOT is equal to ABC, GHK ; there- 


fore DEF is greater than ABC, GIIK; but alſo (by hyp.) leſs, which is 


impoſſible. 

Lemma. We ſhall demonſtrate thus, in what manner the ſquare of OR 
is to be taken equal to that by which the ſquare of AB is greater than the 
ſquare of LO. 

Let two ſtraight lines AB, C be taken; and let AB be the greater, and 
let a ſemicircle ADB be deſcribed upon it; and let AD be placed in it equal 
to C; and let DB be joined. Then becauſe the 
angle ADB is in the ſemircircle ABD, there- 
fore ADB is a right angle; therefore (by 47. 1.) 
the /quare of AB is equal to the /quores of 
AD, DB; ſo that the /quare of AB is greater 
than the . of AD by the /quare of DB. 


Now it we take C equal to LO, and RO equal to DB, the /quare of AB will 


be greater than the /qzare of LO by the quare of RO. Which was propoſed 
to be done. 


N XXIV. 


If a ſolid be contained by parallel planes, the oppolite planes of 
it are equal, and alto parallelograms, 


For let the ſolid CDHG be contained be the parallel i AC, GF, AH, 
DF, FB, AE ; I tay that the oppoſite planes of it are equal, and alſo paral- 
lelograms. For becauſe the two parallel planes BG, CE are cut by the plane 


AC, the common ſections of them (by 16. 11.) are parallel; therefore AB is 


parallel to DC : again, becaule the two parallel planes BF, AE are cut by the 
plane AC, the common ſections of them are parallel; therefore AD is parallel 
to BC: but AB has alſo been demonſtrated 70 be parallel to DC; therefore 
AC is a parallelogram: certainly, in like manner, we ſhall demonſtrate that 
each of the figures DF, FG, GB, BF, AF is a parallelogram. Let AH, DF 
be joined: and becauſe AB is parallel to DC, and BH to CF; now the 
two AB, BH, touching one another, are parallel to the two ſtraight lines 
DE, CF, touching one another, not in the {ame plane; therefore (by 10. 11.) 
they contain equal angles; therefore the angle ABH is equal to DCF: and 


becauſe 


Noun 


B 
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Book xl. becauſe the two AB, BH are equal to the two DC, CF, and the _ ABH 
— equal to the angle DCF, therefore the baſe AH is equal 
to the baſe DF; and the triangle ABH is equal to the — 
triangle DCF; and the parallelogram BG is double of ac 
the triangle ABH; and the parallelogram CE 1s double 
of the triangle DCF; therefore the parallelogram BG is 9 
equal to the parallelogram CE : certainly in the ſame 
manner we ſhall demonſtrate, that AC is equal to GF, 
and AE to BF. Therefore if a ſolid be contained by parallel planes, the 
oppoſite planes of it are equal, and alſo parallelograms. Which was to be 
demonſtrated. 


D — 


N O . +44 
If a ſolid parallclepiped be cut by a plane, being parallel to the 
-oppofite planes, it will be as the baſe to the baſe fo is the ſolid tc 
the ſolid. 


For let the ſolid parallelepiped ABCD be cut by the plane YE, being 
parallel to the oppoſite planes RA, DH ; I fay that it is as the baſe AEFV 
to the baſe EHCF fo is the ſolid ABFY to the ſolid EGCD. For let AH 
be produced towards both parts; and let any number of lines HM, MN | 

1 put equal to EH, and AK, KL equal to AE; and let the parallelogramns 
U LP, KV, HU, MS be compleated, and the ſolids AQ, KX, DM, MT: 
1 becauſe the ſtraight lines LK, KA, AE are equal to one another, alſo the 
parallelograms (by 38. 1.) LP, KV, AF are equal to one another; and 
KO, KB, AG ore equal to one ancther; and beſides (by 24. 11.) LX, KQ, 
| AR, for they are oppoſite, Certainly, 
: 
YU 


for the ſame reaſon alſo, the parallelo- 9 8 IRE 


grams EC, HU, MS are equal to one 
another; and HG, HI, IN are equal to 
one another; and beſides, DH, MZ, NT: 

therefore three planes of the ſolids LQ 


KR, AY are equal to three planes; and the three planes oppoſite to theſe 
three are equal; therefore (by 10. def. 11.) the three ſolids LQ KR, AY 
are equal to one another. Certainly, for the ſame reaſon alſo, the three 
ſolids ED, DM, MT are equal to one another. Therefore whatſoever mul- 
riple Uſe baſe LF is of the baſe AF, the fame multiple allo 1 is the {olid 
1. * 
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LV of the ſolid AY. Certainly, for the fame reaſon alſo, whatſoever mul- Book XI. 
tiple the baſe NF is of the baſe HF, the ſame multiple alſo is the ſolid NY RON 
of the ſolid HY ; and if the baſe LF be equal to the baſe NF, alſo the 
ſolid LY is equal to the ſolid NY; and if the baſe LF exceed the baſe NF, 
the ſol:d LY alſo exceeds the ſolid NV; and if lets, leſs : now there being 
four magnitudes, two baſes AF, FH, and two ſolids AY, YH, equimul- 

tiples have been taken of the baſe AF, and of the ſolid AY, viz. the baſe 

LF and the ſolid LY; and alſo of the baſe HF and of the ſolid HY, viz. 
the baſe NF and the ſolid NY : and it has been demonſtrated that if the 
baſe LF exceed the baſe NF, allo the ſolid LY excceds the ſolid NX; 
and if equal, equal; and if lets, leſs: therefore (by 5, def. 5.) it is as the 
baſe AF to the baſe FI & is the folid AY to the folid HY. Which was 
to be demonſtrated, 


< PR O:Þ:-XXvT. 
With a given ſtraight line, and at a point in it, to make a ſolid 
angle equal to a given ſolid angle. 


Let AB be the given line, and the point in it the point A; and the given 
ſolid angle, the angie at D, contained by the plane angles EDC, EDF, FDC: 
now it is requiied with the ſtraight line AB, and at the point A in it, to 
make a ſolid angle equal to the ſolid angle at D. Let F, any point that 
may accidentally happen, be taken in DF; and from the point F let FG 
be drawn perpendicular to the plane through ED, DC, and let it meœet the 
plane in G; and let DG be joined; and with the ſtraight line AB, and at 
the point A in it, let the angle BAL be made equal to the angle EDC, 
and BAK to FDG; and put AK equal to DG; and (by 12. 11.) let 
KII be erected from the point K, at right angles to the plane through 
BAL; and let KI be put equal to GF; and let HA be joined: I ſay 
that the ſolid angle at A contained by the angles BAL, BAH, HAL is equal 
to the ſolid angle a D contained by the angles EDC, EDF, FDC. For 
let AB, DE be taken equal; and let 1B, KB; FE, GE be joined: and 
becauſe FG is perpendicular to the plane laid down, therefore (by 3. def. 11.) 
it will make right angles with all the ſtraight lines meeting it, and being in 
the plane laid down; therefore each of the angles FGD, FGE is a right 
angle: certainly, for the ſame rcaſon alſo, each of the angles HKA, HKB 

OE: 1 | 
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Book XI. is a right angle; and becauſe the two KA, AB 

0 equal to the two GD, DE, each to each, 
and contain equal angles, therefore the baſe | 
BK is equal to the baſe GE, and KH 1s L 4 
alſo equal to GF; and they contain right B 8 
angles; therefore alſo HB is equal to FE: * & a 
again, becauſe the two AK, KH are equal to the two DG, GF, and contain 
right angles, therefore the baſe AH 1s equal to the baſe DF: but AB is 
alſo equal to DE: now the two IIA, AB are equal to the two FD, DE,; 
and the baſe HB 7s equal to the baſe FE ; therefore the angle BAH is equal 
to the angle EDF: certainly, for the fame reaſon alſo, HAL is equal to 
FDC; fince, if we take the equal lines AL, DC, and join KL, HL; 
GC, FC; becauſe the whole BAL is equal to the whole EDC, of which 
BAK is ſuppoſed equal to FDG, therefore the remainder KAL is equal 
to the remainder GDC: and becauſe the two KA, AL are equal to the tuo 
GD, DC, and contain equal angles, therefore the baſe KL is equal to the 
bafe GC; but KH is alſo equal to GF: now the two LK, KH are equal to 
the two CG, GF, and contain right angles; therefore the baſe HL is equal 
to the baſe FC: and becauſe the two HA, AL are equal to the two FD, DC. 
and the baſe Hi. is equal to the baſe FC, therefore the angle HAL ts 
equal to the angle FDC; but BAL is alſo equal to EDC. Therefore 
with a given ſtraight line, and a point in it, a ſolid angle has been made 
equal to the given ſolid angle. Which was to be done. 


A D 


PROP, XxX. 
Upon a given ſtraight line to deſcribe a ſolid parallclepiped, 
Smilar, and fimilarly ſituated to a given ſolid parallelepiped. 


Let AB be the given ſtraight line, but DC the given ſolid parallelepipec 
now it is required upon the given ſtraight line AB to defcribe a foiid para: 
lelepiped, ſimilar, and ſimilarly ſituated to the given ſolid parallel piped 
DC. For with the ſtraight line AB, and at the point A in it, let (by 20. 
II.) @/olid angle be made equal to the ſolid angle at C, the angle con 
tained by BAH, HAK, KAB; fo that the angle BAA be equa! to I'C r, 
and BAK to ECG, and beſides KAH to GCF : and let it be made as EC 


tO 
{ 
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to CG fo is BA to AK; and as GC to CF lors KA, AH; therefore, by Book xl. 
equality, it is as EC to CF fo is BA to AH: and let the parallelogram B11 


04 


and the ſolid AL be compleated. And becauſe it is as EC to CG fo is BA 


to AK, the fides about the equal angles ECG, BAK 
are proportionals ; therefore the parallelogram GE 2 
is ſimilar to the parallelogram BK : certainly, for 2 
the ſame reaſon alſo, the parallelogram KH is ſimilar 


L. 


ff 


to the parallelogram GF; and beſides, FE to HB: * 


therefore three parallelograms of the ſolid CD are 


ſimilar to three parallelogr:.ms of the ſolid AL: but 
(by 24. 11.) the three are equal, and ſimilar to the three oppo 


B CE 


ſite; there- 


fore the whole ſolid CD is ſimilar to the whole ſolid AL. Therefore, upon 
a given ſtraight line AB, a ſolid parallelepiped has been deſcribed, fimilar, 


and ſimilarly ſituated to the given ſolid parallelepiped CD. W. 
be done. 


N. XXVIII. 
If a ſolid parallelepiped be cut by a plane through the 


Inch was to 


diagonals 


of the oppolite planes, the ſolid will be cut in halves by the plane. 


For let the ſolid parallelepiped AB be cut by the plane CDEF through 
the diagonals of the oppoſite planes CF, DE ; I fay that the folid AB will 


be cut in halves by the plane CDEF. For becauſe the triangle CGF is 


equal to the triangle CBF, and the triangle ADE to 


83 
DEF ; but allo the parallelogram CA is equal to BE (by S D = 


24. 11. ), for they are oppoſite ; and GE to CH ; there- 
fore alſo (by 11. def. 11.) the priſm contained by the | 
two triangles CGF, ADE and the three parallelograms _ 
CA, GE, CE, is equal to the priſm contained by the two A 


* 
K 


triangles CFB, DEH and the three parallelograms CH, BE, CE; ſor they 


are contained by planes equal in multitude and magnitude: 


whole ſolid AB has been cut in halves by the plane CEF. . 


be demonſtrated. 


"PK &-Þ. . 
Solid ee being upon the ſame baſe, and of the ſame 
I'i 


1o that the To 


hich was to 


altitude, 


% 
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altitude, t the ſtanding lines of which are in the ſame ſtraight line, 
are equal to one another. 


Let the ſolid parallelepipeds CM, CN be upon the ſame bafe AB, being 
of the ſame altitude; of which let the ſtanding lines AF, AG, LM, LN, 
CD, CE, BH, BK be in the ſame ſtraight lines FN, DK; I ſay that the ſolid 
CM is equal to the ſolid CN. For becauſe each of the figures CH, CK 
is a parallelogram, CB is equal to each of the lines DH, EK; ſo that alſo 
DH is equal to EK: let the common part EH be taken away; there- 
fore the remainder DE is equal to the remainder HK ; ſo that alſo the 


triangle DEC is equal to the triangle HKB, and the parallelogram DG to 


the parallelogram HN. Certainly, for the 

ſame reaſon alſo, the triangle AFG is equal D —— ALK 

to the triangle LMN: but the parallelogram RI N 
CF is alſo equal to the parallelogram BM, F |/M 
and CG to BN (by 24. 11.), for they are op- | 
polite ; therefore alſo the prifm contained by C 
the two triangles AFG, DEC and the three 
parallelograms AD, DG, GC, is equal to the A 

priſm contained by the two triangles LMN, HBK and the three parallelo- 
grams BM, NH, BN: let the common ſolid be added, the baſe of which is 
the parallelogram AB, and GEHM the one oppoſite to it; therefore the 


whole, the ſolid parallelepiped CM, is equal to the whole, the ſolid paral- 


lelepiped CN. Therefore ſolid parallelepipeds being upon the ſame balr, 


and of the fame altitude, the ſtanding lines of which are in the ſame ſtraight 


lines are equal to one another. Which was to be demonſtrated. 


PR „ . 
The ſolid parallelepipeds being upon the ſame baſe, and of the 


fame altitude, the ſtanding /ines of which are not in the ſame ſtraight 


lines, are equal to one another. 


For let the ſolid parallelepipeds CM, CN be upon the ſame baſe A 
and of the ſame altitude; of which let the ſtanding lines AF, AG, LM, I. 
CD, CE, BH, BK not be in the ſame ſtraight lines; I ſay that the ſolid C 
is equal to the ſolid CN. For let NK, DH, and beſides GE, FM be pro. 


duced : 


VV 


produced; and let them meet one another in the points P, R; Q,O; and Book xi. | 
let AO, LP, CQ, BR be joined: cer- — 


tainly the ſolid CM, the baſe of which N__P _ RK 
is the parallelogram ACBL, and FD N N 
HM the one oppoſite to it, is equal 
to the ſolid CP, the baſe of which 1s 
the parallelelogram ACBL, and OQ_ 
RP the one oppoſite to it (by 29. 
11.) ; for they are upon the ſame baſe 
ACL, and the ſtanding lines of them 
AF, AO, LM, LP, CD, CO BH, BR 
are in the ſame ſtraight lines FP, DR: 
but the ſolid CP, the baſe of which is the parallelogram ACBL, and OQRP 
the one oppoſite to it, is equal to the ſolid CN, the baſe of which is the 
parallelogram ACBL,, and GEKN the one oppolice to it; for they are upon 
the ſame baſe ACBL, and the ſtanding lies of them AG, AO, CE, CQ, 
LN, LP, BK, BR are in the ſame ſtraight lines GQ, NR : fo that alſo (by 
com. not. 1.) the ſolid CM is equal to the ſolid CN. Therefore the ſolid 
parallelepipeds upon equal baſes, and of the fame altitude, the ſtanding 
lines of which are not in the ſame ſtraight lines, are cqual to one another. 
Which was to be demonſtrated. 


PF: KO ©. XXXI. 
The ſolid parallelepipeds being upon equal W and of the 


ſame altitude, are equal to one another. 


Let the ſolid parallelepipeds AE, CF be upon equal baſes AB, cD and 
of the ſame altitude: I ſay that the ſolid AE is equal to the ſolid CF. Now 
firſt, let the ſtanding lines HK, BE, AG, LM, PQ, DF, CO, RS be at right 
angles to the baſes AB, CD; but let the angle ALB be VO to the angle 
CRD; and let RT be produced in 

a ſtraight line to the ſtraight line CR; 
and with the ſtraight line RT, and at 
the point R in it, let the age TRY 
be made equal to the angle ALB; 
and let RT be put equal to AL, and 
RY equal to LB ; and through the 
1 
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point Y let UY be drawn parallel to RT ; and let both the baſe RU and 
the ſolid V be compleated : and becauſe the two TR, RY are equal to 
the two AL, LB, and contain equal angles, therefore alſo the parallelo- 
gram RU is equal, and ſimilar to the parallelogram HL: and again, 
becauſe AL is equal to RT, and LM to RS; and they contain right 
angles; therefore the parallelogram RV is equal and ſimilar to the paral- 
lelogram AM : certainly, for the ſame reaſon alſo, LE is equal and ſimilar 
to SY; therefore the three parallelograms of the ſolid AE are equal and 
ſimilar to the three parallelograms of the ſolid VY : but the three are equal 
and ſimilar to the three oppoſite ones; therefore (by 10. def. 11.) the 


whole ſolid parallelepiped AE is equal to the whole ſolid parallelepiped VY. 


Let DR, UY be produced, and let them meet one another in X; and 
through T let T: be drawn parallel to DX; and let Tt and PD be 
produced, and let them be joined in 4; and let the folids XV, RI be 
compleated: certainly (by 29. 11.) the ſolid XV, the baſe of which 
is the parallelogram RV, but the oppoſite one Xp, is equal to the ſolid 
VY, the baſe of which is the parallelogram RV, and the oppoſite one 
YZ; for they are upon the ſame baſe RV, and of the ſame altitude, 
and the ſtanding lines of them RX, RY, T., TU, Ss, SN, Vp, VZ. are 
in the ſame ſtraight lines UX, Z: but the ſolid VX is equal to AE; 
therefore alſo the ſolid VX is equal to the ſolid AE: and becauſe the paral- 
lelogram RYUT is equal to the parallelogram XT, for they are upon the 
lame baſe RT, and between the ſame parallel lines RT, UX; but RYUT 
is equal to CD, becauſe it alſo ig equal to AB; therefore alſo the paral- 


lelogram XT 4s equal to CD: but DT 1s another parallelogram ; thercto:e 


it is (by 7. 5.) as the baſe CD to DT ſois XT to DT: and becaule the 
ſold parallelepiped CI has been cut by the plane RF, being parallel to the 
oppolite planes, it is (by 25. 11.) as the baſe CD to the baſe DT ſo is the 


ſolid CF to the ſolid RI; certainly, for the ſame reaſon alſo, beczule the 
' folid parallelepiped XI has been cut by the plane RV, being parallel to the 


oppoſite planes, it is as the baſe XT eo the baſe DT 1o is the ſolid XV to 
the ſolid RI: but as the baſe CD to the Be DT ſo is XT to TD; there- 
fore alſo (by 11. 5.) as the ſolid CF to the ſolid RI fo is the ſolid XV to the 
ſolid RI; therefore each of the ſolids CF, XV have the fame ratio to RI 
therefore (by g. 5.) the ſolid CF is equal to the folid XV : but XV has 
been demonſtrated to be equal to AE; therefore alſo AE is equal to CF. 


Now let the ſtanding lines AG, HK, BE, LM, CO, PQ, DF, RS not be at 


2 | right 
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right angles to the baſes 
AB, CD: I ſay again, 
that the ſolid AE is , 
equal to the ſolid CF, / 
From the points K, E, 
G, M, Q, F, O, 8, let 
the perpend'culars KN, PEST © as 
ET, GY, MZ, QU, L Z BR. : BF » EY LR 
FV, OX, SI be drawn (by 11. 11.) to the plane laid down; and let them 
meet the plane in the points N, I, V, Z, X, U, V, I; and let NT, YZ, 
NY, TZ, XU, UV, VI, XI be joined: certainly the ſolid KZ is equal to 
the ſolid QI ; for they are upon equal baſes KM, Qs, and of the ſame alti- 
rude, the ſtanding lines of which are at right angles to their baſes: but the 
ſolid KZ is equal (by 30. 11.) to the ſolid AE, and QI to CF, for they 
are upon the ſame baſe, and of the ſame altitude, the ſtanding lines of 
which are not in the ſame ſtraight lines; therefore the ſolid AE is equal to 
the ſolid CF. Therefore the ſolid parallelepipeds, being upon equal baſes, 
and of the ſame altitude, are equal to one another. Which was to be de- 
monſtrated. 


D . 


The ſolid parallelepipeds being of the ſame altitude, are to one 
another as the baſes. 


Let AB, CD be two ſolid i pie of the ſame altitude; I ſay that 
the ſolid parallelepipeds AB, CD are to one another as the baſes ; that is, 
as the baſe AE to the baſe CF lo is the ſolid AB to the ſolid CD. For let 
FH be applied to FG equal to AE ; and let the 


ſolid parallelepiped GK be compleated from the * N ? 

baſe FG, and of the ſame altitude with CD: now | 

the ſolid AB (by 31. 11.) is equal to the ſolid = | 
(K, for they are upon equal bates AE, FH, and ID = 

of the ſame altitude : and becauſe the ſolid paral- A. S8 & I 


lelepiped CK is cut by the plane DG, being oppoſite to the parallel planes, 
therefore it is (by 25. 11.) as the baſe HF to the baſe CF ſo is the ſolid HD 
to the ſolid DC: but the baſe FH is equal to the baſe AE ; and therefore 

the 
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Book XI. 


0 is QE to KM; therefore alſo as the parallelogram AG to GK fo is 6 
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the ſolid GK to the ſolid AB: therefore it is as the baſe AE to the baſe CE 
ſo is the ſolid AB to the folid CD. Therefore the ſolid parallelepipeds, 
being of the ſame altitude, are to one another as the baſes. Which was to 


be demonſtrated. 


P R O P. XXXIIL. 
The ſimilar ſolid parallelepipeds are to one another in the tripl1- 


.cate ratio of the ſides of like ratio. 


Let AP, CD be ſimilar ſolid parallelepipeds, and let AE be the fide of 


like ratio with CF; I ſay that the ſolid AB has to the ſolid CD the tripli- 


cate ratio of that which AF. has to CF. For let EK, EL, EM be pro. 
duced in ſtraight lines with AE, GE, HE ; and let EK be put equal to C17, 
and EL equal to FN, and beſides EM equal to FR: and let the para!- 


lelogram KL, and the ſelid KP be compleated. And becauſe the two 
EK, EL are equal to the two CF, FN; but alſo the angle KEL is equal to 


the angle CEN, ſince the angle ALG is equal to CFN, by reaſon of the 


ſimilarity of the ſolids AB, CD; therefore tlie parallelogram KL is equal 
and ſimilar to the paralleſogram CN : certainly, for the ſame reaſon alto, tu. 


parallelogram KM 1s equal and ſimilar to the parallelogram CR; and be— 
ſides, PE to DF; therefore three parallelograms of the folid KP are equal 


and ſimilar to three parallelograms of the folid CD: but the three are equal 


and ſimilar (by 24. 11.) to the three oppoiite ones; therefore (by 18. 


def. 11.) the whole ſolid KP is equal and 3 9 
ſimilar to the whole ſolid CD. Let the pa- 5 Ne | 0 
rallelogram GK be compleated; and f om 2 a 1 
the parallelograms GK, KL as baſes, but el 3 | | 
of the ſame altitude with AB, let the ſolids A 2 NEBR | 
EO, LQ be compleated : and becauſe, by e N 
reaſon of the ſimilarity of the ſolids AB, CD, : | 

it is as AE to CF ſo is EG to FN; and FH — rS 
to FR; but FC is equal to EK, and FN. P 


to EL, and FR to EM; therefore it is as AE to EK ſo is GE to ELL, a" 


HE to EM: but (by 1.6.) as AE to EK fo is the parallelogram AG to it 


parallelogram GK; and as GE to EL ſo is GK to KL; and as HE to FE! 


10 
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to KL, and QE to KM: but as AG to GK (by 32. 11.) ſo is che ſolid 
AB to the ſolid FO; and as GK to KL fo is the ſolid FO to the ſolid 
QL; and as QE to KM ſo is the ſolid QL to the ſolid KP ; therefore allo 
as the ſolid AB to EO fo is EO to QL, and fo is QL to KP: but (by 11. 


def. 5.) if four magnitudes be continual proportionals, the firſt has to the 
fourth the triplicate ratio of that which it has to the ſecond; therefore alſo 


the ſolid AB has to the ſolid K the triplicate ratio of 7at which AB has 


to EO: but as AB to EO fo is the parallelogram AG to GK (by 32. 11.); 
and (by 1. 6.) % is the ſtraight line AE to EK : fo that alſo the folid AB 
has to the ſolid KP the triplicate ratio of that which AE has to EK: but the 
folid KP is equal to the ſolid CD, and the ſtraight line EK to CF; there- 
fore alſo the ſolid AB has to the ſolid CD the triplicate ratio of ht which 


AE, the fide of like ratio of it, bas to CF the ſide of like ratio. Which | 


was to be demonſtrated. 

Cor. Certainly from this it is evident that, if four ſtraight lines be con- 
tinual proportionals, it will be as the firſt to the fourth ſo is a ſold paral- 
lelepiped upon the firſt to one ſimilar and ſimilarly deſcribed upon the ſecond; 


ſince the firſt alſo has to the tourth the triplicate ratio Ov that which it 
bas to the ſecond. 


PROP; XXX, 


Book XI. 
—— 


The baſes of equal ſolid parallelepipeds are reciprocally propor- 


tional to the altitudes ; and of what folid parallelepipeds the baſes 
are reciprocally proportional to the altitudes, thoſe are equal. 


Let AB, CD be equal ſolid parallelepipeds; I ſay that the baſes of the 
ſolid parallelepipeds AB, CD are reciprocally proportional to the altitudes; 
and that it is as the baſe FH to the baſe NQ fo is the altitude of the ſolid 
CD to the altitude of the ſolid AB. For firſt let the ſtanding lines AG, 

EF, LB, HK, CM, NO, PD, QR be at right angles to the baſes of them; 
I fay that it is as the baſe EH to the baſe NQ fo is CM to AG. Now if 
the baſe EH be equal to the baſe NQ, but the 

ſolid AB is (by hy p.) equal to the ſolid CD, alto 
CM will be equal to AG; for the bates EH, N G 
being equal, if the altitudes AG, CM be not U 
equal, neither therefore will the ſolid AB be equal 
to the ſolid CD (by 31. 11.) : but it is ſuppoſed 


* 
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equal ; therefore the altitude CM is not unequal to the altitude AG, 
therefore equal; and it will be as the baſe EH to the baſe NQ to is CM to 


AG; and it is evident that the baſes of the ſolid parallelepipeds AB, CD are 
reciprocally proportional to the altitudes. 


Now let the baſe EH not be equal to the baſe NQ but let EH be greater; 


but alſo the ſolid AB is equal to the ſolid CD; therefore alſo CM is greater 
than AG; for, if not, neither again (by 31. 11.) will the ſolids AB, CD 
be equal ; but they are ſuppoſed equal : now put CT equal to AG; and 


upon the baſe NQ with the altitude CT, let the ſolid parallelepiped VC be 
compleated : and becauſe the ſolid AB is equal to the ſolid CD, and VC is 


ſome other lid; but (by 7. 5.) the equal magnitudes have the ſame ratio to 


the ſame magnitude; therefore as the ſolid AB to the folid VC fo is the ſolid 
CD to the ſolid VC: but as the folid AB 


to the ſolid VC ſo is the baſe EH to the * DR P 
baſe NQ (by 32. 11.) ; for the folids j, 3 e 
CV have equal altitudes : but as the ſolid [Rap [NES 
CD to the ſolid CV ſo is the baſe MQ (by Je 9 | 4 
25. II.) to the baſe QT, and (by i. 6.) MC TW «| & |_ P | 
to CT; theretore as the baſe EH to the | 1 — 
baſe NQ fois MC ro CT : but CT is equal 


to AG; therefore allo as the bale E. H to the baſe NQ fo is MC to AG. 
therefore the baſes of the equal ſolid e AB, CD are recipro- 


cally proportion. al to the altitudes. 


Now, again, let the baſes ot the ſolid parallelepipeds AB, CD be rec! 
procally proportional to the altitudes ; and let it be as the baſe EMH to tt: 
baſe NQſo is the altitude of the ſolid CD to the altitude of the ſolid AP ; 
I ſay chat the ſolid AB is equal to the ſolid CD. For again, let the ſtand- 
ing lines be at right angles to the baſes: and if the baſe EH is equal to 
the bale NQ and it is (by hyp.) as the baſe EH to the baſe NQ ſo is the 


altitude of the ſolid CD to the altitude of the folid AB: : therefore allo 
the altitude of the folid CD is equal to the altitude of the ſolid AB: but 


(by 31. 11.) the ſolid parallelepipeds being -upon equal baſes, and of the 


ſame altitude, are equal to one another; and therefore the folid AB is equa! 
to the ſolid CD. 


Now let-the baſe EH not be equal to NQ, and let FH be the greater 
therefore alſo the altitude of the ſolid CD 1 greater than the altitude of 


the 
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ſolid CV: therefore each of the /e/ids AB, CD has the ſume ratio to the [anc 
f5itd CV; therefore (by 9. 5.) the ſolid AB is fu i to the ſolid COD. Which 
was to be demonitrated. | 

Now. Ic: the ſt e abny "Df lines EE, 1, GA, KRI I. ON, I P, MC, ix 
iht angles:to the baſes of them; and (by 11. I.) let perpen⸗ 
diculars be An from the points F, G, B, K, O, M, D, R to tlie planes of the 
bates EH, NQ and let them meet the. planes in th e Points 8, I, , V. X. 
in $87" ee 80 let the ſolids FV, OZ be co: nplcated 3-1 lay that thus alt. 
the ſolids AB, CD being equal, the bates: are IC Clprocally Proportion] te 
the altituc FI and bat it is as the baſe EH to the baſk NQ ſo is the alti- 
tude of the ſolid CD to the altitude of the ſolid AB. For becauſe the fo lid 
AB is equal to DEN ſolid CD; but (by 30. 11.) the ſolid BY is equal tothe 
ſolid AB, for they are upon the ſame baſe FK, and of the lame alti- 
tude: of winch the ſtanding {ies are not in the fame ſtr aro ht lines; and the 
ſolid DC is equal to DU, for again they are upon the ſume baſe Oh, and 0 
the fame altitude, of which the ſtanding lines are not in the ſume [troj. ht lines; 
therefore allo che ſolid BY is equal to the {9! ſe IU : but (by 8 prop. 
the baſes of equal folid paral- 


(elepipeds, of which the altitudes GFT Roa. 


are at right angles to the baſes of „„ | b 
—  _ a | / 


| % ” * * 1 % » z »*© 1 1 [ | 1 

them, are reciprocally propor- r Ad 
* f 4 f 61 \ % \ | 

« 4 y * 1 * i / 2 — Coon * Fi. Y \ \ 

tional to the altitudes ;- tlierefore „ ö F 
1 3 — 5 U \ \ 7-00 % 5 
— r 2 — ö 
It. is as the Haſe EK to the baſe . W be 
5 A. 1 . WD ko. 


OR ſo is the altitude of the ſolid : 8 * 
DU to the altitude of the ſolid BT : bur (by 24. II.) the baſe FR is equa 
to the baſe EH, and the baſe OR to the bat. N; therefore it is as the 
bate EH to the baſe NQ {o is the altitude of the ſolid DU to the altitule 
of the ſolid BT: but the altitudes of the ſolids DU, BT and of DC, BA 
K k yh. Are 
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Book XI. are the ſame; therefore it is as the baſe EH to the baſe NQ fo is the alti- 
tude of the ſolid DC to the altitude of the ſolid AB; therefore the baſes 
of the ſolid parallelepipeds AB, , are reciprocally proportional to the 
altitudes, 

Now again, let the baſes of the ſolid parallelepipeds AB, CD be recipro- 
cally proportional to the altitudes, and let it be as the baſe EFI to tlie baſe 
NQ fo is the altitude of the folid CD tothe altitude of the folid AB; I ſay 
that the ſolid AB is equal to the ſolid CD. Hor the ſame things being con- 
ſtructed, becauſe it is as the baſe EH to the baſe NQ fo is the altitude of 
the ſolid CD to the altitude of the ſolid AB; but the bafe EH 1s equal to 
the baſe FK, and NQ to OR; therefore it is as the baſe FK to the 
baſe OR fo is the altitude of the ſolid CD to the altitude of the folid AB: 
but the altitudes of the ſolids AB, CD and of BT, DU are the ſame; therc- 
fore it is as the baſe FK to the baſe OR ſo is the altitude of the ſolid DU 
to the altitude of the folid BTF; therefore the baſes of the folid parallelep:- 
peds BT, DU are reciprocally proportional to the altitudes : but of wha: 
ſolid parallelepipeds the altitudes are at right angles to the baſes of then, 
and the baſes are reciprocally proportional to the altitudes, theſe (by th.: 
prop.) are equal; therefore the ſolid BT is equal to the ſolid DU: b:: 

BA is equal to BT, for they are upon the ſame baſe FK, and of the ſame 
altitude; of which the ſtanding lines are not in the ſame ſtraight lines; an“ 
the ſolid DU is equal to the ſolid DC; for again, they are upon the fane 
baſe OR, and of the ſame altitude, and he j/Fanding lines not in the ſame 
ſtraight lines; and therefore the ſolid AB is equal to the ſolid CD. Which. 
was to be demonſtrated. _ 


| . 

If there be two equal plane angles, and at the vertices of ther: 
elevated ſtraight lines be placed, containing equal angles with te 
{traight lines from the beginning, each to each; and. / any points 
that may happen be taken in the elevated ines, and from then 
perpendiculars be drawn to the planes in which the angles from th. 
beginning are; and / ſtraight lines be drawn to the angles / ang: 

prints} from the beginning from the points made by the perpenc- 
culars in the planes; they will contain equal angles with th» 


elevated es. 
Le. 
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Let BAC, EDF be two equal rectilineal angles; and at the points R, D Book xr. 


let the elevated ſtraight lines AG, DM be placed, containing equal angles 
with the ſtraight lines from the beginning, each to each; MDE equal: to 
GAB, and MDF to GAC; and let G, M, any points that may aceidentally 
happen, be taken in AG, DM; and let the perpendiculars GIL, MN be 
drawn to the planes through BAC, EDI trom the points (, B; and let 
them meer the planes in L, N; and let LA, ND be joined: I ſay that the 
angle GAL is equal to the angle MDN. Let AM be put equal to DM; 
and through the point II let 5 K be drawn parallel to GL: but GL is 


Fn 


perpendicular to the plane t! rough BAC; thereiore alſo (by 8.110 HAK is 


perpendicular to the plane ogg EAC: from the points K, N let KB, 


KC, NF, NE be drawn perpendiculars to the ſtraight lines AB, AC, DF, DE; 
and let HC, CB, MF, FE be joined: and becauſe the /qzare of HA is equal 
to the /quares of HK, KA (by 47. 1.), and the ſquares of KC, CA are equal 
to the /quare of KA, therefore allo the /qrare of As equal to the /qtares 
of HK, KC, CA: but the /quareof HC is equal to the /qrares of HK, KC 


ko» 


therefore the uare of HA is equal to the ſquares HHC, CA; therefore 
(by 48. 1.) HCA is a right angle. Certainly, for the fame reaſon allo, - 


DIEM 1s a right angle; and HAC is alſo equal (by hyp.) to MOF: now 
there are two triangles MDF, HAC, having two angles equal to two angles 
each to cach; and one ſide equal to one fide, AH to DM, the Ze inde) 
under one of the equal angles; therefore (by 26. 1.) they will have the 
remaining hides equal to the remaining ſides, each to each; therefore AC is 


equal to DF. Certainly in like manner we A I 

ſhall demonſtrate that AB is equal to DE: W nes 
jet HB, ME be joined: and becauſe the A Dee 
ſquare of AH is equal to the /queres of A V 


AK, KH, and the /quares of AB, BK are 8 
equal to the /quare of AK, therefore the g' e of AB, BK, KII ate equa 
to the /quare of AH: but the fquare of BiH is equal to the Het, of 
BK, KH; for HKB is a right angle, becauſe IIK is perpendict lar to tir 


1 


plane laid down; therefore te ſquare of AH is equal to the tes of 


AB, BH; therefore ABIH is a right angle. Certainly, for the ſame reaton 
allo, DEM is a right angle: but the angle BAFqT is alſo cqual to the 'o797- 
EDM, for it is ſuppoſed ; and ATH is equal to DM; therefore AB is equal 
to DE: then becauſe AC is equal to DF, and AB to DE, certainly 

K k 2 - the 
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Book I. the two CA, AB are cqual to the two FD, DE;: but the angle CAB ts alſo 


Sole cqua al to the FDE; therefore the baſe BC is equal to the bate EF, and 
the triangle to the triangle, and the remaining angles to the remain» 
ing angles; therefore the angle AC B is equal to DFI: but the rig! 
21 ph ACK is alſo equal to the 9 85 t angle DFN; thereſore the remain 

r BCK is equal to the remainder EIN. mr for the ſame reato! 
allo, the angle CBK is equal to FEN: now there are two triang! 


(_ BK, FEN n two angles equal to two angles, each to cach; and 


1 5 : 1 F „ b / ↄ ˙ — » ls be ww os 
one ſide equal to one ſide, BC to FF, the fie at the equal angles; there 
% . * a? y * 4 £ 2 pe f ”Y 271171 1 — Lb, + * * 3 l 
0 e (by 26. ©» 5 tl 9 vw will | Ha ric remaining ies CUM O ür ei 


5 des; therefore CK is equal to FN: but AC is a 0 equal to DF 
now the two AC, CK are equal to the DF, FN, and contain right ang! 
therefore the bate AE is equal to the baſe DN: and becauſe AH 1s eq) 
to DM, alſo the ſquare of AH is equal to the /qrare of DMI: ts th 
ſquares of AK, KH are equal to the ſquare of AH, for AKI is a rig!.; 

angle; and the ſquares of DN, NM are AA to the /quare of DM, to! 
DNM is a right angle; therefore the /quares of AK, KH are equal 
the ſquares of DN, NM; of which the ſquare of AK is equal to t! 
ſquare of DN; therefore the remaining /quare of KH is cqual to tl: 
fquare of NM; therefore IIK is equal to NM: and becauſe the tw. 
HA, AK are equal to the two MD, DN, each to each, and the bat 
HK has been demonſtrated 2% be equal to the baſe MN, therefore (b 
8. I.) the angle HAK is equal to the angle MDN. Which was to b. 
demonſtrated. 

Cox. Certainly it is evident from this, that if there are two eu 
plane rectilineal angles, and equal elevated ſtraight lines ſtand at them. 
containing equal angles, each to each, with the ſtraight lines from 
beginning, the perpendiculars from them are equal to one another, |: 


drawn to the planes in which the angles from the beginning are. 


PR OF... FI. 
If three ſtraight lines be proporti 'onals, the ſolid paralic 
made of the three is equal to the ſolid ARTE ped giade 
mean proportional, equilateral, but equiangular to the ator: 


ſolid. 


* 1 
Let the three 


N 8 3 81 8 ET 13 3 "on * "ah. 
TO . . [ 1.4 * Tiida LIIC-iD TY esd Ot As B, \- 


equilateral, but equiangular to: the aforelaid ſolid. Put a ſolid angle at 


E contained Dy 


) 
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lines DE, GE, EF be put equal to B; and let the ſolid parallelepiped Ex 


be compleated; 
4 
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angles Mi 
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ſtraiglit lines A, B, C be proportionals; as A to B fo B Book XI. 
s equal to the ſolid made of B, 5 
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Pa din p * be Y- 1\ = 
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are two qual plane rectilineal angles, and ; 


elevated ſtraight 


[a 
and containing equal angles with the ſtraight lines from the 


lines have ſtood upon them, T.O, I*(3, 4 


Wh 


Tell To DONE anhoth Sr. 


je beginning, each 


to each, thereſore (by 35. 11.) the perpendiculars from the points G O 
> 


drawn to thi 255 115 


the ſolids LII, 
equal baics, a 


4 
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of tlie fume (by 31. 11.) are equal to one ano- 
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imilarly Ceicribed upon them, will be proportionals: 


Al off ts ! » 2. oy * 3 * : 
and if the ſolid parallelepipeds, ſimilar, and ſimilarly deſcribed upon 
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them, be proportionals, allo the ſtraight lines themſelves will be 
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et the four ſtraight lines AB, CD, FF, GH be proportionals; as AB to 


— CD ſo ef EF be to GH; and let the ſimilar, and ſimilarly ſituated paral- 


plane CD be taken: I ſay that the perpendicular drawn C. 


lelen pipeds KA, LC, ME, NG be deſcribed upon AB, CD, EF, GH: I tay 
that it is as KA to LC ſo is ME, to NG. For becauſe _ 
the told parallelepiped KA is ſimilar to LC, therefore 88 Þ 
(by 33. 11.) RA has to LC the triplicate ratio of that & 38 
which AB has to CD : certainly, for the ſame reaſon allo, —_—_ 
M las to NG the triplicate ratio F that which EF has e 
to GI; and it is as AB to CD ſozs EF to GH; there- CATE 
fore as AK to LC fo is ME to NG. | 
But now let it be as the ſolid AK to the ſolid LC fo is the ſolid ME tc 
NG; I tay that it is as the ſtraight line AB to CD fo is EF to GH. For 
again becauſe AK has to LC the triplicate ratio of that which AB bas to 
CD; and ME has allo to NG the triplicate ratio of that which EF has to 
GH; arditis as AK to LC ſo is ME to NG; therefore alſo as AB to 
CD fois EF to GH. Therefore, if four ſtraight lines be proportionals, 
alſo the parallclepipeds, finilar, and ſimilarly deſcribed upon them, will be 
proportionals; and if the parallelepipeds, ſimilar, and ſimilarly deſcribed 
upon them, be proportionals, alſo the ſtraight lines themſelves will be pro- 


portionals. Which was to be demonſtrated. 


FE R O PE. XXXVIII. 

If a plane be perpendicular to a plane, and if a perpendiculat 
be drawn from ſome point of thoſe in one of the planes to the 
other plane, the perpendicular drawn will fall upon the common 
ſection of the planes. 


For let the plane CD be at right angles to the plane AB, and let AD 
be the common ſection of them; and let E, any accidental point in the 


from E to the plane AB will fall upon DA. . For F not, 9 
but, if poſſible, let it fall without, as EF; and let it 
meet the plane AB in the point F; and from F let the 
perpendicular FG be drawn to DA in the plane AB, A 


which allo (by 4. def. 11.) is at right angles to the plane 
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CD; and let FG be joined: then becauſe FG is at right angles to the plane 


CD, and EG touches it, being in the plane CD, therefore (by 3. def. 11.) 


FG is a right angle: but allo EF is at right angles to the plane AB; 
therefore EFG 1s a right angle : now two angles of the triangle EFG are 
equal to two right angles, which is abſurd : therefore the perpendicular 
drawn from the point E to the plane AB will not fall out of AD; there- 
fore it will fall upon AD. "Therefore if a plane be perpendicular to a plane, 
and a perpendicular be drawn from any point of thole in one of the planes 
to the other plane, the perpendicular drawn will fall upon the common es- 
tion of the planes. Which was to be demonitrated. 


„„ XXXIX. 

It the ſides of the oppolite planes of a ſolid parallelepiped be cut 
in halves, and through the ſections planes be drawn, the common 
ſection of the planes and the diameter of the ſolid parallelepiped 
cut one another in halves. 


For let the ſides of the oppoſite planes CF, Ali of the loitd parallelepiped 
AF be cut in halves in the points K, L, M,N, O, OP, R; anch let tlie planes 


XN, OR be drawn through the fections; and let the common jection of 


the planes be YS, and DG the diagonal of the ſolid parailelepiped AF: 
1 fay that 18, DG cut one another in halves, that is, that Y T is equal to 
TS, and DT to TG. For let D, YE, BS, SG be joined; and becauſe 
DO is parallel to PE, therefore the alternate 
angles DOY, VPE are equal to one another; and 
becauſe DO is equal to PE, and OY to YP, ond 
contain equal angles, therefore the bale LY is 
equal to the bale YE ; and the triangle DOT is 
equal to the triangle VPE, and the remaining 70 


angles to the remaining angles; therefore the 
angle OYD is equal to the angle PYE : now 
for this (by 14. 1.) DYE is a ſtraight line. Certainly, 
allo, BSG is a ſtraight line; and BS 7s. equal to SG: an 


4 | 
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#4 Wii 
] 
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e ſame reafon 
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equal and parallel to DB, but CA 1s allo cqual and parallel to EG, there- 


tore alſo DB is equal and parallel to EG; and the ſtraight lines DE; BG 
Join them; therefore (by 33. 1.) DE is parallel to EG; and D, Y,G,S, 
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any accidental points, have been taken in each of chem; and DG, YS have 


been joined; therefore DG, YS (by 7. 11.) are in one plane: and becauſe 
DE is parallel to BG, there tore the angle EDT is equal to the angle BGT, 
for they are alternate; but DT is alſo equal (by 15. 1.) to GTS: now 
DTT, GTS are two triangles, having tvo angles equal to two angles, and 
one fide equal to one fide, D egae! to GS, the fide extended under one 
of the equal angles, ſor they are the halves of DE, BG; therefore they 
will have the remaining ſides equal to the remaining ſides; therefore DT is 
equal to TG, and YT to TS. Therefore if the ſides, &c. Which was 
to be demonſtrated. 


ED 52.2 BD £6 XL. 
If there be two priſms of equal altitude, and z7 the one have the 
baſe a parallelogram, but the other a triangle, and / the paral- 
lelogram be double of the triangle, the priſms will be equal. 


Let ABCDEF, GHKLMI be priſms of equal altitude 3 and let the on: 
have the baſe AF a parallelogram; but the other the triangle GK; but 
{ct the parallelogram AF be double of the triangle GHK : I ſay that the 
priſm ABCDEF is equal to the priſm GHKLEMN. For let the ſolids 


AO, GP be compleated : and becauſe 5 M 5 

the parallelogram A 1s double of the TR — , 

triangle GH, and the parallelogram * LT | 

K is alſo double of the triangle GHK, 1\ | 
N 


therefore the parallelogram AF 15 equal 


to the parallelogram IIK: but ſolid 1 
parallelepipeds, being upon equal bales, and of the ſame altitude, are ( 

31. 11.) equal to one another; therefore the ſolid AO is equal to the ſolid 
GP: but the priſm ABCDEF is half of the ſolid AO, and the pris 
GHKLMN half of the ſolid GP; therefore the priſm ABCDELY 1s equa! 


to the priſm GHRLMN. Therefore if there be two priſins, &c. Which 


WAS to be demonſtrated. 
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\HE ſimilar polygons 7/cr:5ed in circles are to one another as the Book XII. 
ſquares of the diameters. ee 


Let ABCDE, FGHKL be circles, and let ABC DE, FGHKL be ſimilar 
polygons inſcribed in them; and let BM, GN be the diameters of the circles: 
I fay that it is as the ſquare of BM to the ſquare of GN ſo is the polygon 
ABCDE to the polygon FGHKL. For let BE, AM; GL, FN be joined : and 
becauſe the polygon ABCDE is 
ſunilar to the polygon FGHKL, 
alſo the angle BAE is equal to 
the angle GFL, and it is as BA to 
AE ſo is GF to FL: now BAE, 
FL are two triangles, having 
one angle equal to one angle, 


the angle BAE to GFL, and 
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the ſides about the equal angles proportionals ; therefore (by 6. 6.) the tri- 
angle ABE is equiangular to the triangle GFL ; therefore the angle AEB 
is equal to FLG: but the angle AEB is equal to AMB, for they ſtand upon 
the ſame circumference, and FLG is equal to FNG; therefore alſo AMB 
is equal to FNG : but the right angle BAM is alſo equal to the right angle 


GFN; therefore alſo the remaining one is equal to the remaining one ; 


therefore the triangle ABM is equiangular to the triangle FGN ; therefore 
there is this proportion, as BM to GN ſo 7s BA to GF: but (by 20. 6.) 


the ratio of the ſquare of BM to the ſquare of GN is duplicate of the ratio 


of BM to GN; and the ratio of the polygon ABCD to the polyzon 
FGHKL. is duplicate of the ratio of BA to GF; therefore alſo (by 11. 5.) 
as the ſquare of BM to the ſquare of GN fo is the polygon ABCDE to 
the polygon FGHKL. Therefore the ſimilar polygons in circles are to on, 
another as the ſquares of the diameters, Which was to be demonſtrated. 


o 
Circles are to one another as the ſquares of the diameters. 


Let ABCD, EFGH be circles, and let BD, FH be the diameters of 
chem; I ſay that it is as the ſquare of BD to the ſquare of FH fo ig the 
circle ABCD to the circle EFGH. For if it is not as the ſquare of B 
to the /quare of FH ſo is the circle ABCD to the circle EFGH, it will be 
as the ſquare of BD to the gur of FH fo is the circle ABCD to ſorne 


ſpace leſs than the circle EFGH, orto a greater: firſt, let it be to a lets, 
85 S; and let. the ſquare EFGH 


be inſcribed in the circle EFGH : 
now the inſcribed ſquare is greater 
than the half of the circle EFGH, 
lince, if we draw tangents to the 
circle through the points E, F, 
G, H, the ſquare EFGH is half 
of the ſquare circumſcribed about. 
the circle; but the circle is leſs 
than the circumſcribed ſquare; ſo 
that the inſcribed ſquare EFGH is 8 than the half of the circle EFG!: 
let the circumferences EF, FG, GH, HE. be cut in halves at the points 
2 | K, L, M,N: 


„CFC 2:9 


K, L., M, N; and let EK, KF, FL, LG, GM, MH, HN, NE be joined; 
therefore alio each of the triangles EK, FLG, GMH, HNU ts greater than 
the half of the ſegment of the circle about itſelf ; fince, if we draw tan- 
pents to the circle through the points K, L, M, N, and ſhall compleat the 
parallelograms upon the ſtraight lines EF, FG, GH, HE, each of the tri- 
angles EKF, FEG, GMH, FINE will be half of the paraltelogram about 
itlelf; but the ſegment about itfelf 1: leſs than the parallclogram; fo that 
each of the triangles EKF, FLG, GMT, HNE is greater than the half of 
the ſegment of the circle avout itſelf: now cutting the renaming circum— 
ferences in halves, and joining the ſtraight lines, and doing this always, we 
Mall leave ſome ſegments of the cilcle, winch will be lots than the excess 
by which the circle EFGH exceeds the ſpace 8; tor it has been demon- 
rated in the firſt theorem of the tenth , that, two unequal magnitudes 
being put, if from the greater more than its half be taken away, and from 
the remainder more than its halt, and F this always be done, ſome magni- 
tude will be left, which will be leſs than the leaſt of the given magnitudes 
now let it be left; and let the ſegments of the circle EFGH upon EK, KF, 
FL, ILG, GM, MH, HN, NE be leſs than the exceſs by which the circle 
EFGI exceeds the ſpace S; therefore the remaining g polygon EKXFE.GMHN 
is greater than the ſpace S: and let the polygon AOBPCQDR be in- 
ſcribed in the circle ABCD, ſimilar to the polygon EKFLGMIIN; 
therefore it is (by 1. 12.) as the ſquare of BD to the ſquare of FH fo is 


Book XII. 
— — 


the polygon AOBPCQDR to the polygon ERFEGMHN : but alſo (by 


hyp.) as the ſquare of BD to the /quare of FH fo is the circle ABCD to 
the ſpace S8; therefore allo as the circle ABCD to the pace S ſo is the 
polygon AOBPCQDR to the polygon EKFEGMHN ; therefore, alter- 
nately, as the circle ABCD to the polygon in it, ſo ig the ſpace S to the 
polygon EKFLGMIN: but the circle ABCD is greater than the poly- 
gon in it; therefore the ſpace S is greater than the polygon ERLFGMEIN ; 
but it is alſo leſs, which is impoſſible : therefore as the ſquare of BD to 
the /quare of FH fo 7s not the circle ABCD to any ſpace lets than the 
circle EFGH. Certainly in the ſame manner we ſhall demonſtrate that 
neither as the ſquare of FH to the ſquare of BD fo is the circle 
FFGH to any ſpace leſs than the circle ABCD. Now I fay that nei- 
ther as the Ae of BD to the ſquare of FH fo is the circle ABCD to 
LI 2 | any 
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Book XII. any ſpace greater than the circle EFGH : 5 if poſſible, let it be to a 
greater, S; therefore, by inverſion, it is as the ſquare of FH to the /qyare 
of BD ſo is the ſpace S to the circle ABCD: but (by lemm. foll.) as the 
| ſpace S to the circle ABCD fo is the circle EFGH to a ſpace leſs than the 
circle ABCD; therefore alſo as the ſquare of FH to the /quare of BD to 
is the circle EFGH to a ſpace leſs than the circle ABCD, which has 
been demonſtrated 2 be impoſſible ; therefore as the ſquare of BD to the 
ſquare of FH ſo is not the circle ABCD to ſome ſpace greater than thc 
circle FFGH : but it has been demonitrated that neither zs it to one lets; 
therefore it is as the ſquare of BD to the ſquare of FH 1o is the circle 
ABCD to the circle EFGH. Theretore circles are to one another as the 
ſquares of the diameters. Which was to be demonſtrated, 

LEMMA. Now I ſay, the ſpace S being greater than the circle EFGII, 
that it is as the ſpace S to the circle ABCD fo is the circle EFGH t» 
ſome ſpace leſs than the circle ABCD. 

For let it be made as the ſpace S to the 
circle ABCD fo is the circle EFGH to the 
ſpace T; I ſay that the ſpace T is leſs than the 
circle ABCD: for becauſe it is as the ſpace S 
to the circle ABCD ſo is the circle EFGH to 
the ſpace T, therefore, alternately, it is as the 
{pace S to the circle EFGH fo is the circle 
ABCD to the ſpace T: but S is greater (by 
hyp.) than the circle E.FGH ; therefore alſo the circle ABCD is greater 

than the ſpace J; ſo that as the ſpace S to the circle ABCD ſo is the circ!- 
EFGH to ſome ſpace leſs than the circle ABCD. 


R FP. MI. 


Every pyramid having a triangular baſe is divided into two pyra- 
mids, equal and fimilar to one another, having triangular bates, 
and ſimilar to the whole; and into two equal priſms, and the tw 
priſms are greater than the half of the whole pyramid. 


Let there be a pyramid, the baſe of which is the triangle ABC, and t/:« 
point D the vertex ; I ſay that the gras ABCD is divided into tuo 


ram feb 2 
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ramids, equal and alſo ſimilar to one another, having triangular baſes, and Book X!T, 


ſimilar to the whole; and into two equal pritms, and h? the two priſins 
are greater than the half of the whole pyramid. For let AB, EC, CA, AD, 
DB, DC be cut in halves in the points I, F, G, II, K, L.; and let EH, EG, 
GH; HR, RIH LH ERK, KF, FG be joined and becaute AE is equal to 
EB, and AH to HD, therefore (by 2. 6.) EH is parallel to DB: certainly, 
for the ſame reaſon alſo, HE is parallel to AB; therefore HEBK is a paral- 
Iclogram; therefore HK is equal to EB: but EB is equal to AE; therefore 
AI is equal to HK : now Atl 1s allo equal to IID; then the two AE, AI 
are equal to the two IIK, IID, each to each; and the angle EAH (hy 29. 1.) 
is equal to the angle KID; therefore the bate EH is equal to the baſe KD; 
therefore the triangle EAI is equal and finular to the triangle HKD. Cer- 
tainly, for the fame realon allo, the triangle AIG is equal, and alfo fim 

lar to the triangle HED : and becaute the two ſtraighit lines EH, HG, 
touching one another, are parallel to two ſtraight lines, KD, DL, touching 
one another, not being in the [une plane, (by 10. 11.) they contain equal 
angles; therefore the angle EH G is equal to the angle RL: and becauſe 
the two ſtraight lines EH, HG are equal to the two ftraight lines KD, DLL, 
each to each, and the angle IG is equal to the angle KDL, therefore the 
baſe EG is equal to the bate KL; therefore the triangle ENG is equal and 
ſimilar to the triangle KDL. Certainiy, for the ſame reaſon alfo, the tri: 
angle AE G :s equal and fimilar to the triangle HEL; 

theretore the pyramid of which the triangle AVG is. 
the baſe, and the point II the vertex, is equal and 


ſimilar to the pyramid of which the baſe 7s the tri- 
angle HKL, and the point D the vertex: and be- 
cau.e HK has been drawn parallel to AB, one of the 
ſides of the triangle ADB, therefoi- the triangle 
ADB is equiangular to the triangle DE: ind have 


the ſides proportionals; therefore the triangle ADB 


is ſimilar to the triangle DIN. Certainly, tor the fame reaſon alſo, the 


triangle DBC is ſinilar to the triangle DKL; and ADC to the triangle 
DHL: and becauſe the two ſtraiglit lines BA. AC, touching one another, 
are parallel to two ſtraight lines, KH, HL, touching one another, not being 
in the ſame plane, (by 10. 11.) they contain equal angles; therefore the 
angle BAC is equal to KH; and it is as BA to AC fo is KH to BL; 


therefore 


— — 
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therefore the triangle ABC is ſimilar (by 6. 6.) to the triangle KHL.; there. 
fore alſo the pyramid the baſe of which is the triangle ABC, and the point 
D the vertex, is ſimilar to the pyramid the baſe of which is the triangle 
KI., and the point D the vertex :. but the pyramid the bale of which ts 
the triangle HKL, and the point D the vertex, has been demonſtrated 
'o be ſimilar to the pyramid the baſe of which is the triangle AEG, and 
the point II the vertex ; ſo that alſo the pyramid the baſe of which is the 
triangle ABC, and the point D the vertex, is ſimilar to the pyramid the 
bate of which is the triangle AEG, and the point H the vertex; therefore 
each of the pyramids AEGH, HKLD is ſimilar to the whole pyramid 
ABCD. And becauſe BF js equal to FC, the parallelogram EBFG is dov- 
ble of the triangle GFC ; and becauſe, if two priſms be of equal altitude. 
and the one have a parallelogram for its baſe, but the other a triangle, and 
the parallelogram be double of the triangle, the priſms (by 40. 11.) are 


equal ; therefore the the prifn contained by the two triangles BK, ELI 


and the three paralleiograns EBFG, EBKH, KHGY, is equal to the priſi. 
contained by the two triangles GFC, HKL. and the three parallelogram; 
KFCL, LCGH, HKFG ; they are of equal altitude, becauſe they are between 
tbe parallel planes ABC, IIK L.. And it is manifeſt that each of the priiins, 
both hat of which the baſe is the parallelogram EBGF, and the ftraighr 
line HK oppoſite, and tba? of which the baſe is the triangle GFC, and the 
triangle KLH oppoſite, is greater than each of the pyramids of which the 


baſes are the triangles AEG, IIKL, and the points H, D the vertices ; 


ſince, if we ſhall join the ſtraight lines EF, EK, the priſm of which the 
Haſe is the parallelogram EBFG, and the ſtraight line HK oppoſite 7% 7, 
is greater than the pyramid the baſe of which is the triangle EBF, and the 


point K the vertex : but the pyramid the baſe of which is the triangle EBF, 


and the point K the vertex, is equal to the pyramid the baſe of which 15 


the triangle AEG, and the point H the vertex, for they are contained by equal 
and fimilar planes; ſo that alſo the priſm the baſe of which is the paral- 


lelogram EBFG, and the ſtraight line HR. oppoſite, is greater than the 


pyramid the baſe of which is the triangle AEG, and the point H the 
vertex: but the priſm the bale of which is the parallelogram EBFG, and the 


ſtraight line HK oppoſite, is equal to the priſm the baſe of which is the 


triangle GFC, and the triangle HKL oppoſite ; but the pyramid the baſe 


of which, is the triangle AEG, and the point H the vertex, is equal to the 


pyranud 
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pyramid the baſe of which is the triangle HEL, and the point D the ver- 
tex: therefore the two ſaid pritms are greater than the two ſaid pyramids 
the baſes of which are the triangles AFG, IIKL, and the points H, D the 
vertices: therefore the whole pyramid the baſe of which is the triangle ABC, 
'and the point D the vertex, has been divided into two pyramids, equal 


and ſimilar to one another, and ſimilar to the whole; and into two equal. 


priſms, and the two priſms are greater than the half of the whole pyramid, 
Which was to be demonſtrated, 


FRA Re SY» 


If there be twa pyramids of the ſame altitude, having triangular 
baſes, and each of them be divided, both into two pyramids equal 
to one another, and ſimilar to the whole, and into two equal priſms; 
and / each of the pyramids produced be d/uided alter the ſame man- 
ner, and / this be always done, it will be as the baſe of one of 
the pyramids to the baſe of the other pyramid, fo alſo are all the 
priſms in one pyramid to all the priſms equal in multitude in the: 
other pyramid. | 


Let there be two pyramids of the ſame altitude, having triangular baſes 
ABC, DEF, and the points G, H the vertices ; and let each of them be 
divided into two pyramids, equal to one another, and ſimilar to the whole, 
and into two equal priſms; and let each of the pyramids produced be under- 
food to Ze divided after the fame manner, and let this always be done: I 
lay that it is as the baſe ABC to the baſe DEF t ore all the priſins in the 
pyramid ABCG to all the priſins equal in multitude in the pyramid DEFH. 
For becauſe BO is equal to OC, and AL o LC, therefore (by 2. 6.) OL, 
is parallel ro AB, and the triangle ABC ſinilar to the triangle LOC. 
Certainly, for the ſame reaſon alto, the triangle DEF is ſimilar to the tri- 
angle RVF: and becauſe BC is double of CO, and EF of FV, therefore 
it is as BC tO CO ſo is EF to FV: and ſimilar, and alſo *milarly ſituated 
rectilincal figures, ABC, LOC, have been deſcribed upon BC, CO; and the 
ſunilar and fimilarly ſituated rectilineal Agures DEF, RVF upon EF, FV; 
therefore it 1s (by 22. 6.) as the triangle ABC to the triangle LOC fo 75 
the triangle DEF to the triangle RVF; therefore alternately it is as the 
1 | | triangle 
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Book XII. triangle ABC to the triangle DEF fo is the triangle LOC to the triangle 
— RVF: but as the triangle LOC to the triangle RVF ſo is the prifin the 
baſe of which is the triangle LOC and PMN the oppoſite, to the priſm 
the baſe of which is the triangle RVF and ST the oppoſite (by lem. toll.); 
therefore alſo as the triangle ABC to the triangle DEF fo is the piii the 
baſe of which is the triangle LOC and PMN the oppoſite, to the pritin 
: the baſe of which 1s the triangle RVF and STY the oppolite : and be- 
| cauſe the two priſins in the pyramid ABCG 
ate equal to one another; but the 7290 priſms 


in the pyramid DEFH are allo equal to one 
another; the:cfore it is as the priſm the baſe 
of which is the parallelogram KLOB and 


the ſtraight line MP oppoſite, to the prilm 


the baſe of which is the triangle LOC and 


PMN the oppotite, fo is the priſm the baſe of which is the parallelogram 
QR and the ſtraight line 5Y oppoſite, to the priſin the bale of which 
3s the trianzle RVF and STY the oppoſite ; therefore, by compoſition, 
{by-18. 5.) as the priſms KEROLNMP, LOCMNP to the priſm LOCMNP 
% are the priſms QLVRSY, RVFSTY to the priſm RVFSTY. : therefore, 
alternately, as the ning KBOLMP, LOCMNP to the prilns QUEVRST, 
RVEFSTY, io ig the pritim LOCMNP to the priſm RVEFSTY : but as the 
priſm LOCMNP to the priſm RVFSTY fo has the baſe LOC been de- 
monſtrated % be to the bate RV F, and the bale ABC to the baſe DEF; there- 
fore as the triangle ABC to the triangle DEF ſo are the two priſins in the 
Pyramid ABC to the two prituis in the pyramid DEFH: and in like 
manner if we divide the pyrauids produced, PMNG, STYH, after the famc 
Manner, it will be as the bate FMN to the baſe ST Y lo are the two priſins 
in the pyramid PMNG to the two pritins.in the pyramid STV H: but as 
the baſe PMN to the bale STM ſo c the bale ABC to. the baſe DEF, 
therefore allo as the bate ABC to the baſe DEF to are the two priſms in 
the pyramid ABCG to the two prums in the pyramid DEFH, and % are 
the two priſins in the pyramid PMNG to the two priſins in the pyramid 
SIYH, and / are the {our to the four; and the ſame will be demon{trated 
alſo of the priſms produced by the diviſion of the pyramids AK LP, and 
DQRS, and of all t are ſimply equal in multitude. Which was to be 
demonſtrated. | ; 
LEMMA. 
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Luna. It muſt thus be demonſtrated, that as the triangle LOC 7s to Book XII. 
the triangle RVF fo is the priſin the baſe of which is the triangle LOC and a eons 
PMN the oppoſite, to the priſin the baſe of which is the triangle RVF 
and STI the oppoſite. For upon the ſame figure let perpendiculars be 
underſtood to be drawn from G, H to the planes of the triangles ABC, DEF; 
happening certainly to be equal, becauſe the pyramids are ſuppoſed of equal 
altitude: and becauſe the two ſtraight lines, both GC, and alto the perpen- 
dicular from G, are cut by the parallel planes ABC, PMN, they will be cut 
in the ſame ratios (by 17. 11.); but GC has been cut in halves in N by the 
plane PMN ; therefore alſo the perpendicular from G to the plane ABC 
will be cut in halves by the plane PMN. Certainly, for the ſame reaſon _ 
alſo, the perpendicular from H to the plane DEF will be cut in halves by 
the plane STY ; and the perpendiculars (by hyp.) from the points G, H to 
the planes of the triangles ABC, DEF are equal; therefore alſo the perpen- 
diculars from the triangles PMN, STX to the planes of the triangles ABC, 
DEF are equal ; therefore the priſms of which the baſes are the triangles 
LOC, RVF, and PMN, STY the oppoſite ones, are of equal altitude; fo 
that alſo the ſolid parallelepipeds, deſcribed from the ſaid priſms, being of 
equal altitude, are (by 32. 11.) to one another as the baſes ; therefore the 
halves will be alſo, as the baſe LOC to the baſe RVF fo are the ſaid priſms 
to one another. Which was to be demonſtrated. | 


PRO FP. V. 


The pyramids being of the ſame altitude, and having triangular 
baſes, are to one another as the baſes. 


Let there be pyramids of the ſame altitude, the baſes of which are the 
triangles ABC, DEF, and the vertices the points G, H; I ſay that it is as 
the baſe ABC to DEF ſo #s the pyramid ABCG to the pyramid DEER. 
For, if it is not as the baſe ABC to the baſe DEF ſo is the pyramid ABC 
to the pyramid DEFH, it will be as the bale ABC to the baſe DEF fo 
ig the pyramid ABCG to ſome ſolid either leſs or greater than the pyram 
DEr H: let it be firſt to one leſs X; and let the pyramid DEFH be di- 
vided into pyramids equal to one anctaer,. and ſimilar to the whole; and 
into two equal priſms ; now the two priſms (by 3, 12.) are greater than the 
Mm | . Half 
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—— 


DEFH: but (by hyp.) as the bate ABC to the 
baſe DPF ſo is the pyramid ABCG to the ſolid 
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half of the whole pyramid : and again, let the pyramids produced by the 
diviſion, be divided in like manner, and let this always be done until ſome 
pyramids are left of the pyramid DEFH, which are leſs than the exceſs by 
which the pyramid DEFH exceeds the folid X; let them be taken, and let 
them be, for example, DQRS, STYH,; therefore the remaining priſms in the 
pyramid DEFH are greater than the ſolid X. Let the pyramid ABCG be 
divided in like manner, and into the ſame multitude of parts with the param 
DEFH ; therefore it is (by 4. 12.) as the baſe , 
ABC to the baſe DEF fo are the prifms in the 

pyramid ABCG to the priſms in the pyramid 


X; therefore alſo as the pyramid ABCG is to 
the ſolid X ſo are the priſms in the pyramid 
ABCG to the priſms in the pyramid DEFH ; therefore, alternately, as 
the pyramid ABCG to the priſms in it/e/f ſo is the ſolid X to the priſms in 
the pyramid DEFH: but the pyramid ABCG is greater than the priſms. 
in it/e/f; therefore alſo the ſolid X is greater than the priſms in the pyra- 
mid DEFH ; but 17 is alfo leſs, which is impoſſible ; therefore it is not as 
the baſe ABC to the baſe DEF ſo 7s the pyramid ABCG to any ſolid leſs 
than the pyramid DEFH : certainly in the ſame manner it will be demon- 
ſtrated that neither is the baſe DEF to the baſe ABC as the pyramid 
DEFH to any ſolid leſs than the pyramid ABCG. Now I fay that nei- 
ther is it, as the baſe ABC to the baſe DEF ſo is the pyramid ABCG to 
any ſolid greater than the pyramid DEFH : for, if poſſible, let it be to 
a greater X; therefore, by inverſion, as the baſe DEF to the baſe ABC 
fo is the ſolid X to the pyramid ABCG : but as the ſolid X to the pyra- 
mid ABCG ſo is the pyramid DEFH to ſome lid leſs than the pyramid 
ABCG, as has been before demonſtrated ; therefore alfo as the baſe DEF 
to the baſe ABC ſo is the pyramid DEFH to ſome ſolid leſs than the 
pyramid ABCG, which has been demonſtrated to be abſurd: therefore it is 


not as the baſe ABC to the baſe DEF fo is the pyramid ABCG to ſome 
ſolid greater than the pyramid DEFH ; but it has been demonſtrate. 


that neither is it to one leſs; therefore it is as the baſe ABC to th- 
baſe DEF fo is the pyramid ABCG to the pyramid DEFH. Therefore 
the pyramids being of the ſame altitude, and having triangular baſes, are 


to one another as the baſes, Which was to be demonſtrated. 


PROP. 


— 
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PN VI. 


The pyramids being of the ſame altitude, and having polygonal 
baſes, are to one another as the baſes. 


Let there be pyramids of the ſame altitude, having the polygonal baſes 


ABCDE, FGHKL, and the vertices the points M, N; I ſay that it is as 
the baſe ABCDE to the baſe FGHKL fo is the pyramid ABCDEM to 
the pyramid FGIIKLN. For let the baſe ABCDE be divided into the 
triangles ABC, ACD, ADE; and FGHRKL into che triangles FGH, FHK, 
FKL; and upon each triangle let pyramids be underſtood to be ereffed of 
equal altitude with the pyramids from the beginning: and becauſe it is (by 


5. 12.) as the triangle ABC to the triangle ACD ſo is the pyramid ABC M 
to the pyramid ACDM ; and, by compolition, as the trapezium ABCD to 


the triangle AC ſo is the pyramid ABC DM to the pyramid ACDM,; but 
alſo as the triangle ACD to the triangle ADE ſo is the pyramid ACDM 
to the pyramid ADEM ; therefore, by equality, as the baſe ABCD to the 
baſe ADE fo is the pyramid ABC DM to the pyramid ADEM ; and again, 
by compoſition, as the bate ABCDE to ADE ſo is the pyramid ABC DEM 


to the pyramid ADEM. Certainly, for the ſame — 


Book XII. 
— mms 


N 
reaſon alſo, as the baſe FGIIKL to the baſe IN 
FKL ſo is alſo the pyramid FGHKLN to the B r L. 


pyramid FKLN: and becauſe ADEM, FKRLN D H K 

are two pyramids having triangular baſes, and of the ſame altitude, there- 
fore it is (by 5. 12.) as the baſe ADE to the baſe FKL fo is the pyramid 
ADEM to the pyramid FKLN : then becauſe as the baſe ABCDE to the 
baſe ADE ſo is the pyramid ABCDEM to the pyramid ADEM, and as the 
baſe ADE. to the baſe FKL fo is the pyramid ADEM to the pyramid FKLN, 
therefore, by equality, as the baſe ABCDE is to the baſe FKL fo is the 
pyramid ABCDEM to the pyramid FKL.N : but as the baſe FKL to the 
baſe FGHKL fo was the pyramid FKLN to the pyramid FGHKLN; 
therefore again, alſo, by equality, as the baſe ABCDE to the baſe FGH KILL 
ſo is the pyramid ABCDEM to the pyramid FGHKLN. Therefore the 
pyramids being of the ſame altitude, and having polygonal baſes, are to 
one another as the baſes. Which was to be demonſtrated, 


M m 2 | PRO P. 
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point C, is the ſame with the pyramid the baſe of which is the triang!* 
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Every priſm having a triangular baſe is divided into three pyra- 
mids equal to one another, having triangular baſes. 
Let there be a priſm the baſe of which is the triangle ABC and DEF the 


oppolite 6x2 ; I ſay that the priſm ABC DEF is divided into three pyramids 
equal to one another, having triangular baſes. For let BD, EC, CD be 


oined; and becauſe ABED is a parallelogram, and BD the diameter of 


it, therefore the triangle ABD is equal to the triangle EDB; and there- 
fore the pyramid, the baſe of which is the triangle ABD, and the vertex 
the point C, is equal to the pyramid (by 5. 12.) the baſe of which is the 
triangle EDB, and the vertex the point C: but the pyramid the baſe of 


which is the triangle EDB, and the vertex the point C, is the ſame with 


the pyramid the baſe of which is the triangle EBC, and 
the vertex the point D; for it is contained by the fame 
planes; therefore alſo the pyramid the baſe of which is 
the triangle ABD, and the vertex the point C, is equal to 
the pyramid the baſe of which is the triangle EBC, and 

the vertex the point D. Again, becauſe FCBE is a pa- We 
rallelogram, and CE the diameter of it, the triangle ECF * Gag 
is equal to the triangle CBE; therefore alſo the pyramid the baſe of which 
is the triangle BEC, and the vertex the point D, is equal (by 5. 12.) to the 
pyramid the baſe of which is the triangle ECF, and the vertex.the point D 
but the pyramid the baſe of which is the triangle BEC, and the vertex. 
the point D, has been demonſtrated % be equal to the pyramid the baſe of 
which is the triangle ABD, and the vertex the point C; therefore alto the 
pyramid the baſe of which is the triangle CEF, and the vertex the point | 
D, is equal to the pyramid the baſe of which is the triangle ABD, and the 
vertex the point C: therefore the priſm ABCDEF has been divided into 
three pyramids equal to one another, having triangular baſes. And becauſe 
the pyramid the baſe of which is the triangle ABD, and the vertex the 


CAB, and the vertex the point D, for they are contained by the fan: 
planes; and the pyramid the baſe of which is the triangle ABD, an, 
the vertex the point C, has been demonſtrated 70 be the third part ot. 
ite priſm the baſe of which is the triangle ABC, and DEF the oppolit 


048 ; 
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one; therefore alt) the pyramid the baſe of which is the triangle ABC, Book XII. 
— — 


and the vertex the point D, is the third part of the priſm having the ſame 
baſe, the triangle ABC, and DEF the oppoſite one. Which was to be 
demonſtrated. | 

Cox. Now from this it is evident, that every pyramid is the third part 
of the priſm having the ſame baſe with it, and an equal altitude; fince, 
if the baſe of the priſm has any other rectilineal figure, and the oppoſite the 


ſame, it is divided into priſms having triangular baſes, and Fae oppolite 
the /ame?, 


| R G P. VIII. 
The pyramids ſimilar, and having triangular baſes, are in tlie 
triplicate ratio of the ſides of like ratio. 


Let there be ſimilar, and ſimilarly ſituated pyramids, the baſes of which 
are the triangles ABC, DEF, and the vertices the points G, II; I ſay that 
the pyramid AB CG has to the pyramid DEF H the triplicate ratio of hat 
which BC has to EF. For let the ſolid parallelepipeds BGML, EH O be 
compleated : and becauſe the pyramid AB CG is ſimilar to the pyramid 
DEFH, therefore the angle ABC is equal to DEF, and the angle GBC 
to HEF, and ABG to D; and it is as AB to DE. ſo 7s BC to EF, and 
BG to EH: and becauſe it is as AB to DE ſo i BC to EF, alſo the ſides 
about the equal angles are proportionals ; therefore the parallelogram BM 
15 ſimilar to the parallelogram EQ. Certainly for 
the ſame reaſon alſo, BN is ſimilar to ER, and BK f 
to FO; therefore the three parallelograms BM, 2 
KB, BN are ſimilar to the three EQ, EO, ER: but ll 
the three MB, BK, BN are equal and ſimilar to the 8 NDS . 
three oppoſite ones; and the three EQ, EO, ER are wy 18 8 
equal and ſimilar to the three oppoſite ones; therefore the ſolils BGML,, 
EHQP are contained by ſimilar planes equal in multitude; therefore (by. 

9. def. 11.) the ſolid BGML is ſimilar to the ſolid EHQP : but (by 33. 
11.) ſimilar ſolid parallelepipeds are in the triplicate ratio of the ſides of 
like ratio; therefore the lolid BGM has to the fold EHQP the triplicate 
ratio of that which the fide of like ratio BC has to the fide of like ratio 
EF: but as the ſolid BGML to the ſolid EH O lo is the pyramid ABCG 
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to the pyramid DEF, fince the pyramid is the fixth part of the ſolid; and 
for this reaſon, becauſe the priſm, being half of the fold parallelepiped, is 
triple of the pyramid, alſo the pyramid ABCG has to the pyramid DEFH 
the triplicate ratio of that which BC has to EF. Which was to be demon- 


trated. 


Cor. Now from this it is evident, that alſo the ſimilar pyramids having 
polygonal baſes, are to one another in the triplicate ratio of the ſides of like 
ratio. For they being divided into the pyramids in them having triangular 
baſes, becauſe (by 20. 6.) the ſimilar polygons of the baſes are divided into 
{inilar triangles, equal in multitude, and of the fame ratio with the wholes, it 
will be as one pyramid having a triangular baſe in one to one pyramid having 
x triangular baſe in the other ſo are all the pyramids having triangular 
baſes in one pyramid to all the pyramids having triangular baſes in the other 
pyramid ; that is, the ſame pyramid having a polygonal baſe to the other 
having a polygonal baſe: but the pyramid having a triangular baſe is to the 
pyramid having a triangular baſe in the triplicate ratio of the ſides of like 
ratio; therefore alſo the pyramid having a polygonal baſe has to the pyramid 


having a ſimilar baſe, the triplicate ratio of rat which the ide of like ratio 
has to the ſide of like ratio, 


. 


The baſes of pyramids equal, 404 having triangular bat are 
reciprocally proportional to the altitudes; and of what pyramids 


having triangular baſes the baſes are reciprocally Proportional to 
the altitudes, they are equal. 


For let there be equal pyramids, 1 the triangular baſes ABC, DEE, 
and the vertices the points G, H; I ſay that the baſes of the pyramids 
ABCG, DEFH are reciprocally proportional to the altitudes, and Hat it 
is as the baſe ABC to the baſe DEF ſo is the altitude of the pyramid DEFH 
to the altitude of the pyramid ABCG. For let the ſolid parallelepipeds 
BGML, EHQP be compleated : and becauſe the pyramid ABCG is equal 
to the pyramid DEFH, and the ſolid BGM is ſextuple of the pyramid 
ABCG, and the ſolid EHQP is ſextuple of the pyramid DEFH, there- 
fore (by com. not. 6.) the ſolid BGM is equal to the folid EHQP ; bu! 


(by 34- 11.) the baſes of equal folid parallelepipeds are reciprocally pro- 
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proportional to the altitudes; therefore it is as the baſe BM to the baſe EQ 
ſo 1s the altitude of the ſolid EH O to the altitude of the ſolid BGML: 
but as the baſe BM to the baſe EQ fo is the triangle ABC to the triangle 
DEF; therefore alſo as the triangle ABC to the triangle DEF 1o is the alti- 
tude of the folid EHPQ to the altitude of the folid BGME: but 
the altitude of. the fold EHQP is the fame 


- 1 . — FL _ N 
with the altitude of the pyramid DEFH ; and ons * 
EY 


the altitude of the folid BGML. is the ſame WAY 
with the altitude of the pyramid ABCG ; there- en . * | 
fore it is as the baſe ABC is to the bale DEF IN | | 
ſo is the altitude of the pyramid DEFH to the 2 —G 2 r 
altitude of the pyramid AB CG; therefore the A "Te HO 
baſes of the pyramids ABCG, DEFH are reciprocally proportional to the 
altitudes. 

But now let the bales of the pyramids ABCG, DEFH be reciprocally 
proportional to the altitudes, and let it be as the baſe ABC to the balc 
DEF fo zs the altitude of the pyramid DEFH to the altitude of the pyra- 
mid ABC G; I ſay that the pyramid ABCG is equal to the pyramid DEFH. 
For the ſame things being conſtructed, becauſe it is as the baſe ABC to the 
baſe DEF fo is the altitude of the pyramid DEFH to the altitude of the 
pyramid ABGC ; but as the baſe ABC to the baſe DEF fo is the 
parallelogram BM to the parallelogram EQ; therefore alſo as the paral- 
lelogram BM to the parallelogram EQ fo is the altitude of the pyra- 
mid DEFH to the altitude of the pyramid ABCG : but the altitude 
of the pyramid DEFH is the ſame with the altitude of the parallelepiped 
EHQP; and the altitude of the pyramid ABCG is the fame with the 
altitude of the parallelepiped BGML; therefore it is as the ba/e BM to 
the baſe EQ fo is the altitude of the parallelepiped EHQP to the 4a/7/7u&e 
of BGML.: but (by 34. 11.) of what ſolid parallelepipeds the baſes are 
reciprocally proportional to the altitudes, they arc equal; therefore the ſolid 
parallelepiped BGML 1s equal to the folid parallelepiped EHQP ; and 
the pyramid ABCG is the ſixth part of the parallelepiped BGML.; and 
the pyramid DEFH is the ſixth part of rhe ſolid parallelepiped EHQP : 
therefore the pyramid AB CG is equal to the pyramid DEFH. Therefore 
the baſes of pyramids equal, and having triangular baſes, are reciprocally 
proportional to the altitudes; and of what pyramids having triangula: 
baſes the baſes are reciprocally proportional to the altitudes, they are equal. 
Which was to be demonſtrated, CER 


—— 


PROP. 


Book XII. 


Book XII. 


272 THE ELLE MEN. T8 


R 


Every cone is the third part of a cylinder having the ſame baſe 
with it, and equal altitude. 


For let a cone have the ſame baſe with a cylinder, the circle ABCD, and 
equal alticude ; I ſay that the cone is the third part of the cylinder; that is, 
that the cylinder 1s triple of the cone. For if the cylinder is not triple of 
the cone, the cylinder will be either greater than triple, or leſs than triple, 
of the cone: firſt, let it be greater than triple, and let the ſquare ABCD 
be inſcribed in the circle ABCD; now the ſquare ABCD is greater than 
che half of the circle ABCD: and let a priſin of equal altitude with the 
cylinder be erected upon the ſquare ABCD; now the priſin erected is 
greater than the half of the cylinder, ſince, if we circumſcribe a ſquare about 
the circle ABCD, the ſquare inſcribed in the circle ABD is half of ha. 
circumſcribed ; and the priſms erected upon them are ſound parallelepipeds 
oi equal altitude; therefore (by 32. 11.) the priſms are as the baſes ; there- 
fore alſo the priſin erected upon the ſquare ABCD is half of the priſm 
erected upon the ſquare circumſcribed about the circle ABCD: and the 
cylinder is leſs than the priſm erected upon the ſquare circumſcribed about 
the circle ABCD; therefore the priſm erected upon the ſquare ABCD, 
of equal altitude with the cylinder, is greater than the half of the cylinder : 
let the circumferences AB, BC, CD, DA be cut in halves in the points E,F, 


G,H; and let AE, EB, BF, FC, CG, GD, DH, HA' be joined ; therefore 


alſo each of the triangles AEB, BFC, CGD, DHA is greater than the halt 


of the ſegment of the circle ABCD about itſelf, as we demonſtrated before 


(2. 12.) : let priſms of equal altitude with the cylinder, be erected upon 
each of the triangles AEB, BFC, CGD, DHA ; therefore allo each of the 
priſins erected is greater than the half part of the ſegment of the cylinder 
about itſelf; ſince, if we draw through the points E, F, G, H parall-!s 
to AB, BC, CD, DA, and compleat the parallelograms upon AB, ZC, 


CD, DA, and erect upon them ſolid parallelepipeds, of equal altitude with 


the cylinder, the priſms upon the triangles AEB, BFC, CGD, DHA are 


halves of cach of the erected parallelepipeds; and the ſegments of the cylin- 
der are leſs than the erected ſolid parallelepipeds : ſo that alſo the priſms 


1 8 the triangles AEB, BF C, CGD, DHA are greater than the half of the 
| ſegments 
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of the cylinder about themſelves. Now cutting the remaining circumferences 
in halves, and joining the ſtraight lines, and erecting priſins of equal alti- 
rude with the cylinder upon cach of the triangles, and doing this always, 
we ſhall leave (by 1. 10.) ſome ſegments of the cylinder, Which will be lets 
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than the exceſs by which the cylinder exceeds the triple of the cone: let 


them be left; and let them be AE, EB, BF, FC, CG, GD, DH, HA: 
therefore the remainder, the priſn1 the baſe of which is the polygon AEBF 
CGDH, an the altitude the fame with the cylinder, is greater than triple of 
the cone : but the priſm the bale of which is the polygon AEBFCGDHI, and 
the altitude the ſame with the the cylinder, is triple of the pyramid the baſe 
of which 1s the polygon AEBFCGDH, and the vertex the fame with the 
cone; therefore alſo the pyramid the baſe of which 

is the polygon AEBFCGDH, and the vertex the 

ſame with the cone, 1s greater than the cone having 
the circle ABCD its baſe; but / 7s alfo leſs, for 


it is contained by it; which is impoſſible: there— 1 MA 
fore the cylinder will not be greater than triple of WELL / 

the cone. Now I ſay that neither is the cylinder # XG 

leſs than triple of the cone: for, if poſſible, ler C 


the cylinder be leſs than the triple of the cone; therefore, inverſcly, the 
cone 1s greater than the third part of the cylinder: now let the ſquare ABCD 
be inſcribed in the circle ABCD; therefore the ſquare ABCD is greater 
than the half of the circle ABCD: and let a pyramid be creed upon the 
ſquare ABCD, having the ſame vertex with the cone ; therefore the pyra- 
mid erccted is greater than the halt part of the cone; ſince, as we have 
demonſtrated before, that if we circumſcribe a ſquare about the circle, the 
ſquare ABCD will be the half of that circumſcribed about the circle; and 
if upon the ſquares we erect ſolid parallelepipeds of equal altitude with the 
cone, which are alio called priſms, the oze erected upon the fquare ABCD 
will be half of the one erected upon the ſquare circumſcribed about the circle; 
for (by 32. 11.) they are to one another as the baſes ; and ſo are the third 
parts of them ; therelore allo the pyramid the baſe of which 7s the ſquare 
ABCD, is the half of the pyramid erected upon the ſquare circumſcribed 
about the circle; and the pyramid erected uon the ſquare about the circle 
is greater than the cone, for it contains it; therefore the pyramid the bat 
of which is the ſquare ABCD, and the vertex the ſanic with the cone, x 
Nn greater 


Book XII, 
—— 


274 THE ELEMENTS 


greater than the half of the cone. Let the circumferences AB, BC, CD, DA 
be cut in halves in the points E, F, G, NH, and let AE, EB, BF, FC, CG, 
3D, DH, HA be joined; therefore alſo each of the triangles AEB, BFC, 
CGD, DHA is greater than the half part of the ſegment of the circle ABC U 
about itſelf: and let pyramids be erected upon each of tne triangles ALB, 
BFC, CGD, DHA, having the ſame vertex with the cone; therefore alſo 
each of the pyramids erected after the ſame manner, is greater than the 
half of the ſegment of the cone about itſelf ; now cutting the remaining 
circumferences in halves, and joining the ſtraight lines, and erecting a pyra- 
mid upon each of the triangles, having the tame vertex with the cone, and 
doing this always, we ſhall leave ſome ſegments of the cone (by 1. 10.) 
which will be leſs than the exceſs by which the cone exceeds the third part 
of the cylinder: let them be left, and let them be the ſegments upon AE, EE, 
BF, FC, CG, GD, DH, HA; therefore the remainder, the pyramid the baſe 
of which is the polygon AEBFCGDH, and the vertex the fame with the 
cone, is greater than the third part of the cylinder: but the pyramid the baſe 
of which is the polygon AEBFCGDH, and the vertex the ſame. with the 
cone, is the third part of the priſm (by cor. to 7. 12.) the baſe of which is 
the polygon AEBFCGDH, and the altitude the ſame with the cylinder; 
therefore the priſm the baſe of which is the polygon AEBFCGDH, and the 
altitude the ſame with the cylinder, is greater than the cylinder the baſe of 
which is the circle ABCD; but z/ is allo leſs, for it is contained by it, which 
is impoſſible; therefore the cylinder is not leſs than triple of the cone; but 
it has been demonſtrated that neither ig it greater than triple; therefore the 
cylinder is triple of the cone; ſo that the cone is the third part of the cylin- 
der. Therefore every cone is the third part of a cylinder having the ſame 
baſe with ir, and equal altitude. Which was to be demonſtrated, 


P R G N FI. 


The cones and cylinders being of the ſame altitude are to one 


another as the baſes. 


Let there be cones and cylinders of the ſame altitude, the baſes of which 
are the circles ABCD, EFGH, and the axes KL, MN, and the diameters 
of the baſes AC, EG; I ſay that it is as the circle ABCD to the circlc 
EFG1 fo is the cone AL, to the cone EN. For, if not, let it be as the 
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circle ABCD to the circle EFGH fo is the cone AL either to ſome ſolid 
leſs, or to a greater than the cone EN : firſt, let it be to a le O; and 
let the ſolid U be equal to that by which the folid O is leſs than the cone 
EN; therefore the cone EN is equal to the ſolids O, U: let the ſquare 
EFGH be infcribed in the circle FFGH ; therefore the ſquare is greater 
than the half of the circle: let a pyraniid be erected upon the quake 
EFG H, of equal altitude with the cone; therefore the pyramid erected 
is greater than the halt of the cone; ſince, if we eircumſeribe a ſquare 
about the circle, and upon it erect a pyramid of equal altitude with the 
cone, the inſcribed pyramid is half of the circumſcribed; for (by 6.42. 
they are to one another as the baſes: but the cone is leſs than the circum- 
ſcribed pyramid ; therefore the pyramid the baſe of which is the Iquare 
EFGH, and the vertex the lame with that of the cone, is greater than the 
half of the cone. Let the circumferences EF, FG, GH, HE. be cut in 
halves in the points P, Q KR, S; and let HP, PE, EQ,QF, FR, RG, G8, SH 
be joined; therefore each of the triangles HPE, EQF, FRG, GSH is 
greatcr than the halt of the ſegment of the circle about itſelf : let a PyYra- 
mid of equal altitude with the cone be erected upon each of the triangles 
HPF, EQF, FRG, GSH ; therefore alſo each of the pyramids erected is 
greater than the half part of the ſegment of the cone about itſelf: now 
-utting the remaining circumferences in halves, and joining ftraight lines, 
and erecting pyramids of equal altitudes with the cone, upon each of the 
triangles, and always doing this, we ſhall leave fome ſegments of the cone 
which will be leſs than the ſolid U: let them be left, and let them be 
the ſegments upon HP, PE, EQ, QF, FR, RG, GS, SH; therefore the 
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remainder, the pyramid the baſe of which 75 the polygon TTPEQEPRGS, 


and the altitude the ſame with the cone, is greater than the ſolid O 
alſo let the polygon DTAYBVCX be | 


inſcribed in tlie circle. ABCD, ſimilar Pu ; 

and ſimilarly firuated to the polygon a FR Po IT 0 

HPEQFERGS; and let a pyramid of 7 £4 XN 4A PZ. DEE 

equal altitude with the cone AL be Af -- 5 — JG 

erected upon it: then becauſe it is (by N ALAN NNN Hl 

I. 12.) as the /quare of AC to the * me” SSSR 
£3 Fob 


S;tare of EG ſo is the polygon DT 
AYBVCX to the polygon HPEQFRGS; and (by 2. 12.) as the Vi, 
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Book XII. of AC to the /quare of EG ſo is the circle ABCD to the circle EFG; 
—r— therefore alſo as the circle ABCD to the circle EFGH ſo 7s the polygon 
DTAYBVCX to the polygon HPEQFRGS : but (by conſt.) as the circle 
ABCD to the circle EFGH ſo is the cone AL to the ſolid O; and as the 
polygon DTAYBVCX to the polygon HPEQFRGS 'o 75 the pyramid the 
baſe of which is the polygon DTAYBVCX, and the vertex the point L., 
ö to the pyramid the baſe of which is the polygon IIPEQFRGS, and the 
vertex the point N; therefore alſo as the cone AL to the ſolid O, fo zs the 
pyramid the baſe of which js the polygon DTAYBVCX, and the vertex 
the point L, to the pyramid the baſe of which 7s the polygon HPEQFRGS, 
and the vertex the point N; therefore, alternately, it is as the cone AL to 
the pyramid in it ſo is the ſolid O to the pyramid in the cone EN : but 
the cone AL is greater than the pyramid in it; therefore alſo the ſolid O is 
greater than the pyramid in the cone EN; but it is alſo leſs, which is 
wy abſurd : therefore the circle ABCD is not to the circle EFGH as the cone 
AL is to ſome ſolid leſs than the cone EN. Certainly in like manner we 
| ſhall demonſtrate, that neither ig it as the circle EFGH to the circle ABCD 
| | ſo 7s the cone EN to ſome ſolid leſs than the cone AL. Now I fay that 
' neither is it as the circle ABCD to the circle EFGH fo is the cone AL to 
| tome ſolid greater than the cone EN: for, if poſſible, let it be to a greater 
| O; therefore, by inverſion, it is as the circle EFGH to the circle ABCD 
| | ſo is the ſolid O to the cone AL. : but as the ſolid O to the cone AL fo 
is the cone EN to ſome ſolid leſs than the cone AL; therefore alfo as the 
circle EFFGH to the circle ABCD fo is the cone EN to ſome ſolid lets 
than the cone AL, which has been demonſtrated to Je impoſſible ; there- 
fore it is not as the circle ABCD to the circle EFGH fo is the cone AL 
to ſome ſolid greater than the cone EN: but it has been demonſtrated 
that neither 7s it to one leſs; thereſore it is as the circle ABCD to EFGH 
ſo is the cone AL, to the cone EN : but as the cone to the cone fo is the 
cylinder to the cylinder, for (by 10. 12.) the one is triple of the other; 
therefore alſo as the circle ABCD to the circle EFGH fo are the cylinders 
upon them of equal altitude with the cones. Therefore the cones and 
cylinders being of the fame altitude are to one another as the baſes. Which 
was to be demonſtrated. | 
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The Gmilar cones and cylinders are to one another in the tripli- 
Cate ratio of the diameters of the baſes. 


— 


Let there be ſimilar cones and cylinders, 
cles ABCD, EFGH, and BD, FH the diameters of the baſics, and KL, MN 
the axes of the cones or cylinders; I ſay that the cone the baſe of witich 7s 
the circle ABCD, and the point L the vertex, has to the cone the baſe of 
which is the circle EFGH, and the point N the vertex, the triplicate ratio 
of that which BD H, to FM. For if the 
EFC HN the triplicate ratio of that which BD has to FH, the cone ABCDI. 
will have to ſome ſolid, either leſs than the cone EFGHN Vis triplicate 
ratio, or to a_greater :. firſt, let it have / to a leſs O; 
EFGH be inſcribed in the circle EFGH ; 

greater than the half of the circle EFGH : 
tude with the cone, be erected upon the ſquare EFGH ; 


the baſes of wich are the cr- 


therelore the ſquare EFGII is 
and let a pyramid, of equal alci- 


cone ABCD has not to the conc 


and let the ſquare 


therefore the pyra- 


mid erected is greater than the half part of the cone: now let the circum- 


ferences EF, FG, GH, HE be cut in halves in the points P, Q R, 8 
let EP, PF, FQ, QG, GR, RH, HS, SE be joined; 
the triangles EPF, FOS, GRH, HSE is greater than the half part of the 
ſe gment of the circle EFGH about itſelf: and let a pyramid, having the 
ſame vertex with the cone, be erected upon each of the triangles 
GRH, HSE; therefore alſo each of the pyramids erected is greater than the 
half of the ſegment of the cone about itſelf: 


having the ſame altitude with the cone upon each of the triangles, and 
doing this always, we {hull leave fome ſegments of the cone which will be 
leſs than the excels by which the cone EFGHN exceeds the folid O: 


EPF, FQG, 


now cutting the remaining 
circumfercnces in halves, and joining ſtraight lines, and erecting pyramids 


them be left, and let them be the ſegments upon EP, PF, FQ, Q, oh, 


RH, IIS, SE; therefore the remainder, 


the pyramid the baſe of which 1s the 


polyg gon EPFQGRIUS, and the point 
N the vertex, is greater than the ſolid 
O: and let che polygon ATBYCVDX 
be inſcribed in the circle ABCD, ſimi- 
lar and ſimilarly ſituated to the poly. 
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2 
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therefore allo each of 


let 
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gon EPFQGRHS; and let a pyramid having the ſame vertex with the 
cone be erected upon it; and let LBT be one of the triangles containing 
the pyramid the baſe of which is the polygon ATBYCVDN, and the 
point L tlie vertex; and let NFP be one of the phony containing the 
pyramid the baſe of which is the polygon EPFQURHS, and the point 
N the vertex; and let KT, MP be joined: and becauſe the cone ABCDIL. 
is ſimilar to the cone EFGHTY, therefore it is (07 24. def. 11.) as BD to 


FH ſo 7s the axis KL to tlie axis MN: but as BD to FH ſo is BK to FM; 


therefore alſo as BK to FM fo 75s KL to MN; and, alternately, as BK 
to KL ſo is FM to MN; and the angles BKL, FMN are equal, for each 
ia right angle; and the ſides about the equal angles BRL, FMN are pro- 
portionals ; therefore (by 6. 6.) the triangle BEL is ſimilar to the triangle 
FMN: gain, becauſe it is as BK to KT fo 7s FM to M, and they are 
about the equal angles BKT, FM, ſince what part the angie BKT is of 


the four right angles at the center K, the ſame part allo is the angle FPM 


of the four right angles at the center M: now becauſe the ſides about the 
equal angles are proportionals, therefore the triangle BET 1s ſimilar to the 
triangle EMP: gain, becauſe it has been demonſtrated, as BK to KL, to 7s 
FM to MN; and BK is equal to KT, and FM to M; therefore it is as 
KT to KL fois PM to MN; and avout the equal angles TKL, PMN, for 


J 


they are right 2 the ſides arè proportionals; therefore the triangle 


les, 
EKT is ſimilar to the triangle NM: and becauſe, by the ſimilarity of the 
triangles BKL, U IN, it 0 LD to BK ſo 7s NF to FM; and by the 


ſinülarity of t! gles BK TF, FE. 1 it is as KB to BT ſo is MF to 
FP; e by. equality, as 1 Bro 3597 fo.fs NF to FP: again, becauſe 

by the ſimilarity of the triangles LEE, NY M, ic is as LIT to TK fo is NP 
to PM; and by the fimil;.ricy of the triangles KRBT,PMP, it is as KT to 
TB ſo is MP to PF; etefore, by equality, as LIT to IB ſo: i NP to 


PF: but it has alſo been en e as TB to BL. ſo is PF to FN; 


therefore, by e equality, as TL to LB ſo is PN to NF : therefore the {ide 
of the triangles LTB, NPF are proportionals; therefore (by 5. 6.) 


triangles L. ITB, NPF are <quiangular ; fo that they are allo ſimilar; there- 
fore alſo (by 9. def. 11.) the pyramid the baſe of which is the triangle 
BKT, and the point L the vertex, is ſimilar to the pyramid the baſe vi 


which 1s the triangle FMP, and the point N the vertex; for they are con- 


tained by ſimilar planes, equal in multitude : but (by 8. 12.) pyramids 
| 2 ſunilar, 


© EC LTD; 279 


ſimilar, and having triangular baſes, are in the triplicate ratio of the fides of Book XII. 


like ratio; therefore the pyramid BKTL 208 to the pyramid FMPN the 
triphcate ratio of that which BK has to FM. Certainly in like manner, 


joining ſtraight lines to K from A, X, D, V, c „1; and to M from E, 8, H, 


R, G, and erecting pyramids having the ſane vertices with the cones 


upon the triangles, we ſiiall demonſtrate that each of the pyramids of the 


ſame order will have to each of the pyramids of the ſame order the tripli- 
cate ratio of that which the {ide of like ratio BK bas to the ſide of like ratio 
FM; that is, which BD has to FH : 


of the coniequents ſo are all the antecedents to all the conſequents; there- 


tore allo it is as the pyramid BKTL to the pyramid FMN fo is the whole 
pyramid the baſe of which is the P olygon ATBYCVI 
the vertex, to the whole pyramid 


but as one of the antecedents to One 


X, and the point I; 
the baſe of which is the polygon EPF 
GRHS, and the point N the vertex; ſo that alſo the pyramid the baſe of 
which is the polygon ALBYCVDX, and the point L the vertex, has to the 
pyramid the baſe of which 1s the polygon EPFQGRHS, and the point N 
the vertex, the triplicate ratio of ht which BD has to FH : but the cone 
the baſe of which is the circle ABCD, and the point L the vertex, is ſup- 
poſed to have to the ſolid O the tiiplicate ratio A which BD has to FH; 
therefore it is as the cone the baſe of which is the circle ABCD, and the 
point L the vertex, is to the ſolid O, ſo 7s the pyramid the baſe of which is 
the polygon ATBYCVDX, and the poizt L. the vertex, to the pyramid the 

baſe of which is the polygon EPFQGRHS, and N the vertex; therefore, 
alternately, as the cone the baſe of which 18 the circle ABCD, and the 
point L the vertex to the pyramid in it, the bale of Which ig the polygon 
ATBYCVDYX, and L the vertex, fo is the ſolid O to the pyramid the 
baſe of which is the polygon EPFQGRHS, and N the vertex: but the 
ſaid cone is greater than the pyramid in it, for it contains it; therefor 
alſo the ſolid O is greater than the pyramid the baſe of which 
polygon EPFOGRH S, and N the vertex; but it 75 allo leſs, which is 
impoſſible: therefore the cone the baſe of which is the circle ABCD. 
the point L the vertex, has not to any ſolid leſs than the cone the baſe 
of which is the circle EFGII and the point N the vertex, the triplicate 
ratio of that which Bi) has to FII. Certainly in like manner we thal] 
demonſtrate, that neither has the cone EFGHN to any ſolid leis than the 
cone ABCDL, the triplicate ratio of that which FH has to BD, 1 tay, 


1 
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that neither has the cone ABCDL. to any ſolid greater than the cone EFGHN 
the triplicate ratio of that which DB has to FH : for, if poſſible, let it have 
it to a greater O; therefore, by inverſion, the ſolid O has to the cone 
ABCDL the triplicate ratio , het which FH has to BD: but as the ſolid 
O to the cone ABCD fo is the cone EFGHN to ſome ſolid leis than the 
cone ABCDL; therefore alſo the cone EFGHIN has to ſome ſolid leſs than 
the cone ABCDL the triplicate ratio of hat which FH Has to BD; 
which has been demonſtrated 70 be impoſſible : therefore the cone ABCDL, 
has not to any folid greater than the cone EFGFHN the triplicate ratio of 
that which BD has to FH : but it has been demonſtrated that neither has 
j? to a leſs; therefore the cone ABCDL has to the cone EFGIIN the tri- 
plicate ratio of that which DB has to FH. But as the cone to the cone 
ſo is the cylinder to the cylinder; for the cylinder is triple of the cone 
which is upon the fame baſe with the cone, and of equal altitude with it; 
for it has been demonitrated (10. 12.) that every cone is the third part of 
the cylinder having the fame baſe with it, and equal altitude: therefore 
alſo the cylinder to the cylinder has the triplicate ratio of that which BD 
has to FH. Therefore ſimilar cones and cylinders are to one another 
in the triplicate ratio of the diameters of the baſes. Which was to be 


demonſtrated. 
PR O P. X18: 


If a cylinder be cut by a plane being parallel to the oppoſite 


planes, it will be as the cylinder to the cylinder ſo 7s the axis to 


the axis. 

For let the cylinder AD be cut by the plane GH, being parallel to 
the oppoſite planes AB, CD; and let it meet the axis EF in the point K : 
I fay that as the cylinder BG to the cylinder GD ſo is the axis EK to the 
axis KF, Yor let the axis EF be produced towards both parts to the 


points L, M.; and let EN, NL, any number of lines equal to the axis Ex, 


be put; and FO, OM, any number equal to FK; and let planes paraile] 
to AB, CD be drawn through the points L, N, O, M; and in the planes 
through the points L, N, O, M let circles PQ, RS, TY, VX be underſtood 


to be deſcribed about the centres L, N, O, M, equal to the circles AB, CD; 


and let the cylinders QR, RB, DT, TX be underſtood to be compleated : 


and 


5 - 4 | 
anck hee 2 F. WTI K are eg: „ „ x 
and becauſe the axes LN, N EK are equst to ohe anotifer, th 

Uunders (| F wi ; E 

CVIIn ders (by 1. 12.) Q, , SY ee ie ne Mither A8 u FANS Bt 


the baſes are equal; therefore alſo the cyhn ders n, RB, 56 


3 
are equal: now becauſe the axes LN, NH, Fe are allo equal 1 1 2 — 
to one another, and the cylinders (M,! 15 BG are alſo equal | [= Js 
a A 1 

to one another, and the multitude of the ius IN, NIE, 1K = - * 
eq nal to the multitude of the cy/7; ; OR „RB, BG; there RIF 
tore whatſoever multiple the ax1s "KL: i ot the axis ERK, the 2 * 


ſame multiple will te cylinder Q be of the cylinder GB : 
certainly, for the ſane reaſon alſo, wharſoever multiple the axis. MK is of 
the axis KF, the ſame multiple alſo is the cylinder XG of the cylinder GD; 
and if the axis KL is equal to the axis KM, alſo the cylinder QG is equal 
to the cylinder GX; and if the axis KL be greater than the axis KM, the 
cylinder QG 1s greater than the cylinder G; and if lefs, leſs: now there 
being four magnitudes, the axes EK, KF, and the cylinders BG, GD, equi. 

multiples have been taken of the axis ER, and of the cylinder BG, the 
axis KL., and the cylinder QO; and of the axis KF, and of the cylinder 

GD, the axis KM, and the cylinder GX ; and it has been demonſtrated 
that if the axis KL excecd the axis KM, alſo the cylinder QG exceeds the 
cylinder GX; and if equal, equal; and if leſs, leſs: therefore it is (by 5. 
det. 5.) as the axis EK to the axis KF ſo is the cylinder BG to the cylinder 
GD. Which was to be demonſtrated. 


Fx 43-3. XIV. 
The cones and cylinders being upon equal baſes are to one another 
as the altitudes. 


For let the cylinders FD, EB be vpon equal baſes AB, C D; [ ſay that as 
the cylinder. EB to the cylinder FD fo 10 the axis GH to the axis KL.. 
For let the axis KL be produced to the point N; and let LN be yur e: Qual 
to the axis GH ; and Tet the cylin der CM be underſteod % Le  deribed 
about the axis LN: then, becauſe the cylinders EB, CM are of Ig fame 
altitude, they are to one another as the baſes ; bur the baſs are equi to 
one another; therefore alſo the cylinders EB, CM are equal to ong another; 
and becauſe the cylinder FM has been cut by a plane CD parallel to the oppo». 
ſite planes, therefore it is (by 13. 12.) as the cylinder CM to the cylinder i +) 
O 0 10 
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ſo is the axis LN to the axis KL; but the cylinder CM 

is equal to the cylinder EB, and the axis LN to the 1 | 
axis GH; therefore it is as the cylinder EB to the 
cylinder FD fo is the axis GH to the axis RL: but Dc 
as the cylinder EB to the cylinder FD fo is the cone 
ABG to the cone CDR, for the cylinders are triple th 
of the cones; therefore alſo as the axis GH to the A B <2 M 
axis KL fo is the cone AG to the cone CDK, and the cylinder EB to tlie 
cylinder FD. Which was to be demonſtrated. 


PR GO P. XV. 


Of equal cones and cylinders the baſes are reciprocally proportional 
to the altitudes; and of what cones and cylinders the baſes are reci- 
procally proportional to the altitudes, they are equal. 


Let there be equal cones and cylinders, the baſes of which are the cir- 
cles ABCD, EFGH, and the diameters of them AC, EG; and the axis 
KL, MN, which are alſo the altitudes of the cones or cylinders ; and let 
the cylinders AO, EP be compleated ; I ſay that the baſes of the cylinders 


AO, EP are reciprocally proportional to the altitudes, that is, as the baſe 


ABCD to the baſe EFGH ſo 7s the altitude MN to the altitude KL. For 
the altitude KL is either equal to the altitude MN, or not: firſt, Jet it 
be equal ; but the cylinder AO is alſo equal to the cylinder EP; but the 
cones and cylinders being of the ſame altitude, are to one another as the 
baſes; therefore allo the baſe ABCD is equal to the baſe EFGH ; fo that 
alſo they are reciprocally proportional, as the baſe ABCD to the baſe FFGH 
fo is the altitude MN to the altitude KL. But now let the altitude KL not 
be equal to the altitude MN, but let MN be greater; and let QM be taken 
away from the altitude MN equal to KL; and through the point Q let 
the cylinder EP be cut by the plane TYS, being parallel to the oppoſite 


planes of the circles EFGH, RP; and from the baſe of the circle EGI. 


and with the altitude of QM, let the cylinder ES be conceived 70 be de- 
{cribed. And becauſe the cylinder AO is equal to the cylinder EP, and 
ES is ſome other cylinder, therefore it is as the cylinder AO to the cylinder 
ES fo is the cylinder EP to the cylinder ES: but as the cylinder * 


2, 
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to the cylinder ES ſo zs the baſe ABCD to the baſe 
EFGH, for the cylinders AO, ES are of the ſame. 
altitude; but (by 13. 12.) as the cylinder EP to the 
cylinder ES fo 7s the altitude MN to the altitude 
MQ, for the cylinder EP has been cut by the 
plane TS, being parallel to the oppolite planes; 
therefore it is as the bate ABCD to the baſe EFGH fo is the altitude 
MN to the altitude M: but the altitude MQ is equal to the altitude KL; 
therefore it is as the baſe ABCD to the baſe IEFGH fo 7s the altitude MN to 
the altitude KL; therefore the baſes of the cylinders AO, EP are reciprocally 
proportional to the altitudes. | 

But now let the baſes of the cylinders AO, FP be reciprocally propor- 
tional to the altitudes; and Jet it be as the bale ABCD to tne baſe EFGH 
ſo is the altitude MN to the altitude Ki: I ſay that the cylinder AO is 
equal to the cylinder EP. For, the ſame things being conſtructed, be- 
cauſe it is as the baſe ABCD to the baſe EFG11 fo is the altitude MN 
to the altitude KL; but the altitude KL is equal to the altitude MAQ ; 
therefore it is as the baſe ABCD to the baſe EFGH fo is the altitude 


MN to the altitude MQ: but (by 11. 12.) as the baſe ABCD to the baſe 


EFGH lo is the cylinder AO to the cylinder ES, for they are of the 
ſame altitude; but as the altitude MN to the altitude MIQ lo ts (by 13. 
12.) the cylinder EP to the cylinder ES; therefore it is as the cylinde; 
AO to the cylinder ES ſo is the cylinder EP to the cylinder I; there- 
fore (by 9. 5.) the cylinder AO is equal to the cylinder EP. And ir. 
like manner alſo of the cones. Which was to be demonſtrated. 


o XVI. 


Two circles being about the ſame center, to inſcribe within the 
greater Circle an equal-fided and an cven-H0umtd poiy;zon, not mect- 
ing the leſſer circle. 


Let the two given circles be ABCD, EFGH about the ſme center K 
now it is required to inſcribe within the greater circle ABC H an equal- 
ded and even-fided polygon, not meeting the circle EFG II. For letethe 
ſtraight line BD be drawn through the center K; and through the point G 

| Oo 2 | let 
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let AG be drawn at right angles to BD, and let it 
be produced to C; therefore (by 16. 3.) AC touches 
the circle EFGH : now cutting the circumference 
BAD in halves, and the half of it in halves, and 
always doing this, (by 1. 10.) we ſhall leave a cir- 
cermference leſs than AD: let it be left; and let it 
be N25 and from L let LM be drawn perpendt- 
cular-to BD; and let it be produced to N; and let LD, DN be joined ; 
therefore LD is equal to DN: and becauſe EN 1s parallel to AC, and AC 
touches the circle EFGH, thereſore LN does r not t touch the circle EFGIUH ; 
therefore LD, ND will not touch the circle EFGH by much; and if we 
apply in the circle, without interruption, /r2/ght lines equal to the ſtraight 
line LD, an cqual-ſided and even-{ded polygon will be inſcribed in th 
circle ABCD, not. meeting the leſſer circle EFGH. Which was to be 
done, 


FR DX XVII. 
Two ſphercs being about the fame center, to inſcribe in the 


greater ſphere a ſolid polyhedron, not meeting the leſſer ſphere with 
its ſurface. 


Let two ſpheres be underſtood to be about the ſame center A: now it is 
required to inſcribe in the greater ſphere a folid polyhedron, not meeting the 
leffer ſphere with its ſurface, Let the ſpheres be cut by ſome plane through 
the center: now the ſections will be circles; ſince, the diameter remaining 
in its place, and the femicircle being turned round, the ſphere was made 
(by 1:4. def. 11.) ſo that, in whatey er poſition we conceive the ſemicircle, 
the plane of it being produced will make a circle with the ſurface of the 
ſphere ; and it is evident allo that 2 zs a great circle, ſince the diameter o 
the ſphere, which is allo the diameter of the ſemicircle, and certainly of the 
circle, is greater than any. of the ſtraight lines drawn in the circle or {pherc: 
then let BCDE be a circle in the greater ſphere, and FGH a circle in the 
leſſer ſphere; and let BD, CE, two diameters of them, be drawn at right 
angles to one another; and (by 16. 12.) the two circles BCDE, FGit 
being about the fame center, let an equal-ſided and even- ſided polygon 
be inſcribed in the greater circle BCDE not meeting the leſſer circle FO! 


4 
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let the ſides of which in the fourth part of tbe circle BE be 
ME; and KA being joined, let it be produced to N; f. 
let AO be erected at right angles to the plane of the circle BC DE, and let it 
meet with the furface of the ſphere | in © and through A0 and 


#Y 1 
And 


froin the point 


I 


lines BD, KN let planes be drawn; certainly, by what has been ſaid, they will 
make great circles upon the ſurface of the ſphere: let them make 3 of 


which let BOD, KON be ſemicircles upon NA diameters BD, KN: and 


each of the 


becauſe OA is perpendicular to the plane of the circle BCDE, therefore alſo 
(by 18. 11.) all the planes through AO are perpendicular to the plane of 
the circle BC DE; fo that alſo the ſemicircles BOD, RON ate pe 
cular to the plane 

of the circle BCD: 
and becauletheiem!- 
circles BOD, KON 
are equal, for they are 


rpeindis 


upon equal diame- 
ters BD, KN, the 
fourth parts of tbe 
circles BE, BO, KO 


are equal to one ano- 


ther; therefore as 


many ſides of the 
polygon as there are 
in the fourth part 


3 . F DJ 4 7. +4 #4 * 18 « & 7 
BE, 10 Many are tier alſo in the fourth Parts 30 , KO cc (JU: al to the rat 


lines BRK, KL, LNI, Milz: let thein 


: 
Si 


be inſcribed, and let them be T E. 
} ; 1 A ar IT 1 1 1 2 8 
PQ, Q E, RO, RS, S I, II, V0; and ler 8P, I R be joined; and ah 


perpend iculars be Qrawn from P, S tothe Plane of the circle BDE: now 
they will fall (by 38. 11. pon BD, KN the common ſections of the planes, 
fince alſo the planes of EOD, KON ate perpendicular to the plane of the 
circle BCD E.: let them fall, and let them be PV SX; and let VX be 


9 * 1 1 | "'S - . o = * * 4 % — ; - — * * 
* * f % # A * - p 4 ..% I 3 | ”_ * 6 * 3 FIX. » % * 4 42 144 a% #4 % 
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ferences' BP, KS have been taken, and the perp-.dicutars PV, SX have 
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been drawn, therefore FV is equal to SX, and BV to KX; but the 
1 7 18 „ 1. Py 4 "s > 1 | i : LW |S 4.4 'D © PR " iy a. | . * yr Sn , , J. 1 
whole BA is alſo equal to ne Whole K therctore alto the remainder VA 
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is equal to the remainder XA; therefore it is as BV to VA To is KN 
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to XA; therefore {by 2. 6.) VX is parallel to BK: and becauſe each of 
the lines PV, SX is perpendicular to the plane of the circle BC DE, there- 
fore (by 6. 11.) PV is parallel to SX; but it has been demonſtrated alſo 
io be equal to it; therefore (by 33. 1.) XV, SP are equal and parallel: and 
becauſe XV is parallel to SP, but XV 1s parallel to KB, therefore alto 
(by 9. 11.) SP is parallel to KB; and BP, KS join them, therefore the 
four-ſided frure KPS is in one plane, ſince, (by 7. 11.) if there be two 
parallel ſtraight lines, and in cach of them any points that may accidentally 
happen are taken, the ſtraight line joining the points is in the ſame plane 
with the parallels. Certainly, for the ſame reaſon allo, each of the four- 
ſided figures SPOT, QR are in one plane; but the triangle (by 2. 11.) 
YRO is in one plane: now if we conceive ſtraight I'nes joined to A 
from the points P, 8, Q I, R, Y, a certain figure, a ſolid polyhedron will be 
conſtituted between the circumferences BO, KO, compounded of pyramids 
the baſes of which are the four- ſided figures KBPS, SPQT, TQRY, and 
the triangle YRO, and the point A the vertex : but if alſo the ſame things 
be conſtructed upon each of the ſides KL, LM, ME. as upon KB, and 
beſides in the three remaining quadrants, and in the remaining hemiſphere, 
a certain figure, a polyhedron, inſcribed in the ſphere, will be conſtituted 
compounded of pyramids the baſes of which are the ſaid four- ſided figures, 
and the triangle YRO, and figures of the like order with them, and the 
point A the vertex. I ſay that the ſaid polyhedron does not touch with its 
urface the leſſer ſphere upon which is the circle FGH: let the perpendicular 
AU be drawn to the plane of the 'four-fided figure KBPS, and let it meet 
the planc in the point U; and let BU, UK be joined: and becauſe AU is 
perpendicular to the plane of the four-ſided Zgure K BPS, therefore alſo AU 
is perpendicular to all the ſtraight lines touching it, and being in the plane 
of the four-ſided figure; therefore AU is perpendicular to each of the % 
BU, UK: and becauſe AB is equal to AK, therefore alſo the Huare of 


AB is equal to the /quare of AK, and the /quares of AU, UB are equal 
to the /quare of AB; for the angle at U is a right angle, and the /quores of 


AU, UK are equal to lhe /quare of AK; therefore the /quares of AU, U 
are equal to the ſquares of AU, UK: let the common /quare of AU be 
taken away; therefore the remainder, the /quare of BU, is equal to the 


ſquare of UK; therefore BU is equal to UK : certainly in like manner we 


aal! demonſtrate, that the ſtraight lines joined to P, S from U are equal to 


each 
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each of the lines BU, UK; therefore a circle deſcribed with the centre U, Book XII. 
and with the diſtance of one of the lines UB, UK, will aifo come through "> 


P, S; and the four-ſided fgure KBPS will be in a circle: and becauſe KB 
! N CT” TH 


is greater than XV, but XV is equal to 81 therefore KB is 
than SP:; but KB is ec jual to each of the lines KS, BP; tl refore also 


3 


each of tlie lines KS, BP is greater than SP: and becauſe che ſour-fide 
figure RBPS is in a circle, and KB, BP, KS are equal, and PS leſs; and BU 
is from the centre of the circle ; therefore the /qrore of KB is gicater than 
double of the /quere of BU : alſo from the point K let KZ be drawn perpen- 
dicular-to BD; and becaule BD is ets than the double T 18 and it is (by 
1. 6.) as BD to DZ ſo is the ec le contained by DB, BZ to the recaugle 
contained by DZ, ZB; now a ſquare being deſcribed upon 5 Z) and the paral- 
telogram upon DZ being compleated; therefore 15 the rectaugle Containe 
by DB, BZ is leis than the double of the reckangle contain'd by DZ, ZB 
and beſides, KD being joined, the reffangle contained - -DB. BZ is (by 
8. 6.) equal to the ſquare of KB; and the refangle contained by DZ, ZB is 
equal to the /quare of KZ; therefore the /qxare of K is lets than the dou- 
of the /quare of KZ: but the ſquare of KB is more than double of the /qzare 
of BU; therefore the Ruan of K is greater than the /quare of BU : and 
becauſe BA is equal to KA, the /quare of BA is equal to the /quare of KA 
and the /quares of BU, UA are equal to the /qu2ze of PAN; and the /quares 
of KZ, ZA are equal to the ſquare of KA; ther. fore tile fur, of BU, UA 
are equal to the /quares of KZ, ZA; of which the /qza e of KZ is greater 
than the ſquare of BU ; therefore the remainder, the hre of ZA, is lef 
than the /quare of UA; therefore AU is greater thin AZ; therefore AU 
is greater by much than AG; and AU is upon one baſe of the polyhedron, 
and AG upon the ſurface of the leſſer ſphere; ſo that the polyhedron will 
not meet the leſſer ſphere with its ſurface. 


z 


Orurgwisg. Now it mult be demonſtrated differently, and more expe- 
ditiouſly, that AU is greater than AG. From G let GL, be driwn at right 
angles to AG; and let AL be joined; now. cutting the circumference EB 
in halves, and the half of it in halves, and ek this always, we ſhall 
leave a certain circumference, which is les hen thet part of the circumference! 
of the circle BCD, which is ſubcended by a line equal to GL: er it be 
leſt; and let it be the circumterence K 5; therefore alſo the ſtra 


KB is leſs than GL : and becauſe the four-ſided figure PKSP is 15 : 


ſquare of ALL is equal to the /junre of AB: but the ſquares of AG, GL are 


ſphere BCDE has to the folid polyhedron in the other ſphere the triplicate 


like order of pyrainds, the pyramids will be ſimilar ; but fimilar pyramids 


. hedron in tne here about the centre A has to the whole ſolid polyhedron in 
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4 IT) TY. 7 1” Ay 4-7 Q x 4 £4 ? » 2. br . vi «> v0 7 8 3 0 ' © 
and PP, PK, KS are equal, and PS lefs, therefore tie angle BUK is obtuſe; 
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therefore BK is greater than BVA: but GL is greater than BK; therefore 
: 1 16 a 1 : =. 2 2 1 2417 12 1 84. „ 7 . » «„ 4 1 33 28 
Lis greater by much than BU ; therefore alſo the /qr2re of GIL is greater 


J - 14 * 7 163 4 1 = | ' Fa. 1 1 | 4 v 85 A 12 > 4 , D 5 
han the Hugre of EU: and becauſe AL is equal to AB, therefore alto th: 


equal to the /quazre of AL; and the /qu2res of BU, UA are equal to the 
ſquare of AB; therefore the ſquares of AG, GL, are equal to the ſquares of 
BU, UA; of which the /qrare of BU is leſs than the hure of GL; the: 
remainder therefore the ſquare of UA, is greater than the /quere of AG; 
therefore AU. is greater than AG. 14 hMerciore two ſpheres being about the 
ſame centre, a ſolid polyhedron has been inſcribed in the greater ſphere, 
not meeting the leſſer ſphere with its ſurface. Which was to be demon- 
ſtrated. | 

Cor. And if a ſolid polyhedron be inſcribed in another ſphere, ſimila: 
to the ſolid polyhedron in the ſphere BCDE, the ſolid polyhedron in the 


ratio of that which the diameter of the ſphere BCDE has to the diameter 
of the other ſphere : for the folids being divided into a like number, and a 


are to one another (by cor. $.- 12.) in the triplicate ratio of tlie ſides of 
like ratio; therefore the pyramid the baſe of which is the four-ſided fgyr? 
KBPS, and the point A the vertex, has to the pyramid of like order in the 
other ſphere the triplicate ratio of that which the ſide of like ratio has to 
the ſide of like ratio; that is, which AB from the centre of the ſphere 
about the centre A has to the line from the centre of the other ſphere : but 
in like manner alſo each pyramid of thoſe in the ſphere about the centre 
A will have to cach pyramid of like order of thoſe in the other ſphere, the 
triplicate ratio of that which AB has to the line from the centre of the 
other ſphere ; and as one of the antecedents to one of the conſequents 1o 
are all the antecedents to all the conſequents ; ſo that the whole ſolid poly- 


the other iphere, the triplicate ratio of that which AB has to the line from 
the centre of the other ſphere ; that is, which the diameter BD has to the 
Atameter of the other ſphere, Which was to be demonſtrated. 


P-R:O-F. 


„ VIII. 
The ſpheres are other in the trinticats tio o het 
The ſpheres are to one another in the tripucate ratio of their own 


dlameters. 


Let ſpheres ABC, DEF be conceived, and BC, EF the diameters of them; 
I ſay that the ſphere ABC has to the ſphere DEF the triplicate ratio of 7/7 
which BC has to EF. For if not, therefore the ſphere ABC will have 0 
ſome leſſer, or to ſome greater ſphere than the ſphere DEE, the triplicate ratio 
of that which BC bas to EF: let it have it, firſt, to a leſſer GHRK, and ler 
the ſphere PFF be underſtood 70 he about the faine centre with GIIK; and 
let a ſolid polyhedron be inſcribed in the greater ſphere DEF (by 17. 12.), 
not meeting with its ſurface the leſſer ſphere GHRK ; and let a ſolid poly- 
hedron be inſcribed in the ſphere ABC, ſimilar to the ſolid polyhedron in 
the ſphere DEF: therefore (by cor. 17. 12.) the ſolid polyhedron in ABC 
has to the ſolid polyhedron in DEF the triplicate ratio ef that which BC has 
to EF: bur the ſphere ABC has to the ſphere GHK the triplicate ratio 
(by hyp.) of that which BC has to EE; therefore it is as the ſphere ABC 
to the ſphere GIIK fo is the folid polyhedron in the ſphere ABC to the 
ſolid polyhedron in the ſphere DEF; therefore, alternately, as the ſphere 
ABC to the fold polyhedron in it | 
ſo is the ſphere GHE to the ſolid 
polyhedron in the ſphere DEF: but 
the ſphere ABC is greater than the 
polyhedron in it; therefore alio the 
Iphere GHK is greater than the 
polyhedron in the ſphere DEF ; But 
it is alfo leis, for it is contained by 
it, which is impoſſible; therefore 
the ſphere ABC has not to a leis 
than the ſphere DEF the triplicate 
ratio of that which the diameter BC has to FF, Certainly in like man- 
ner we ſhall demonſtrate, that neither has the ſphere DEF to a lefs than the 
ſphere ABC the triplicate ratio Ft which EF. has to BC. Now I lay 
that neither has the ſphere ABC to any greater than the ſphere DEF the 
triplicate ratio of that which BC bas to EF; for, if poſlible, let it have ta 
P ©. greater 
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3 Book XII. a greater LMN; therefore, by inverſion, the ſphere LMN has to the 
| | — ſphere ABC the triplicate ratio of that which the diameter EF has to the 
| diameter BC: but as the ſphere LMN to the ſphere ABC ſo is the ſphere 
N DEF to ſome one leſs than the ſphere ABC, as has been demonſtrated 
| before, ſince LMN is greater than DEF; therefore allo the ſphere DEF 
| has to a leſſer than the ſphere ABC the triplicate ratio of that which EF 
has to BC, which has been demonſtrated 79 be impoſſible ; therefore the 
ſphere ABC has not to a greater than DEF the triplicate ratio of that which 
BC has to EF; but it has been demonſtrated, that neither has 7t to a lets: 
therefore the ſphere ABC has to the ſphere DEF the triplicate ratio f tha; 
which BC Has to EF, Which was to be demonſtrated, 
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F a ſtraight line be cut in extreme and mean ratio, the greater Book XIII. 


ſegment, taking to 27/e/f the half of the whole ine, is quintuple OP 
in power of the /qzare of half the whole Line. 


Let the ſtraight line AB be cut in extreme and mean ratio in the point C ; 
and let AC be the greater ſegment; and let the ſtraight line AD be pro- 
duced in a ſtraight line to AC; and let AD be put, the half of AB: I ſay 
that the iure of CD is quintuple of the /quare of AD. For let AE, Dr 

the ſquares of AB, DC be deſcribed; and let the figure be compleated in 
the ſquare DF; and let FC be produced to G: and becauſe AB has been 
cut in extreme and mean ratio in C, therefore (by 3 def. and , 
17. 6.) the refangle contained by AB, BC is equal to the _ 1 
ſquare of AC; and EC is the rectangle contained by AB, BC; 
and FH is the /quare of AC; therefore CE is equal to FH: PA 
and becauſe AB is double of AD; but BA is equal to KA, Os 
and AD to AH; ; therefore alſo KA is the double of AH: K GE 
| P p 2 
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AD, DC, with the recfangle contained by AD, DC taken twice, are | 
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but as KA to AH fo (by 1. 6.) is KC ro CH ; therefore KC is double of 
CH : but alſo LH, HC are the double of HC; therefore KC is equal to 
LH, HC: but CE. has been alfo demonſtrated to be equal to the /quare 
FH ; thercfore the whole ſquare AE 1s equal to the gnomon EMA: and 
becauſe BA is double of AD, the ſquare of BA is quadruple of the ſquare 
of AD; that is, AE is quadruple of the ſquare DH: but AE is equal to the 
gnomon LMA ; therefore the gnomon LM is quadruple of DH : there- 
fore the whole /quare DF is quintuple of DH; and DF is the /guare of CD, 
and DH the /quare of AD; therctore the ſquare of CD is quintuple of the 


ſquare of DA. Therefore, it a ſtraight line be cut in extreme and mean 


ratio, the greater ſegment, taking to 7/elf the half of the whole line, is 


LY 


cuintuple in power of the ſquare of half the line. Which was to be demon- 


ſtrated. 


ScnoLivum. ANar.ys1s is the taking of the bing ſought as granted, 
through the conſequences, to ſome acknowledged truth. SYNTHESIS is the 
taking of the thing granted, through the conſequences, to the determination 
or finding of the Hing ſought, 


The enalyſis of the ſaid theerem, without the deſcription of the figure. 


For let any ſtraight line DB be cut in extreme and mean ratio in C; and 
let DC be the greater ſegment; and let DA be put equal to the half of DB: 
I fay that the /qzare of AC is quintuple of the ſquare of AD. For becauſe 
(by anal.) the qzare of AC is quintuple of the /quare of AD; but (by 4. 2.) 
the ſquare of AC is equal to the /qzares of AD, DC, together with the 7ec7- 
angle contained by AD, DC taken twice; therefore the /quares of B 


quintuple of the /quare of AD; therefore, by diviſion, the ſquare of ic 
CD, with there angle contained by AD,DC taken twice, are quadruple D 
of the ſquare of AD : but the rectangle contained by AD, DC taken. | 
twice is equal to the reclangle contained by BD, DC, for BD is the 
double of DA; and the /quare of DC is equal to the re#angle con- A 
tained by DB, BC, for DB has been cut in extreme and mean ratio; there- 
tore the rectangle contained by BD, DC, together with the refangle contain! 
by DB, BC, are quadruple of the /qzare of A: but the rectangle contoine: 
by BD, DC, together with the rectangle contained by DB, BC, are (by 2. 2.) 

equal 
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equal to the /qyare of DB ; therefore the /quare of DB is quadruple of the Book xIIt. 


ſquare of AD; but it is %, for DB is double of DA. 
The ſyntheſis of the ſame, Then, becaule the /quare of DB is quadruple 
of the ſquare of AD; but the ſquare of DB is equal to the e. role con- 
tained by DB, DC, together with the recfangle contained by DB, BC . 
therefore the recangle contained by BD, DC, together with the rectangle 
contained by DB, BC, 15 quadruple of the /quare of AD : but the rec angle 
contained by BD, DC is equal to the vectangle contained by AD, DC taken 
twice; and the rectangle contained by DB, BC is equal to the Square of DC 
therefore the /quare of DC, together with the refangle contained by AD,DC 
taken twice, is quadruple of the /quare of AD ; fo that the /qrares of AD, DC, 
together with the rectangle contained by AD, DC taker twice, are quintuple 
of the ſquare of AD: but the ſquares of AD, DC, together with the rect— 
angle contained by AD, DC raten twice, are equal to the ſquore of AC; 
therefore the ſquare of AC is quintuple of the /qzare of AD. Which was 
to be demonſtrated, | 


/ 


„( 

If a ſtraight line be quintuple in power of a ſegment of itſelf, the 
double of the ſaid ſegment being cut in extreme and mean ratio, 
the greater ſegment is the remaining part of the ſtraight lite from 
the beginning. 


* 


For let the ſtraight line DC be quintuple in power of AD, a ſegment of 


itſelf; and let AB be double of AD: I ſay that, AB being cut in extreme 
and mean ratio, AC is the greater ſegment. For let the ſquares DF, AF, 
be deſcribed upon each of the lines DC, AB, and let the figure be com- 
pleated in the ſquere DF, and let FC be produced to G: and becauſe the 
Square of DC is qui intuple of the /uν,ẽᷓ of DA; that is, the /quare DF of 
DH; therefore the gnomon LM is quadruple of DH : and becauſe AL 
js double of AD, therefore the rare of AB is quadruple 
of the ſquare of AD; that is, AE of DH : but the gno- 
mon LMA has been demonttrated 2% % quaaruple of DH; 
therefore the gnomon IMA is equal to AE: and becauſe 


"hp 


AB is double of AD; but AB is equal to AK, and AD 
to AH; therefore KA is double of AH; therefore alſo K.:G E 


——— 
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Fock XIII. KC is double of CH; and alſo LH, HC are double of HC; therefore 
—— KC is equal to LH, HC: but the whole gnomon LMA has been alſo 
demonſtrated to be equal to AE; therefore the remainder, the /qauare FH, 
is equal to CE: but CE is the rectangle contained by AB, BC, for AB is 
equal to BE; and FHF is the /quare of AC; therefore the rectangle contained 
by AB, BC is equal to the ſquare of AC; therefore it is as AB to AC ſo 
?zs AC to CB: but AB is greater than AC; therefore allo AC greater than 
CB: therefore the ſtraight line AB being cut in extreme and mean ratio, 
AC is the greater ſegment. Therefore, if a ſtraight line be quintuple in 
power of a ſegrnent of itſelf, the double of the ſaid ſegment being cut in 
extreme and mean ratio, the greater ſegment is the remaining part of the 
ſtraight line from the beginning. Which was to be demonſtrated. 
LEMuMA. It muſt thus be demonſtrated, that the double of AD is greater 
than AC. For if not, if poſſible, let AC be'double of AD ; therefore the 
fquare of AC is quadruple of the /quare of AD ; therefore both the /quares 
of AC, AD are quintuple of the /quare of AD: but the /quare of DC is 
alſo ſuppoſed quintuple of the /azare of AD; therefore the ſquare of CD is 
equal to the /quares of DA, AC, which (by 4. 2.) is impoſſible; therefore AC 
is not double of AD. Certainly in like manner we ſhall demonſtrate, that 
neither is a leſs /ize than AC double of AD; for the abſurdity is greater by 
much: therefore the double of AD is greater than AC. Which was to be 


demonſtrated. CE | 
| Scuholluu. The analyſis of the ſaid theorem. For let any ſtraight line 


AC be quintuple in power to AD, a ſegment of itſelf; and let DB be 
put, the double of AD : I fay that DB has been cut in extreme and mean 
ratio in the point C; and that DC 1s the greater ſegment, which is the 
remaining part of the ſtraight line from the beginning. For becauſe DB 
has been cut in extreme and mean ratio in C, and DC is the greater ſeg- 
| ment, therefore the re&angle contained by DB, BC is equal to the 8 
1 /quare of DC: but the reFangle contained by BD, DC is equal to the 


= of "5 
a 6 > * 
A Ris a no 


| 
þ | rectangle contained by AD, DC taten twice, for BD is double of i 


| DA; therefore the redtangle contained by DB, BC, together with 5. 
| the reFangle contained by BD, DC, which is the ſquare of DB (by 
2. 2.), is equal to the refangle contained by AD, DC taken twice, | 
| together with the /quare of DC: but the /quare of DB is quadruple A 

of the /qzare of ND; therefore the reFangle contained by AD, DC, 2akes 


| twice, 
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twice, together with the Square of DC, is quadruple of the ſquare of AD; Book XII. 
ſo that allo the /quares of AD, DC, together with the re#angle contained by YT. 
AD, DC taten twice, which is the /qxare of AC, are quintuple of the /quarc 
of AD; and it is %, by the ſuppoſition. 

The ſyntheſis of the ſame. "Then becauſe the ſquare T; AC is quintuple of 
the yuare of AD; but the /qu2re of AC is equal to the ſquares of AD, DC, 
together with the rectangle contained by AD, DC taten twice; therefore the 
ſquares of AD, DC, together with che reckanglæ contained by AD, DC taker; 
twice, are quintuple of i the /quvare of AD; cherefore, by diviſion, the rect 
angle contained by AD, DC taken twice, together with the /quare of DC, is 
quadruple of the /qxare of AD; but the /quare of DB is allo quadruple of 
the /quare of AD ; therefore the rectaugle contained by AD, DC taken twice, 
which is the refangle contained by BD, DC faken once, together with the 
ſquare of DC, is equal to the /quare of DB: but the /quare of DB is equal to 
the rectangle contained by BD, DC, together with the re/angle contained by 
DB, BC, therefore the reclangle centaiued by BD, DC, together with the ref- 
angle contained by DB, BC, is equal to the rectangle contained by BD, DC, 
together with the hure of DC; and the common rectangle contained by BD, 
DC being taken away; therefore the remainder, the re&ang/e contained by DB, 

BC, is equal to the /quare of DC; therefore it is (by 17. 6.) as BD to DC 
ſo is DC to CB: but DB is greater than NC ; therefore alſo DC is greater 
than CB; therefore DB has been cut in extreme and mean ratio in C, 
and DC is. the greater ſegment. Which was to be dcinonftrated, 


PR OP; im, 

If a ftraight line be cut in extreme and mean ratio, the leſſe: 
ſegment, taking 70 ige, the half of the greater ſegment, is quintuple 
in power of the ſquare of hait the greater ſegment. 


For let any ſtraight line AP be cut in extreme and mean ratio in the 
point C, and ler AC be the greater ſegment ; and let AC be cut in halves 
in D: I ſay that the /quare of BIZ quintuple of the ſguars of DC. For 
let the ſquare AE. be di ſcribed upon ; and let the figure be compleated : 
and becauſe AC is double cf DC, i /quare of AC is quadruple of the 
ſquare of DC; that is, RS is quadruple > : and becauſe the reifong!e 
contained by AB, BC i 18 equal to the fquare c AC, and CE is the rectangle 

2 | -ontained 
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Book XIII. contained by AB, BC, and RS the 1 dare of AC, there- 


—— fore CE. is equal to RS; but RS is quadruple of FG; 1 TT TO 
| therefore alſo. CE. is quadruple of O: again, becauſe 1 5 111 
AD is equal to DC, HK is alſo equal to KF; fo that allo 11 2 45 
| - he ſquare GF is equal to the ſquare HL; therefore G F< a | 
is equal to KL, that is, MN to NE; ſo that alſo MF 3 
| is equal to FE: but M is equal to CG; therefore alſo CG is equ- | t 
| FE : let the common ace CN be added; therefore the gnomon DMF 
equal to CE: but CE has been demonſtrated 20 be quadruple of GE, 


therefore alſo the gnomon DMF 1s quadruple of GF; therefore DN 
quintuple of the ſquare GF; and DN is the /quere of DB, and GF the 
ſquare of DC ; therefore the /quare of DB is quintuple of the /qrere of 
DT. Which was to be demonſtrated. 
ScnoLIuM. The analy/is of the ſaid theorem. For let the ſtraight line AB 
be cut in extreme and mean ratio in the point C; and let AC be the 
greater ſegment, and CD the half of AC: I ſay that the ſquare of | 
| BD is quintuple of the fquare of CD. For becauſe the ſquare of e 
| | BD is e oi the ſquare of DC ; but the Vñuare of BD is equal 
| to the refangie contained by AB, BC, together with the ſquare of DC 
by 6. 25); INES the rectangle contained by AB, BC, together 
with the /qzare of DC, is quiatuple of the /quare of DC; therefore, A 
by diviſion, the rectangle contained by AB, BC is quadruple of the /quare of 
DC: but the /quare of AC is equal to the reangle contained by AB, BC, for 
AB has been cut in extieme and mean ratio in C; therefore the /quare of AC 
is quadruple of the /qzare of DC: but it is fo, for AC is double of CD. 
The ſyntheſis of the fame. Becauſe AC is the double of DC, the iure 
of AC is quadruple of the /quare of DC: but the /quare of AC is cut 
to the reclangle contained by AB, BC; therefore the rectangle contained b. 
AB, BC is quadruple of the ſquare of CD; therefore, by compoſition, 
the rectangle contained by AB, BC, together with the /quare of DC, which 


(by 6. 2.) is the ſquare of DB, is quintuple of 6 mk of DC. Which 
was to be demonſtrated. 


B 


| Dr 


: 
i: 


M 


Tf a ſtraight line be cut in extreme and mean ratio, the ſquare oi 
the whole and of the leſſer ſegment, both the ſquares together are 
triple of the tquare of the greater ſegment. 


] F of i 
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Let AB be a ſtraight line, and let it be cut in extreme and mean ratio in 
C; and let AC be the greater ſegment : I lay that the ſquares of AB, BC 
are triple of the uare of AC. For let the ſquare ADEB be deſcribed upon 
AB; and let the figure be compleated : then becauſe AB has been cut in 
extreme and mean ratio in C, and AC is the greater ſegment, therefore the 
rectangle contained by AB, BC is equal to the /quare of AC, and AK is the 
rectangle contained by AB, BC; and HG the /quare of AG ; therefore AK 
is equal to HG : and becauſe AF is equal to FE, let 
A 1 
the common pace CK be added; therefore the whole AK | 


is equal to the whole CE; therefore CE, AK are double H K 


of AK : but AK, CE, are the gnomon AKG, and the FE 


fquare CK; therefore che gnomon AKG, and the ſquare 3 | 
CK, are double of AK: but alſo AK has been demon- 19 1 
ſtrated zo be equal to HG; therefore the gnomon AKG, and the ſquare CK, 
are double of HG; ſo that alſo the gnomon AKG, and the ſquares CK, IIG, 
are triple of the ſquare HG ; and the gnomon AKG, and the ſquares CK, 
HG, are the whole AE, CK; which are the ſquares of AB, BC: but HG 
is the ſquare of AC; therefore the ſquares of AB, BC are triple of the 
ſquare of AC. Which was to be demonſtrated. 

ScuoLIum. The analy/is of the ſaid theorem. For let the ſtraight line AB 
be cut in extreme and mean ratio in C; and let AC be the greater ſegment: 
I ſay that the /quares of AB, BC are triple of the u re of AC. For g, 
becauſe the ſquares of AB, BC are triple of the ſquare of AC; but | 
(by 7. 2.) the ſquares of AB, BC are equal to the rectangle contained 0 


2 — 


by AB, BC taken twice, together with the /quare of AC; therefore | 


the rectangle contained by AB, BC taken twice, together with tic 
Jquare of AC, is triple of the /quare of AC; therefore, by diviſion, 
the refangle contained by AB, BC taken twice, is double of the A 
Jquare of AC; ſo that the refangle contained by AB, BC faben once, is equal 


to the Jquare of AC: but it is /, for AB has been cut in extreme and 


mean ratio in C. 

' The Jyntheſi s of the ſame. Nos. becauſe AB has been cur in extreme and 
mean ratio in C, and AC is the greater ſegment, therefore the reFang/e 
contained by AB, BC is equal to the /quare of AC; therefore the rectang'c 
contained by AB, BC taken twice, is double of the ſquare of AC; there- 
fore, by compoſition, the rectangle contained by AB, BC taken twice, together 


Q q with 


— — ——j——2—— ——— FP— ——— 
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Book XIII. with the quare of AC, is triple of the /quare of AC: but (by 7. 2.) the 

— rectangle contained by AB, BC taken twice, together with the ſquare of AC, 
is the ſquares of AB, BC : therefore the ſquares of AB, BC are triple of the 
Fuare of AC, | 


— -, N 


— — > — — 


„ „ 
| If a ſtraight line be cut in extreme and mean ratio, and if a line 
equal to the greater ſegment be added 79 it, the whole ſtraight line 
hath been cut in extreme and mean ratio, and the Freater ſegment 
e is the ſtraight line from the beginning. 
| 


For let the ſtraight line AB be cut in extreme aad mean ratio in C; and 
jet AC be the greater ſegment; and let AD be put equal ro AC: I ſay that 
the ſtraight line DB has been cut in extreme and mean ratio in A, and that 

the ſtraight line from the beginning AB is the greater ſegment. For let 
the ſquare AL be deſcribed upon AB, and let the figure be compleated : 
now becauſe AB has been cut in extreme and 


| mean ratio in C, therefore the re&angle contained * 1 Sy 
by AB, BC is equal to the ſquare of AC; and CE _ | 
is the ref/angie contained by AB, BC; and CH is L ie 

= the ſquare of AC; therefore CE is equal to CH: 1 ry " | 

[ but CE is equal to HE; and CH is equal to 5 

| DH ; therefore alſo DH is equal to HE : let the common ſpace HB be 

= added ; therefore the whole DK is equal to the whole AE: and DK is the 

q rectangle contained by BD, DA, for AD is equal to DL; and AE is the 


fauare of AB; therefore the rectangle contained by BD, DA is equal to the 
ſquare of AB; therefore it is (by 17. 6.) as DB to BA ſo. is BA to AD: 
but DB is greater than BA, therefore alſo BA is greater than AD: there-. 
fore DB has been cut in extreme and mean ratio in A, and AR is the greater 
ſegment. Which was to be demonſtrated, | 
ScnoLiuM, The analyſis of the ſaid theorem. For let any ſtraight line 
DB be cut in extreme and mean ratio in C; and let the greater ſegment 
be DC; and let DA be put equal to DC: I ſay that AB has been cut 
* | | extreme and mean ratio at D, and that DB is the greater ſegment. Fot 
1 becauſe AB has been cut in extreme and mean ratio in D, and DB is th; 


— 


9 


real 
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greater ſegment, therefore it is as AB to BN to. is BD te DA: . 
but AD is equal to DC; therefore it is as AB to BD -fais:-BD to 
DC; therefore, by converſion, as AB to AD ſo is BD 10 BC; i" 
therefore, by diviſion, DB is to DA as De to CB: but AD: js 
equal to DC; therefore it is as DB to DC { is DC to C: but 
it 18 %, for DB has beca cut (by hyp.) in extreme and mean ratio | 
in C. A 

The ſyntheſis of the ſame. Now becauſe DB has been cut in extreme an 
mean ratio in C, therefore it is as BD to DC ſo is DC to CB: but DC 
is equal to DA; therefore it is as BD to DA fois DC to CB ; therefore, 
by compoſition, AB 7s to AD as DB to BC; and, by converſion, as A3 
to DB ſo 15 DB to DC: but AD is equal to DC ; therefore it is as AB C0 
DB fo is DB to DA; therefore AB has been cut in extreme. and mean ratio 
in D, and DB is the greater ſegment. Which was to be demonſtrated. 


EMMA VI. 


If a rational ſtraight line be cut in extreme and mean ratio, each 
of the ſegments is the irrational ee called an apotome. 


Let DB be a rational ſtraight line, and let it be cut in extreme and mean 
ratio in C; and let DC be the greater ſegment : I ſay that each of the ſeg- 
ments DC, CB is the irrational line called an apotomé. For let BD be 
produced to A; and let DA be put, the half of DB: now becauſe the 
ſtraight line DB has been cut in extreme and mean ratio in C; and DA, 
being the half of DB, is added to the greater ſegment DC; therefore (by 


1. 13.) the /quare of AC 1s quintuple of the /quare of DA; there 
fore the /quare of AC has to the ſquare of AD the ratio which num- _ J 
ber has to number; therefore (by 6. 10.) the /quare of AC is com- Ee 


menſurable to the /q#4are of AD : but the /quare of DA is rational, Df 
for DA is rational, being the half of AB, 7t being rational; there- 
fore alſo (by 6. def. 10.) the /quare of AC is rational; therefore 
alſo (by 8. def. 10.) AC is rational: and becaule the /qzare of AC 
has not to the /quare of AD the ratio which a ſquare number has to a ſquare 
number, therefore (by 9. 10.) AC is incommenturable in length to AD; 
therefore CA, AD are rational lines, commenſurable only in power; there- 


Qq 2 fore 
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Book XIII. fore (by 74. 10.) CD is an apotome : again, becauſe DB has been cut in 

| extreme and mean ratio, and CD is the greater ſegment, therefore the 

rectangle contained by DB, BC is equal to the ſquare of CD; therefore the 

| Jquare of the apotome CD, applied to the r-:1onal line DB, makes the 

breadth BC: but the /quare of an apotome (by 98. 10.), applied to a 

rational line, makes the breadth a firſt apotome; therefore BC is a firlt apo- 

tome : but DC has been demonſtrated 7o be an apotoine. Therefore if a 

rational ſtraight line be cut in extreme and mean ratio, each of the ſegments 
is the irrational /ine called an apotome. Which was to be demonſtrated. 


P'R OP. VII. 


If the three angles of an equilateral pentagon, either the angles 


following in order, or not following in order, are equal, the penta- 
gon will be equiangular. 


For, firſt, let the three angles of the equilateral pentagon ABCDE, fol- 
/owing one another in order, be equal to one another, the angles at the 
points A, B,C; I ſay that the pentagon ABCDE is equiangular. For 
let AC, BE, FD be joined; and becauſe the two CB, BA are equal to 
the two BA, AE, each to each, and the angle CBA is equal to the angle 
BAE, therefore the baſe AC is equal to the baſe BE; and the triangle 
ABC is equal to the triangle ABE ; and the remaining ages will be 
equal to the remaining angles, theſe under which the 
equal ſides are extended, BCA to BEA, and ABE 
to CAB; ſo that allo (by 6. 1.) the fide AF is equal 
to the ſide BF: but the whole AC has been alſo 
demonſtrated zo be equal to the whole BE; therefore 
| the remainder FC is equal to the remainder FE; but | | 
'Y | CD is alio equal to DE: now the two FC, CD are equal to the two 
p FE, ED; and FD, the baſe of them, is common; therefore the angle FCD 
is equal to the angle FED : but the angle BCA has been demonſtrated 
to be equal to AEB; therefore the whole BCD is equal to the whole AED: 
but BCD is ſuppoſed equal to the angles at the points A, B; therefore 
alſo AED is equal to the angles at the points A, B: certainly, in like 
manner, we ſhall demonſtrate that alſo. the angle CDE is equal to the 
angles at the points A, B: therefore the pentagon ABCDE is equiangular. 

2 But 
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But now let them not be equal, the angles fellorving in order; but let the Book XIII. 
angles at the points A, C, D be equal: I ſay that alſo thus the pentagon 


ABCDE is equiangular. For let BD be joined; and becauſe the two 
BA, AE are equal to the two BC, CD, and contain equal angles, there- 
fore the baſe BE is equal to the baſe BD; and the triangle ABE is equal 
to the triangle BCD; and the remaining angles will be equal to the remain= 
ing angles, thoſe under which the equal fides are extended; therefore the 
angle AEB is equal to CDB : but alfo the angle BED is equal to BDE, 
becauſe the ſide BE is equal to the ſide BD; therefore the whole angle 
AED is equal to the whole CDE: but CDE is ſuppoſed equal to the angles 
at the points A, C; therefore alſo the angle AED is equal to the angles at 
the points A, C: certainly, for the ſame reaſon alſo, ABC is equal to the 
angles at the points A, C, D: therefore the pentagon ABC DE is equt- 
angular. Which was to be demonſtrated. 


PN OP. VIII. 


If ſtraight lines ſubtend two angles /9//2wing in order of an equi- 
lateral and equiangular pentagon, they cut one another in extreme 
and mean ratio, and the greater ſegments of them are equal to the 
fide of the pentagon. 


For let the ſtraight lines AC, BF. ſubtend two angles of the equilateral 
and equiangular pentagon ABCDE, the angles Vollotving in order at the 
points A, B, cutting one another in the point H; I ſay that each of them 
has been cut in extreme and mean ratio in H, and that the greater ſegments 
of them are equal to the ſide of the pentagon. For let the circle ABC DE. 
be circumſcribed about the pentagon AB CDE (by 14. 4.): and becauſe the. 
two ſtraight lines EA, AB are equal to the two fraig !; 
lines AB, BC, and contain equal angles, therefore 
the baſe BE is equal co the baſe AC; and the triangle 
ABE is equal to the triangle ABC; and the remain- 
ing angles will be equal to the remaining angles, each 
to each, tho/e under which the equal ſides are extended; 
therefore the angle BAC is equal to ABE; therefore (by 32. 1. ) AHE is 
double of the angle BAH, for it 1s the outward angle of the triangle ABH : 


but. 


'Byok XIII. 
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but EAC is alſo (by 33. 6.) double of BAC, ſince the circumference 


FE DC is double of the circumference CB; therefore the angle HAE i; 


equal to AHE; fo that (by 6. 1.) the ſtraight line HE. is equal to 
EA, that is, to AB: and becauſe the ſtraight line BA is equal to AF. , alſo 
the angle ABE is equal to AER: but ABE has been demonſtrated 79 4- 
equal to BAH; therefore the angle BEA is equal to BAH; and ABE is 
a common angle of the two triangles ABE, ABH ; theretore the remaining 
angle BAE is equal to the remaining angle AHB ; therefore the triangle 
ABE is equiangular to the triangle ABI; therefore there is this propor- 
tion, as EB to BA ſo is AB to BH : but BA 1s equal to EH; therefore 
as BE to FH to is EH to HB: but BE is greater than EH ; therefore 
EH 43s greater than HB; therefore BE has been cut in extreme and mean 
ratio in H, and the greater ſegment HE is equal to the {ide of the penta- 
gon. Certainly, in the ſame manner, we ſhall demonſtrate that AC has allo 
been cut in extreme and mean ratio in H, and that the greater ſegment of 
it CH is equal to the fide of the pentagon. Which was to be demonſtrated. 


„ * I PWRED © Of 
If the fide of a hexagon and the /ide of a decagon inſcribed in the 
fame circle be put together, the whole ſtraight tine has been cut in 
extreme and mean ratio, and the greater ſegment of it is the fide ot 
the hexa YON. 


Let ABC be a circle; and of the f Kgures inſcribed in the circle ABC, let 


BC be the ſide of the decagon, and CD. of the hexagon; and let them be 


BC; therefore AC is quadruple of the circumference 


in a ſtraight line: I ſay that the whole ſtraight line BD has been cut in 


extreme and mean ratio in C, and hat CD is the greater ſegment of it. 


For let the center of the circle be taken, and let it be the point E; and 

EB, EC, ED be joined; and Jet BE be produced to A: and becauſe C 1s 
the {ide of an equilateral decagon, therefore the cir- _ 
cumference ACB is quintuple of the circumference 


Hf 


\ 
—A 
CB: but as the circumference AC to CB fo is the 
angle AEC to the angle BEC; therefore the angle 
AEC is quadruple of BEC: and becauſe the angle 
EBC is equal to ECB, therefore the anole AEC i 


Aouble of ECB; and becauſe the Araighe li line EC is e to CD, for each 


of 
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of them is equal to the fide of a hexagon inſcribed in the circle ABC, Book XIII. 
alſo the angle CED 1s equal to the angle CDE ; therefore the anole ECB EY 
is double of EDC: but Ak C has been demonſtrated 20 be double of ECB; 


therefore AEC is quadruple of E DC : but AEC has been alſo demonſtrated 


to be quadruple of BEC; therefore DC is equal to BEC: but the angle 
EBD is common to the two triangles BEC, BED; 


therefore the remaining 
angle BED 1s equal to the remaining angle Þ n 
EBD is equiangular to the triangle EBC; therefore there is this proportion, 
as DB to BE fo is EB to BC: but EB is equal to CD; therefore it 18 
as BD to DC ſo is DC to CB: but BD is greater than DC; 

is alſo greater than CB; therefore BID hath been cut 
mean ratio in C, and DC is the greater ſegment of it. 
demonſtrated. 


1 4 c . / 1 # & 1 1 
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7 


therefore DU 


in extreme and 


Which was to be 


PR O F. X. 
If an equilateral pentagon be inſcribed in a circle, the fide of the 
pentagon is equal in power to the ///e of a hexagon and the e of 
a decagon inſcribed in the fame circle. 


Let ABCDE be a circle, and let an equilateral pentagon ABC DE be 
inſcribed in the ſame; 1 ſay that the ſide of the pentagon ABC E. is . 
in power to the ſide both of the hexagon and of the decagon inſcribed 1 
the circle ABCDE. For let F, the center of the circle, be taken; 2 
AF being joined, let it be produced to the point G; and from F let Þi1 
be drawn perpendicular to XB, and let it be produced to K; and let AK, 
KB be joined: and again from F let FL be drawn perpendicular to AK; 
and let it be procluced to M; and let KN be joined: and becauſe the cir- 
cumference ABCG is equal to the circumicrence AEDG, of which ABC 
is equal to AED; therefore the remaining circumference CC is equal to the 
remaining circumference DG : now CD 7s the jide of a pentagon ; therefore 

C of a decagon: and becauſe AF is equal to FB, and FH perpendicular, 
thereſore alſo the angie AFR is equal to KFB; fo that alſo the circum- 
ference AK is equal to KB; therefore the circumference AB is double of 
the circumference AK; therefore the ſtraight line AK is the ſide of a deca- 
gon. Certainly, for the tame reaſon allo, AK is the double of KM : and 
becaule the circumference AB | is double of the ci rcumfercnce BK, and the 


circumference 
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CD is equal to the circumference AB, there- 1 
fore alſo the circumference CD is double of the 
circumference BK : but the circumference CD 
is alſo double of CG; therefore the circum- 5 
ference CG is equal to the circumference BK : 
but BK is the double of KM, becauſe KA 7s 
allo ; therefore alſo CG is double of KM: but | 
the circumference CB is double of the circum- CEE 

ference BK, for the circumference CB is equal 0 | 

to the circumference BA; therefore the whole circumference GB is double 
of BM; fo that alſo the angle GFB is double of the angle BFM: but 
GEB is double of FAB, for FAB is equal to ABF; therefore alſo BFN is 
equal to FAB : but the angle ABF is common to the two triangles ABF, 
BFN; therefore the remaining angle AFB is equal to the remaining angle 
BNF ; therefore alſo the triangle ABF is equiangular to the triangle BFN; 
therefore there is this proportion, as the ftraight line AB to BF ſo is FB to 
BN]; therefore the refargle contained by AB, BN is equal to the ſquare of 
FB: again, becauſe AL is equal to LK, and LN is common, and at right 
angles, therefore the baſe KN is equal to the baſe AN; and therefore the 
angle LKN is equal to the angle LAN: but LAN is equal to KEN; there- 
fore alſo LKN is equal to KBN ; and the angle NAK is common to the 
two triangles AKB, AKN; therefore the remaining angle AKB is equal to 
the remaining angle KNA; therefore the triangle KBA is equiangular to 
che triangle KNA; therefore there is this proportion, as the ſtraight line 
BA to AK ſo is the ſtraight line KA to AN; therefore the refangle con- 
tained by BA, AN is equal to the /quare of AK: but the refangle con- 


— 


tained by AB, BN has been alſo demonſtrated 20 be equal to the /quare of 


BF; therefore the reFangle contained by AB, BN, together with the re#- 
angle contained by BA, AN, which (by 2. 2.) is the ſquare of AB, is equal 


to the /quere of BF, together with the /quare of AK; and AB is the fide 
of a pentagon, and BF of a hexagon, and AK of a decagon. Therefore 


the ſide of a pentagon is equal in power to the fde of a hexagon, and to 
the /ide of a decagon inſcribed in the ſame circle. Which was to be demon- 
ſtrated. = RO OD TTY 


PRO P. 


1 XI. 


- 1 


If an equilateral pentagon be infcribed in a circle havin! g the dia- 
meter a rational e, the ſide of the pentagon is the irrational {ine 
called a leiler Ine. 


For let the equilateral pentagon ABCD be inſcribed in the circle 
ABCDE, having the diameter a rational %; 1 ſay that the ſide of the 
pentagon ABCDE is the irrational lie called a leſſer line. For let the 
point F, the center of the circle, be taken; and let AF, FB be Joined, ang 
let them be produced to the points G, H ggand let AC be joined; and let 
FK be put, the fourth part of AF: but AF is rational; therefore alſo FR 
is rational; and BF 1s allo rational; therefore the whole BK is rational : 
and becauſe the circumference ACG is equal to the circumference ADG, 
of which ABC is equal to AED, therefore the remainder CG is equal to 
the remainder GD ; and if we join AD, the angles at L are made r 
angles, and CD is the double of DL. For the fame reaſon allo the angles 
at M are right angles, and AC is the double of CM: then becaule the angle 
ALC is equal to AM, and LAC is common to the two triangles ALC, 
AMF, therefore the remaining ange ACL is equal to the remaining age 
MEFA ; tliercfore the ra Act I. is equiangular to the triangle AMF; 
therefore there is this proportion, as LC to CA ſors MF to FA, and the 
doubles of the antecedents ; therefore as the double of LC to CA to 7s the 
double of MF to FA : but as the double of MF to FA io is MF to the 
half of FA; and therefore as the double of LC to CA ſo is MF to the 
half of FA, and the half of the conſequents ; therefore as the double of LC 
to the half of CA ſo is MF to the fourth part of FA: and DC is the double 
of LC, and CM is the half of EA, and FR 
the fourth part of FA ; therefore it is as DC to 
CM ſo is MF to FK; and, by coi npolition, a8 
DCM both together to 1 for MK to FR; 
and therefore (by 22. 6.) as the /qugre of DEN 
both together to the %u of CM fo is the 
ſguare of MK to the /quare of KF: and becauſe 
the line, ſuch as AC, extended under two fides 
of a pentagon, having been cut in extreme and 


mean ratio, the greater ſegment (by 8. 13.) is 


Rr 


righ . 


THE ELEMENTS 


Book XIII. equal to the fide of the pentagon, that is, to DC: but (by 1. 13.) the 
—Y— grcater ſegment taking to elf the half of the whole, is quintuple in power 
of the /quare of half the whole line; and CM is the half of the whole 

©; thacre the ſquare of DCM as one line is quintuple of the /quare of 

CM: but as the /qzare of DCM as one line to the ſquare of CM fo has the 

ſquare of MK been demonſtrated 2 be to the ſquare of FK; therefore the 

ſquare of MK is quintuple of the {quare of FK: but the ſquare of KF 

rational, for the diameter is rational; t':erefore (by 6. def. 10.) the /quaere 

of MK is rational; therefore MK is rational; for the /quaze of MK has to 

the ſquare of KF tic ratio which number has to number: ant becauſe BF 

is quadruple of FK, therefore BK is quintuple of KF ; therefore the /qar: 

of BK (by cor. 20. 6.) is twenty five tunes the ſquare of FK: but the 

ſguare of MK is quintuple of the /quare of FK; therefore the ſquare of BK 

is quintuple of the ſquare of MK; th erclore the ſquare of BK has not to 

the /quare of KM the ratio which a ſquare number has to a ſquare number; 

there fore (by 9.10.) BK ig incommenſurable in length to KM; and cach 

| of them is rational; therefore BK, KM are rational /ines commenſurable 
| only in power: but if from a rational line, a rational line be taken away, 
| being only commenſarable in power to the whole, (by 74. 10.) the remain- 
der is irrational; therefore MB is an apotome, and MK the line adapted 

to it. Now I fay alſo that ic is a fourth apotome? : for by what the /quar: 

of BK is greater than the /quare of KM, let the ſquare of N be equal to 

that; therefore BK is more in power than KM by the /quare of N : and 

becauſe KF is commenſurable to FB, alſo, by compoſition, BK is com- 

menſurable to FB ; but BF is commenſurable in length to BH; there- 

fore BK is alſo commenſurablie-to BH : and becauſe the ſquare of BK is 

quintuple of the ſquare of KM, therefore the /qzuare of BK has to the 

ſquare of KM the ratio which five has to one; therefore, by converſion, 

the /qrare of BK has to the fquare of N the ratio which five has to four, 

not which a fuare number hes to a ſquare number; therefore BK is incom- 

menſurable in length to IT; therefore BK is more in power than KM by 

the /quare of a line incommenſurable to itſelf in length: therefore becauſo 

the whole BK is more in power than the adapted line MK by the ſquare of 
a line incommenſurable to itſelf in length ; and the whole BK is commen- 
ſurable to BH, the rational line put; therefore (by 4. def. 3. 10.) MB is 
fourth apotomẽ. But the rectangle contained by a rational line and a 
6 dourth 


J DUCCTE-T-:D; 
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fourth apotome is irrational, and the line equal in power to it is irrational, Rook un 
but (by 95. 10.) it is called a leſſer line: but AB is equal in power to the OE 
redtangle contained by HB, BM, becauſe, AH being joined, the triangle ABH 

js equiangular to ABM, and it is as HB to BA ſo is AB to BM: there- 

fore AB, the ſide of the pentagon, is the irrational /ine called a leſſer %. 

Which was to be demonſtrated. 


r XII. 
If an equilateral triangle be inſcribed in a circle, the ſide of the 
triangle is triple in power of the % from the center of the circle. 


Let ABC be a circle, and let ABC be an equilateral triangle inſcribed 
in it; I ſay that one ſide of the triangle ABC is triple in power of the die 
from the center of the circle ABC. For let D, the center of che circle, be 
taken; and AD being joined, let it be produced 
to E; and let BE be joined: and becauſe ABC is 
an equilateral triangle, therefore the circumference 5 
BEC is the third part of the circumference of the . 
circle ABC; therefore the circumference BF, is 


A . 


the ſixth part of the circumference of the circle ; 


. . hk © . B — 
therefore the ſtraight line BE. is the ſide of a hexa- WJ 
| Ns - S 
gon; therefore (by 15. 4.) it is equal to DE, the — 


line from the center: and becauſe AE is the dou- E 

ble of ED, therefore the ſquare of AE is quadruple of the ſquare of DE, 
that is, of the /quare of BE: but the /qzare of ALE is equal to the Squares 
of AB, BE,; therefore the /quares of AB, BL are quadruple of the /quare of 
BE; therefore, by diviſion, the ſquare of AB is triple of the /qx:72 of BE: 
but BE is equal to DE; therefore the /qrare of AB is triple of the ſquare 
of DE. Therefore the fide of the triangle is triple in power of the ine 
from the center of the circle. Which was to be demonſtrated; 

EMO 11 
To deſcribe a pyramid. / 7erravedron } and to contain if in the 


given ſphere, and to demonſtrate that the diameter of th» {pliere is 


in power ſeſquialteral /as three 70 tec of the ſide of the pyramid, 


- TR | FS RL. 1. el 
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fore the four triangles EFG, KEF, KFG, 
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Let AP, the diameter of the given ſphere, be put; and let it be cut in 
the point C, ſo that AC may be double of CB; and let the ſemicircle 
ADB be deſcribed upon AB ; and from the point C let CD be drawn at 
right angles to AB; and let DA be joined; and let the circle EFG be pur, 
having the line from the center equal to DC ; and let the equilateral tri- 
angle EFG be inſcribed in the circle EGF ; and let the point IJ, the cen- 
ter of the circle, be taken; and let EH, HF, HG be joined; and from the 
point MH, let HK be erected at right angles to the plane of the circle 
EEG; and from HK let HK be taken equal to the ſtraight line AC; 
end let KE, KF, KG be joined. And becauſe HK is perpendicular to the 
plane of the circle EFG, alſo it will make right angles with all the ſtraight 
lines touching it, and being in the plane of the circle EFG: but each of 

- lines HE, HF, HG touches it; therefore HK is perpendicular to each 
of the lines IIE, II F, HG : and becauſe AC is equal to HK, and CD to 
HE, and they contain right angies, therefore the baſe DA is equal to the 
baſe KF. Certainly, for the ſame reaſon alſo, cach of the lines KF, KG is 
equal to AD; therefore the three KF, KG, KE are equal to one another: 
and becauſe AC is double of CB, therefore AB is triple of BC : but as AB 
to BC lo is the /quare of AD to the /quare of DC, as will be demonſtrated 
after this; therefore the ſquare of AD is triple of the ſquare of DC: but 
the ſquare of FE (by 12. 13.) is alſo triple of the /qzare of EH ; and DC is 
equal to EH; therefore alſo AD is equal to 
EF: but DA has been demonſtrated 10 bz 
equal to each of the lines KE, KF, KG; there- 


RGI are equilateral frianugles therefore a 
pyramid has been dt ſcribed of four equal and 
equilateral triangles, the | dale of which 1 1s the triangle EFG, and the point 
K the vertex. | 

Now it is required to c an it in the given ſphere, and to. demonſtrate 


A 


that the diameter of the ſphere is in power ſeſquialteral of the ſide of the 


pyramid. 

For let the ſtraight line HL be produced in a ſtraight line with HK; 
and let HL be put, equal to BC: and becauſe it is as AC to CD ſo 7s 
CD to CB; but AC is equal to KH, and CD to HE, and CB to HL; 


therefore it is as KH to HE fo is EH to HL; therefore the PINES 


£077, tained 


e 


contained by KH, HL is equal to the Vue of HE; and each of the 
angles KHE, EH. is a right angle; theretore the ſernicircle deſeribed upo 
KL. will come alſo through E, ſince, if we join EL, LEK is made a ri; 
angle, becauſe the triangle LEK becomes equiangular to each of th 


n 
5 
e trian- 
gles ELH, EHK : now if, KL remaining fixed, the ſemicirele being turned 
round, is ſtopped again at the ſame place from hence it began to be turned, 


1 B ST Ren Sena © ay 
it will come allo through the points F, G; FL, LG being joined, and the 


angles at F, G becoming in like manner right angles; and the pyramid wil 


be contained in the Given ſphere; for KL the diameter of H ſphere is equa] 
to AB, the diameter of the given ſphere, ſince KH is put cqual to AC, 

and HL to CB. Now I fay that the diameter of the ſphere is in power ſeſ- 
quialteral of the ſide of the pyramid. - For becauſe AC is double of CB, 

therefore AB is triple of BC; therefore, by converſion, AB is ſeſquialteral 
of AC: but as BA to AC ſo is the ſquare of BA to the ſquare of AD, 
55 BD being joined, it is (by 8. 6.) as BA to AD fo 7s DA to AC, by 
reaſon of the ſimilarity of the triangles DAB, DAC, and it being (by cor. 
20. 6.) as the firſt to the third ſo is the /grar2 of the firſt to the CT of the 
ſecond ; therefore allo the /qyare of AB is ſeſquialteral of the /quare of AD: 


but BA is the diameter of the given ſphere, and AD is gu to the fide of 


the pyramid. Therefore the diameter of the ſphere is in power ſeſquialtcral 


of the ſide of the pyramid. Which was to be demonſtrated. 


LEMMA. It mutt be demonſtrated that it is as AB to BU ſo is the ſquare 


of AD to the /qxare of DC. For let the figure of the. ſemicircle be put; 


1 


and let DB be joined ; and let the ſquare EC be defcribed 


TO AC; and let the patallelogram FB be compleated: 

hen. becauſe, by reaſon of the triangle DAB being equi- | 
angular to the triangle DAC, it is as BA to AD fo is DA A 
to AC; therefore the reffargle contained by BA, AC is equal to the ſquare 
of AD: and becauſe it is as AB to BC fo 7s EB to BF (by 1. 6.); and 
Eg is the rectangle contained by BA, AC, tw. IA is equal to AC; 
BF is the ref7anple crmamed by AC, CB; therefore as AB to BC fo is the 
ectangle conta by B A, AC to the rellangle contained by AC, CB: 


and 


and 
the rectangle contained by BA, AC is equal to the /quare of AD; and the 


refangle contained by AC, CB is equal to the /quare of DC; for the per- 


pendicular DC is a mean proportional (by 8. 6.) between the ſegments of 


+ 
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the baſe, by reaſon that the angle ADB is a right angle: therefore as A to 
BC to zs the ſquare of AD to the ſquare of DC, Which was to be 
demonſtrated. 


P-R O P. MV. 
To deſcribe an octahedron, and to contain , in a ſphere, Vat 
in which alſo the pyramid was contained, and to demonſtrate that 


the diameter of the ſphere is in power double of the ſide of the 
octahedron, 


Let AB be put, the diameter of the given ſphere, and let it be cut in 
halves in C; and let the ſemicircle ADB be deſcribed upon AB; and from 
C let CD be drawn at right angles to AB; and let DB be joined ; and 
let the {quare EFGH be put, having each of its ſides equal to BD; and let 
HF, EG be joined; and from the point K let the ſtraight line KL be erected 
at right angles to the plane of the ſquare EFGH ; and let it be produced 
to the other parts of the plane as KM ; and let each of the nes KL, KM 


be taken from each of the lines KL, KM, equal to one of the lines KE, 
KF, KG, KH; and let LE, LF, LG, LH, ME, MF, MG, MH be joined: 


and becauſe KE is equal to KH, and EKH is a right angle, there fore the 
ſquare of HE is double of the ſquare of EK: again, becauſe LK is equal 


to KE, and LEE. is a right angle, therefore the ſquare of EL is double of 
the /quare of EK; but the hre of HE has been demonſtrated 79 be don- 
ble of the /guare of EK; therefore the /quare of LE is equal to the /quare 


of EH; therefore LE is equal to EH: certainly, for the ſame reaſon allo, 


the vertices, is an equilateral triangle: therefore L 
—.— 3 f EH 
an octahedron has been deſcribed contained by N 
eight equilateral triangles. Now it is allo required D [x 


LH is equal to HE ; therefore LEH is an equilateral triangle, Certainly, 
in like manner, we ſhall demonſtrate that alſo each of the remaining triansg les | 
the baſes of which are the ſides of the ſquare EFGH, and the points LM 


to contain 1t in the given ſphere, and to demon- „ 
ſtrate that the diameter of the ſphere is ia power K E M 
double of the fide of the octahedron. For becauſe the three LK, ENI, 


E are equal to one another, therefore the ſemicircle deſcribed upon 
e | LAM 


8 EVUCET SD: 


IM will come alſo through E; and for the ſame reaſon, if, I'M remain- 
ing fixed, the ſemicircle being turned round, is ſtopped at the ſame place 
from whence it began to be turned, it will come through the points F, G, H; 
and the octahedron will be contained in ihe ſphere. Now I Hay that it is 
alſo in the given ſphere. For becaule LK is equal to KM, and KE com- 
mon, and they contain equal angles, therefore the bale I E. is equal to 
the baſe EM: and becauſe LEM is a right angle, for it is in a ſemicircle, 
therefore the /quare of LM is double of the ſquare of LE: again, becauſe 
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AC is equal to CB, AB is the double of CB; but as AB to BC fo is the 


ſquare of Ag t the ſpunre of DB; therefore the /quare of AB is double the 


/quare of DB: but tac [quare of LM has been alſo demonſtrated to be double 


of the /quare of LE; and the ſquare of BD is equal to the {1272 of LI, 
for EI is put, equal to BD ; therefore alſo the ſqzare of AB is equal to 
the ſquare of LM: therefore AB is equai to LM, and AB is the dia- 
meter of the given ſphere; therefore LM is equal to the diameter of the 
given ſphere. Therefore the octahedron has been contained in the given 
ſphere, and it hath at the ſame time been demonſtrated that the diameter 
of the ſphere is in power double of the fide of the octahedron. Which 
was to be done, | | 


FE IC—ID=T XV. 
To deſcribe a cube, and to contain 7 in a ſphere, at in which alſo 
are the former gu , and to demonſtrate that the diameter of the 
ſphere is in power triple of the tide of the cube. 


Let AB, the diameter of the given ſphere, be put; and let it be cut 
in C, ſo that AC may be the double of CB; and let the ſemicircle ADB 
be deſcribed upon AB; and let CD be drawn ſrom che point C at right 
angles to AB; and. let DB be joined; and let the ſquare EFGH be put, 
having each fide equal to PB; and from the points E, E, G, H let EK, 
FL, GM, HN be drawn at right angles to the plane of the ſquare EFGI; 
and let each of the /izes EK, FL, GM, HN be taken from EK, FL, GM, 
HN, equal to one of the lines EF, FG, GH, HE: and let KL, EM, MN, 
NK be joined: therefore a cube FN has bcen deſcribed, contained bv 
ſix equal ſquares. Now it is required to contain it in the given ſphere, 
and to demonſtrate that the diameter of the ſphere is in power triple of 
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the fille of the cube. For let KG, EG be joined; 


and becauſe KEG is a right angle, for the rea- 


fon that KL. is at right angles to the plane EG, ZN 4 
and certainly at right angles to the ſtraight line EN 


. 3 ; 5 A 
EG, therefore the ſemicircle deſcribed upon KG 


will alſo come through the point E: again, becauſe FG 1s perpendicular 
to each of the lines FL, FE, therefore alſo FG is perpendicular to the 
plane FK; ſo that if we join FK, FG will be perpendicular alſo to FK 5 
and, for this reaſon again, the ſemicircle defcribed upon GK will come allo 
through F; and in like manner allo it will come through the remaining 
points of the cube: now if, KG remaining ed, the ſemicircle being turned 
round, it be ſtopped again at the ſame point from whence it began to be 


turned, the cube will be contained in the ſphere. Now I ſay that 74 is alſo 


in the given ſphere. For becauſe GF is equal to FE, and the angle at E 
is a right angle, therefore the Huare of EG is double of the /qware of EF; 
but EF is equal to EK; theretore the /qzare of EG is double of the /quare 


of EK; ſo that the ſquares of Gif, EK, that is, the ſquare of GK is triple 


of the ſquare of EK: and becauſe AB is triple of BC, and as AB to BC 
ſo is the /quare of AB to the ſquare of BD, therefore the /quare of AB is 
triple of the /quare of BD: but the /quare of GK has been alſo demonſtrated 
zo be triple of the /quare of KE,; and KI: is put, equal to BD; therefore 
aiſo KG is equal to AB; and AB is the diameter of the given ſphere; 
therefore alſo KG is equal to the diameter of the given ſphere, There- 
fore the cube is contained in the given ſphere, and it has at the ſame time 
been demonſtrated that the diameter of the ſphere is in power triple of the 
ſide of the cube, Which was to be done, 


b R 0 k. XVI. 
To deſcribe an icoſahedron, and to contain /7 in a ſphere, 2hat in 


which are the aforeſaid figures, and to demonſtrate that the {ide of 
the icoſahedron is the irrational e called a leſſer iu. 


Let AB, the diameter of the given ſphere, be put ; and let it be cut in 


C, ſo that AC may be quadruple of CB; and Jet the ſemicircle ADB be 


deſcribed upon AB ; and let the ſtraight line CD be drawn from the point 
C, at right angles to AB; and let DB be Joined; and let the circle EFGHK 
be 
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be put, of which the line from the center is equal to DB, and let the equi- Bock Xin. 
lateral and equiangular pentagon EF CIK be inſcribed in the circle 


EFGHK, and let the circumferences EF, FG, GH, HK, KE be cut in 
halves in the points L, M, N, O, P; and let EL, LF, FM, MG, GN, NH, 
HO, OK, KP, PE be joined; and in like manner LM, MN, NO, OP, PL; 
therefore the pentagon LMNO is equilateral, and the ſtraight line EP 
is the fide of a decagon: and let the ſtraight lines EQ, FR, GS, HT, KY, 
being equal to the line from the center of the circle EFGHK, be erected 
from the points E, F, G, H, K, at right angles to the plane of the circle; 
and let QR, RS, ST, TY, YQ, OL, LR, RM, Ms, SN, NY, TO, OY, 
IP, PQ be joined: and becaule each of the lines EQ, KY is at right angles 
to the ſame plane, therefore (by 6. 11.) EQ is parallel to KY; and it is 
alſo equal to it: but the ſtraight lines joining equal and parallel ſtraight 
lines rowards the ſame parts are equal and parallel; therefore QY is equal 
and parallel to EK: but EK 7s the fide of an equilaterai pentagon ; there— 
fore alſo Q is the fide of an equilateral pentagon inſcribed in the circle 
EFGHK : certainly, for the ſame reaſon allo, each of the lines QR, RS, 
ST, TY #s the fide of an equilateral pentagon iafcribed in the circle 
EFGHK; therefore alto the pentagon QRSTY 1s equilateral : and becauſe 
A is the ſide of a hexagon, and EP is She fide of a decagon, and QFP is 
a right angle, therefore (by 10. 13.) QP is be fide of a pentagon ; for the 
ſide of a pentagon is equal in power to 
the /ide of a hexagon and the fide of a 
decagon inſcribed in the fame circle ; 
certainly, for the ſame reaſon alſo, PY 
is the ſide of a pentagon; and QY is 
alſo the fide of a pentagon ; therefore 
QPY is an- equilateral triangle: cer- 
tainly, for the ſame reaſon alſo, each of 
the triangles QLR, RMS, SNT, TOY 
is an equilateral triangle: and becauſe 
each of the lines QL, Q has been de- 
monſtrated to be the fide of a pentagon, 
and LP is alſo the fide of a pentagon, 
therefore QL is an equilateral triangle; 
certainly, for the ſame reaſon alſo, each ES 
of the triangles LRM, MSN, NTO, OYP is an equilateral triangle. Let 
| 8 8 the 
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the point V, the center of the circle EFGHRK, be taken; and from the 
point V let VZ be erected at right angles to the plane of the circle, and 
let it be produced to the other parts as VU ; and let VX, the ſide of a hexa- 
gon, be taken away, and each of the lines VU, XZ, the ſide of a decagon; 
and let QZ, QX, YZ, EV, LV, LU, UM be joined : and becauſe each of 
the lines VX, E is at right angles to the plane of the circle, therefore 
VX is parallel to E; and they are alſo equal; therefore alſo (by 33. 1.) 
EV, QX are equal and parallel; but EV is the fide of a hexagon; therefore 
alſo QX is the fide of a hexagon: and becauſe Q is the ſide of a hexagon, 
and XZ of a decagon, and QXZ is a right angle, therefore (by 10. 13.) 
QZ is the ſide of a pentagon: certainly, for the ſame reaſon alſo, YZ is 
the fide of a pentagon, ſince, if we join VK, XY, they will be equal and 
oppoſite, and VK being from the center is dhe fide of a hexagon; therefore 
alſo XY is the fide of a hexagon: but XZ is the fide of a decagon, and 
YXZ is a right angle; therefore YZ is the fide of a pentagon : but Q 
is alſo the fide of a pentagon; therefore QM is an equilateral triangle. Cer- 
tainly, for the ſame reaſon alſo, each of the remaining triangles, the baſes 
of which are the ſtraight lines QR, RS, ST, TY, and the vertex the point 
Z, is an equilateral triangle. Again, becaufe VL is the fide of a hexagon, 
and VU of a decagon, and LVU is a right angle, therefore LU is the fide 
of a pentagon : certainly, for the ſame reaſon alſo, if we join MV, being 
the fide of a hexagon, MU is alſo concluded 79 be the fide of a pentagon ; 
and LM is alſo % fide of a pentagon ; therefore LMU is an equilatera! 
triangle: in like manner it will be demonſtrated, that alſo each of the re- 
maining triangles, the baſes of which are the lines MN, NO, OP, PL, 
and the vertex the point U, is an equilateral triangle: therefore an ico- 
ſahedron has been deſeribed, contained by twenty equilateral triangles, 
Now it is alſo required to contain it in the given ſphere, and to demon— 
ſtrate that the ſide of the icoſahedron is the irrational line called a leſſer 
line. For becauſe VX 7s the fide of a hexagon, and XZ of a decagon, 
therefore (by 9. 13.) VZ has been cut in extreme and mean ratio in 


X, and VX 1s the greater ſegment; therefore it is as ZV to VX fo i; 


VX to XZ: but VX is equal to VL, and XZ to VU; therefore it is as 
ZV to WL ſo is VL to VU; and ZVL, LVU are right angles; therefore, 
if we join the ſtraight line LZ, the angle ULZ will be a right angle, by 
reaſon of the ſimilarity of the triangles ULV, VLZ ; therefore the ſemi- 
<ircle deſcribed upon UZ will alſo come through L: certainly for the func 
| reaſon 
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reaſon, becauſe it is as ZV to VX ſo is VX to XZ, and ZV is cqual to 
UX, and VX to XQ, therefore it is as UX to Q fo 7s Q to XZ And 
for this reaſon again, if we join QU, the angle at Q will be a right ae; 
therefore the ſemicircle deſcribed upon UZ will come allo through Q : and 


UZ remaining fixed, the ſemicircle being turned round, is ſtopped again 


at the fame point from whence it began to be turned, it will come allo 
through Q and the remaining points of the icolahedron, and the icofahe- 
dron will be contained in the ſphere. Now I tay that 27 7s alſo in the given 
ſphere : for let MX be cut in halves in à; and becauſe the ſtraight line Z 
has been cut in extreme and mean ratio in X, and ZN is the Feder ſegment 
of it, therefore ZX, taking to itſelſ X the half of the greater ſegment, is 
(by 3. 13.) quintuple in power of the /quare of half the greater been ; 
therefore the /quare of Zo is quintuple of the ſquare of aX: and Z U is 
double of aZ ; and XV is double of 2X ; therefore the /qrzare of ZU 

quintuple of the ſquare of VX: and becauie AC is quadruple of CB, 
therefore AB is quintuple of BC ; but as AB to BC 0 is the fgrare of AB 
to the /quare of BD; therefore the ſquare of AB is quintuple of the /qrare 
of BD: but the /quare of Z. U has been alſo demonſtrated to be quintuple 
of the ſquare of VX; and DB is equal to VX, tor each of them is equal to 
the line from the center of the circle EFGHK ; therefore alſo AB is equal 
to UZ; and AB is the diameter of the given ſphere ; - therefore alſo UZ is 


equal to the diameter of the given ſphere; therefore the 1colahedron has 


been contained in the given ſphere. Now I ſay that the fide of the icoſa- 
hedron is the irrational line called a leſſer line. For becaute the diameter of 
the ſphere is rational, and is quintuple in power of the line from the cen- 
ter of the circle EFGHK, therefore alſo the line from the center. of the 
circle EFG HK (by 6. def. 10.) is rational; ſo that alſo the diameter of it 
is rational: but if an equilateral pentagon be inſcribed in a circle having a 
rational diameter, the fide of the pentagon (by 11. 1 5 is the irrational line 
called a leſſer /ine ; but the ſide of the pentagon EF GHE is the fide of the 
icoſahedron : therefore the {ide of the ico! {QNEGrON is the ite, onal line called 
a leſſer line. Which was to be demonſtrated. 


Cox. Now from this it is evident, that the diameter of the ſphere ix 


quintuple in power of the line from the center of the circle Hon which the 
icoſahedron has been deſcribed, and that the diameter of the here is 


compounded of the ide of a hexagon and of two ſides of a dvecigon in- 
icribed in the ſame circle, „ 
I's 2 PR OF. 


316 THE ELEMENTS 


Book XIII. P R © P. XVII. 
To deſcribe a dodecahedron, and to contain 7 in a ſphere, Var 
in which alſo are the aforeſaid figures, and to demonſtrate that the 


ſide of the dodecahedron is the irrational line called an apotome. 


Let two planes ABCD, CBEF of the aforeſaid cube (15. 13.) be put at 
right angles to one another; and let each of the ſides AB, BC, CD, DA, 
EF, EB, FC be cut in halves, at the points G, H, K, L, M, N, O; and let 
GK, HL, MH, NO be joined; and let the ſtraight lines NP, PO, HQ be 

cut in extreme and mean ratio in the points R, 8, T; and let RP, PS, TQ be 
the greater ſegments of them; and from the points R, S, T let the /ines 
RT, SV, IX be erected at right angles to the planes of the cube, towards the 
outward parts; and let them be put equal to RP, PS, TQ; and let YB, BX, 
XC, CV, VX be joined: I ſay that the pentagon YBXCV is equilateral, and 
in one plane, and beſides equiangular. For let RB, SB, VB he joined: and 
becauſe the ſtraight line NP has been cut in extreme and mean ratio in R, 
and PR is the greater ſegment of it, therefore the /quares of PN, NR 
are (by 4. 13.) triple of the ſquare of PR: but PN is equal to NB, and 
PR to RY); therefore the /quares of BN, NR are triple of the ſquare of 
RY: but the /quare of BR is equal to the /quares of BN, NR; therefore 
the /quare of BR is triple of the /qaare of RY ; fo that the ſquares of BR, RY 
are quadruple of the /qxare of RY : but the /quare of BY is equal to the ſquares 
of BR,RY ; therefore the /quare of BY is quadruple of the /quare of RY ; 
therefore BY is double of RY : but VY is double EE 
of RY ; ſince alſo RS is double of RP, that is, of u / 
RY; therefore BY is equal to VV. Certaialy in N /o 
like manner it will be demonſtrated, that alſo each of 
the lines BX, XC, CV is equal to either of the lines E 1 C 
BV, VI; therefore the pentagon BYVCX is equi- _ JF. 
lateral. Now I ſay that it is in one plane: for © . 
from the point P let PU be drawn parallel to either of | 


the lines RY, SV, towards the outward parts of the EE 
cube; and let UH, HX be joined; I ſay that UHX is a ſtraight line. For 
| becauſe HQ has been cut in extreme and mean ratio in T, and QT is the 
1 . greater ſegment of it, therefore it is as 09 WV lo 15 8 to TH: but 


HQ. 
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HQ 7s equal to HP, and QT to either of the /ines TX, PU; therefore 
it is as HP to PU fo is XT to TH; and HP is parallel to TX, for 
each of them is at right angles to the plane BD; and TH 7s parallel to 
PU, for each of them is at right angles to the plane BF : but if two trian- 
gles be joincd together at one angle (as UPH, HTX) having the two ſides 
proportional to the two fides, fo that the ſides of like ratio are parallel (by 
32. 6.), the remaining ſtraight lines will be in a \raight line: therefore UI, 
H are in a ſtraight line: but every ſtraight is in one plane; therefore the 
pentagon YBXCV 1s in one plane. Now I lay alſo that it is equiangular : 


for becauſe the {traight line NP has been cut in extreme and mean ratio in 


R, and the greater ſegment of it is PR, therefore it is (by 5. 13.) as NP, 


PR both the lines together to PN fo is PN to PS: but RP ii equal to 


PS; therefore it is as SN to NP fo is NP to PS; therefore NS has been 
cut in extreme and mean ratio in P; and NP is the greater ſegment of it; 
therefore (by 4. 13.) the ſquares of NS, SP are triple of the /qzare of PN: 

but PN #s equal to NB, and PS to SV ; therefore the ſquares of NS, 

SV are triple of the /qyare of NB; fo that alſo the /qxares of VS, SN, NB 
are quadruple of the hure of NB: but the ſquare of BS is equal to the 
Squares of SN, NB; therefore the fqueres of BS, SV, that is, the ſquare of 
VB, for VSB is a right angle, is quadruple of the /quare of NB; therefore 
VB is double of BN: but BC is allo double of BN; therefore VB is 
equal to BC: and becauſe the two BY, YV are equal to the two BX, XC, 
and the baſe VB is equal to the baſe BC, therefore the angle BY V (by 8. 
x.) is equal to the angle BXC. Certainly in the ſame manner we ſhall 
demonſtrate, that the angle YVC is equal to the angle BXC ; therefore 
the three angles BYXC, BYV, YVC are equal to one another: but (bv 7. 
13.) if three angles of an equilateral pentagon be equal to one another, 
the pentagon is equiangular; therefore the pentagon BY VCX is equiangular; 
but it has been demonſtrated zo be equilateral alfo ; therefore the pentagon 
BY VCX is equilateral and equiangular, and it is upon BC, one of the fides 
of the cube: therefore if upon each of the twelve ſides of the cube we con- 
ſtruct the ſaine gs, a certain ſolid figure will be deicribed, contained by 
twelve equilateral and equiangular pentagons. Now it is required allo to 
contain it in the given ſphere, and to demonitrate that the fide of the 
dodecahedron is the irrational /ine called an apotome. For let UP be 
produced, and let it be UZ; therefore UZ meets the diameter of the 
5 „ cube, 
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cube, and they cut one another in halves; for this has been demonſtrated 
in the laſt theorem but one of the eleventh book : let them cut one ano- 
ther in Z; therefore Z is the center of the ſphere containing the cube, 
and PZ the half (ide of the cube: now let YZ be joined: and becauſe 
'the firaight line NS has been cut in extreme and mean ratio in P, and 
NP is the greater ſegment of it, therefore (by 4. 13.) the fquares of NS, 
SP are triple of the ſquare of NP: but NS is equal to UZ, ſince alto 
NP is equal to PZ, and UP to PS; but alſo PS ig equal to U, be- 
cauſe it is to RP; therefore the ſquares of ZU, U are triple of the 
ſquare of NP: but the ſquare of YZ is equal to the /quares of ZU, UY; 
therefore the /quare of YZ, is triple of the /quare of NP: but the line 
from the center of the ſphere containing the cube is triple in power of 
half the ſide of the cube; for it has been before demonſtrated (15. 13.) 
to deſcribe a cube, and to contain it in a ſphere, and to demonſtrate that 
the diameter of the ſphere is triple in power of the fide of the cube : but 
if the whole of the whole, alſo the half of the half; and NP is the half of 
the ſide of the cube; therefore YZ is equal to the line from the center of the 


| ſphere containing the cube; and Z is the center of the ſphere containing 


the cube ; therefore the point Y is at the ſurface of the ſphere : certainly 
in like manner we ſhall demonſtrate, that each of the remaining angles of 
the dodecahedron are at the ſurface of the ſphere : therefore the dodecahe- 
dron has been contained in the given ſphere. Now I ſay that the fide of the 
dodecahedron 1s the irrational line called an apotome. For becauſe, NP having 
been cut in extreme and mean ratio, RP is the greater ſegment, there- 
fore the whole NO being cut in extreme and mean ratio, the greater ſeg- 


ment is RS, becauſe as NP to PR fo is PR to RN; and ſuch are the dou- 


bles, for the parts have the ſame ratio with the equimultiples ; therefore as 
NO to RS ſo is RS to NR, SO both together: but NO is greater than RS; 
therefore RS is greater than NR, SO both together: therefore NO has been 
Cut in extreme and mean ratio, and the greater ſegment of it is RS: but 
RS is equal to VY ; therefore, NO being cut in extreme and mean ratio, 
the greater ſegment of it is YV : and becauſe the diameter of the ſphere 1s 
rational, and is triple in power to the fide of the cube, therefore NO, 


being the ſide of the cube, is rational (by 6. def. 11.): but if a rational line be 


cut in extreme and mean ratio, each of the ſegments (by 6. 13.) is the irra- 


tional line called an apotome; therefore Y V, being the fide of a dodecahedron, 


is the irrational line called an apotomé. Which was to be demonſtrated. 
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Cor. Now from this it is evident, that the ſide of a cube being cut Book xIIx, 
in extreme and mean ratio, the greater ſegment is the tide of the dodeca- Ye 


hedron, 


PROP, XVIII. 


To lay down the ſides of the five figures, and to compare them. 
with one another. 


Let AB, tlie diameter of the given ſphere, be put; and let it be cut in C. 
ſo that AC may be equal to CB, and in D, fo that AD may be double 
of DB; and let the femicircle AEB be deſcribed upon AB; and from the 
points C, D ler CE, DF be drawn at right angles to AB; and let AF, 
FB be joined. And becauſe AD is double of DB, therefore AB is tri & 
of DB; therefore, by converſion, BA is ſeſquialteral of AD: but as BA 
to AD fo is the /quare of BA to the ure of AF, for the triangle AFB 
is equiangular to the triangle AFD ; therefore the /quare of BA is ſel- 
quialteral of the /qaare of AF : but allo (by 13. 13.) the diameter of the 
ſphere is ſeſquialteral in power of the fide of the pyramid ; and AB is the 
diameter of the ſphere; therefore AF is equal to the ſide of the pyramid 
(tetrabedron). Again, becauſe AD is double of DB, therefore AB is triple 
of DB; but as AB to DB fo is the /qz2re of AB to the /avare of BF; there- 
fore the ſquare of AB is triple of the /qxzare of BF: but (by 15. 13.) the 
diameter of the ſphere is alſo triple in power of the ſide of the cube; and 
AB is the diameter of the ſphere ; therefore BF is the ſide of the cube. And 
becauſe AC is equa] to CB, therefore AB is double of BC; but as AB to 
BC ſo is the /quare of AB to the /quare of BE,; therefore the /quare of 
AB is double of the /quare of BE: but (by 14. 13.) the diameter of 
the ſphere is double in power of the ſide of the octahedron; and AB 
is the diameter of the given ſphere ; therefore BE is the fide of the oftahe- 
dron. Now let AG be drawn from the point A at right angles to the ſtraight 
line AB; and let AG be put equal to AB; and Jet CG be joined; and 
from H let HK he drawn perpendicular to AB: and becauſe AG is double 
of AC, for GA is equal to AB; but as GA to AC ſo is HK to KC; 
therefore IIK is the doubte of KC; therefore the /quare of IIK is qua- 
druple of the husre of KC therefore the /quares of HK, KC, which are 
the ſquare of IIC, are quan of the ſquare of KC: but HC is equal 


to CB; thercfore the /qxaare of BY is N of the / Aare of KC: and 
becauſc 
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Zvok x11, becauſe AB is double of BC, of which AD is the 
double of DB, therefore the remainder DB is dou- 

ble of the remainder DC; therefore BC is triple 
of CD; therefore (by 29. 6.) the /quare of BC 
is nine times the ſquare of CD: but the ſquare of 
BC is quintuple of the iure of CK ; therefore 
the /quare of CK is greater than the ſquare of CD: 
Jet CL be put equal to CK ; and from L let LM 
be drawn at right angles to AB; and let MB be joined: and becauſe the ſquare 
of BC is quintuple of the /quare of CK; and AB is double of BC, and KL 
double of KC; therefore the /quare of AB is quintuple of the /quare of KL: 

but (by cor. 16. 13.) the diameter of the ſphere is alſo quintuple in power of 
rhe line from the-center of the circle from which the icoſahedron has been 
deſcribed; but AB is the diameter of the ſphere ; therefore KL is the fide of 
a hexagon of the ſaid circle: and becauſe (by cor. 16. 13.) the diameter of 
the ſphere is compounded of the ſide of a hexagon and two ſides of a de- 
cagon inſcribed in the ſaid circle; and AB is the diameter of the ſphere, 
and KL the ſide of a hexagon ; and AK is equal to LB; therefore each of 
the lines AK, LB is the fide of a decagon inſcribed in the circle from 
which the icoſahedron has been deſcribed : and becauſe LB is the fide of a 
decagon, and ML. the ſide of a hexagon, for it is equal to KL, becauſe it 
ic equal to HK, for they are equally diſtant ſrom the center; and each of 
the lines IIK, KL is double of KC; therefore (by 10. 13.) MB is the /ide 
of a pentagon : but (by 16. 13.) e fide of the pentagon is the fide of the 
icoſahedron; therefore MB is the fide of an icoſahedron. And becauſe 
FB is the ſide of a cube, let it be cut in extreme and mean ratio in N; 
and let NB be the greater ſegment : thereſore Oy cor. 17. 13.) NB is the 
ſide of a dodec ahedron. 

And becauſe the diameter of the ſphere has been demonſtrated 7o be in 
power ſeſquialteral of AF, the ſide of the pyramid ; and double in power of 
BE, the /ide of the octahedron; but triple in power of FB, the ide of the 
cube, therefore of what parts the diameter of the ſphere is in power fix, 
of ſuch parts the ſide of the pyramid is in power four, and that of the octa- 
hedron three, but that of the cube two: therefore the ſide of the pyramid 
is in power ſeſquitertial (as four to three) of the ſide of the octahedron, but 

double 1 in power of the cube; and the ide of the octahedron is in power 
kent | 
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1 
ſeſquialteral of the fde of the cube: now the ſaid ſides of the three figures, Book XIII. 
I ſay, of the pyramid and octahedron and cube, are to one another in rational a of 
ratios: but the remaining two, I fay, that of the icoſahedron and of thc 
dodecahedron, are neither to one another, nor to the aforcſaid fdes, in ration! 
ratios; for they are irrational lines, the one a leſſer line, and tne other at 
apotome. 

But we ſhall thus demonſtrate that MB, the fide of the icoſahedron, 1« 
oreater than NB, the ſide of the dodecahedron. For becauſe the triangle 
FDB is equiangular to the triangle FAB, there is this proportion, as DB 
to BF ſo is BF to BA; and becaule the three ſtraight lines are propor- 
tionals, it is as the firſt to the third (by cor. 20. 6.) ſo zs the /puare of the 
firſt to the /quare of the ſecond ; therefore it is as DB to BA to is the ſquare 
of DB to the ſquare of BF; therefore, by inverſion, as AB to BD fo is the 
ſquare of BF to the ſquare of DB: but AB is triple of BD; therefore the 

 fquare of BF is triple of the /quare of DB : but the /quare of AD is alſo 
quadruple of the /quare of DB, for AD is double of DB; therefore the 
ſquare of AD is greater than the quare of FB; therefore AD is greater 
than FB; therefore AL is much greater than FB ; and AL having been cut 
in extreme and mean ratio, KL is the greater ſegment of it (by 9. 12.), 
ſince LK is the fide of a hexagon, and KA of a decagon : but FB having 
been cut in extreme and mean ratio, NB is the greater ſegment of it; there- 
fore KL is greater than NB: but KL, is equal to LM ; therefore LM is 
greater than NB: but (by 19. 1.) BM is greater than ML; therefore MB, 
being the ſide of the icoſahedron, is greater by much than NB, being the 
ſide of the dodecahedron. Which was to be demonſtrated. 

OTHERWISE, That MB is greater than NB. For becauſe: AD is dou- 
ble of DB, therefore AB is triple of DB: but as AB to DB lo is the /qzare 
of AB to the ſquare of BF, by reaſon that the triangle FAB is equian- 
gular to. the triangle FBD'; therefore the {42770 of AB is triple of the 
ſquare of BF: but the /qnare of AB has been demonſtrated 79 %% quincuple 

of the ſquare of KL; therefore five of the {qzares of KI are equal to three 
of the /quares of BF: but (by lem.) three of the /quarcs. of FB are 
greater than ſix of the /q#ares of NB; fo that alſo one of the /quares of KI. 
is greater than one of the /quares of NB; therefore KL is greater thin 
NB: but KL is equal to LM]; therefore LM 7s greater than NB; there- 
fore MB is greater by much than NB. Which was ito be demonſtrated. 
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LEMMA. We ſhall demonſtrate thus, that three of the /quares of FB 
are greater than ſix of the ſquares BN. For becauſe BN is greater than 
NF, therefore the refangle contained by FB, BN is greater than that con- 
tained by BF, FN; therefore that contained by FB, BN, together with that 
contained by BF, FN, is greater than double of that contained by FB, FN: 
but that contained by FB, BN, together with that contained by BF, FN, is the 


Square of FB (by 2. 2.) ; but that contained by BF, FN is the ſquare of BN, 


for BF has been cut in extreme and mean ratio in N; and the rectangle 
contained by the extremes is equal to the ſquare of the mean proporticnal; 
therefore the ſquare of FB is more than double of the /qxare of BN; there- 
forc one of the ſquares of FB is greater than two of the /quares of BN; fo 
that three of the /quores of FB are greater than fix of the ſquares of BN. 
Winch was to be demonſtrated. | 
ScuoLIuM. Now I ſay that, beſides the five ſaid figures, another figure, 
contained by equilateral and equiangular fgures, equal to one another, will 
not be deſcribed. For a ſolid angle will not be made by two triangles, nor by 
any other two plane ¶gures; but the angle of the pyramid is contained by three 


_ triangles, that of the octahedron by four, that of the icoſahedron by five: 


but a ſolid angle will not be of {ix equilateral and equiangular triangles 


put together at one point; for the angle of an equilateral triangle being two 
thirds of a right angle, the fix will be equal to four right angles, which is 
impoſſible; for (by 21. 11.) every ſolid angle is contained by leſs than four 
right angles. Certainly, for the ſame reaſon, neither can a ſolid angle be 
made of more than fix plane angles. But the angle of the cube is contained 
by three ſquares; but by ſour is impoſſible, for, again, they will be four 
right angles. Bur the angle of the dodecahedron 1s contained by equila- 
teral and equiangular pentagons, by three; but by four 7s impoſſible ; for 

the angle of an equilateral pentagon being a right angle, and the fifth par! 
(by lem.), the four angles will be greater than four right angles, which is 
impoflible. Nor will a ſolid angle be contained by any other polygonous 
figures, by reaſon of the ſame abſurdity, Therefore, belldes the five jaid 
figures, another ſolid will not be deſcribed, contained by equilateral and 


equiangular ig i Which was to be denonſirated. 


I.rmMma, It muſt thus be demonſtrated, that the angle of an equila- 
teral and equiangular pentagon is a right augle, and the fifth part of 4 
igt augle. For let ABCDE be an equitateral and equiangular pentagon; 
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and let AB CDF be a circle circumſcribed about it; 
and let the center of it be taken, and let it be F; 
and let FA, FB, FC, FD, FE be joined; therefore 
(by 14. 4.) they will cut in halves the angles of the 
pentagon at the points A, B, C, D, E: and becauſe 
the five angles at F arc equal to four right angles, 
and they are equal /o ove another, therefore one of 


ſtrated, 
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them, as AFB, is one right angle, except a fifth part; therefore the remain- 
ing angles FAB, ABF are one right angle and a fifth part: but FAB is 
equal to FBC; and therefore ABC, the whole angle of the pentagon, 13 
one right angle, and a fifth part of a right angle, Which was to be demon- 
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